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CHAPTER-1
Ordinary Differential Equations (ODE)

1.1 Definition and Classifications of Differential Equations

An equation containing (involving) derivative of the dependent variable with
respect to independent variables is known as differential equation (DE).

There are two basic types of differential equations.

a) Ordinary Differential Equation (ODE): A differential equation involving
derivatives of the dependent variable with respect to one independent variable.
b) Partial Differential Equation (PDE): A differential equation containing the
derivatives of the dependent variable with respect to more than one

independent variables.
d’y d’y d"y

, dy m
Notations: — =)', — =", ——=y",.., = in ODE.
& VT ) a
Examples:
3
a) Examples of ODE: i) g—=2x i) y'+Hy=xe™ iii) dy —6£=0

dc dx
0’z
ox’
Order and Degree of Differential Equations:
a) Order of a Differential Equation: It refers the order of the term with the
highest derivative in the Differential Equation.

In a differential equation, y'represents first order, y'" represents second order,

b) Examples of PDE: i) % =4xy i) £ Z s yr i) z_ =2y

y"" represents third order and in general, y"™ represents n" order derivative.

So, if we get derivatives of different orders in a single differential equation, we
take the highest order as the order of that differential equation.

b) Degree of a Differential Equation: It refers the highest power or exponent
(positive integer only) of the term with the highest order derivative.




Remarks: Main points ahout Ordcr and Deﬁu ) ” |

1) The degree of a DE is identificd.afier the expenents of all the terms with any
order derivatives are made to bat‘posnwe *gcr cxponenﬂ.s This may need
squaring or cubing both sides of theéquation. -,

Besides, if the term with the lughest ordq" is part of an opeuuon like
multiplication, you have to simplify the opemgn before reading the degree.

2) Degree of a differential equation is defined ginly if the DE is a polynomial in
all the terms with the derivatives y', ", ¥, qg ¥"- In general, the degree of

a differential equation that contains any oftheﬁllomng exceptions need not be
defined. Because of this, every DEhu order but may not have degree.

Exceptions: e* ore’ InZor lny:,ﬁ,sm()")or J_""' i) wl()"),’m")" cos” .
Examples: ldentlfy the order armee of the )

a) y"*+4y""-2)* = x°. For this ¥, order n
Why the degree is5? Bmusethetenn mththeh-ghcstorderdmmve is y™
and its exponent is 5. -

b) (?;J Er-’_) +_Z =0. Here, order n=4mddegr¢ed=l

Why the degree is1? This is bem the te.rm wnh the h:ghest order derivative
4

in the given DE is %MI“W“ 1. _ f = -

&) y"-y*=0. Here, order n=2and .'",'j';i_7"'d-'==s' How? In this DE, we
cannot read thedcgrecdlrectlybmetMWOfy' is not integer.

So, first square both sides to makeiit integer. -

That lsy"'-y"=0=:ry ==-=)"’=>(_)"")z =W =>y'"-y"=0=>d=8.

d) y" +sindy'=x. Here, order n =2 but ttshuisnotdeﬁndbeemnemg
not a polynomial w:th respect w0 Mm is bagsuse of the termsin4y’).

e) y"+sindy=x. Here,order n=2 and lﬁllﬂll'uls also defined which is
d =3 even though it is not polynomial in y .-

) 707~ = Hem, oo =2 -&"’m d=10. (Howt)

} - .;-‘.-- '
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1.2 Linear and Non-linear Differential Equatmns

Definition: A differential equation is said to be linear if and only if the
iollowing two conditions are satisfied:
1) The dependent variable and its derivatives in all terms have first degree.
it) There is no term involving product of the dependent variable and any order
of its derivatives.
A differential equation which violates either of these two conditions is said to
be non-linear differential equation. In general, any differential equation that
contains at least one of the following terms is automatically non-linear.
sin("),cos()"),sec(y"), In ', e”sin” ¥',cos ™' ' .
Examples:
dy dy. B SRk
a) The DE e = 5% 2 has order n =2 and degree n =1. Thus, it is linear.
b) The DE y"*+3y'-y =0has order n=2and degree n=4. It violates the first
condition of the definition. Thus, it is non-linear. |
¢) The DE y"'+yy'=1has order n =2 and degree n =1 but it contains the term

yy" which is the product of the dependent variable and its derivative. It vlolates
the second condition of the definition gand thus it is non-linear. '

d) The DE y"'=+v1+x? has order n=2and degree n=1. Thus, it is linear.

) The DE y""=4/1+y"” has order n=2and degree n=2. It violates the ﬁm

condition and thus it is non-linear.

f) Consider the DEs: /y"+x = y and,/ ¥'+y =x. Which equation is lmwyﬁ
which equation is non-linear. Why?

S

i -':. vy ]

|
b |

it
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1.3 Solutions of Ditferential Equations

Definition: Any function (involving the independent and dependent variables)
which satisfies the given DE whenever substituted is called solution of the DE.
Types of solutions: There are two forms of solutions for a given DE (if it has).
a) General solution: The solution of a DE which contains arbitrary constants in
Its expression is called general solution (primitive).

b) Particular solution: The solution of a DE free from arbitrary constants (that
does not contain arbitrary constants) is calied 2 particular solution. Usually,
particular solutions are solutions obtained from the general solution by
assigning particular values to the arbitrary constants.

Examples:

2
a) y=3e’" —4xis the solution of the DE 9’—23 - 20_5’. =8,
dx dx

2
Here, y= 3¢ — 4:c,% = 6e>* -4, fo =12¢* .

2

d Iy 5
Then, 22 2% _ 126 _2(6e™ —4) = 12¢* ~12¢* +8=8
dx dx

This means y =3¢ —4x satisfies the given DE when substituted.

b) Consider the DE: '"'=8y. Can both y=3e**and y = ce* be solutions?
Here, y =3¢, y'=6e%,y"'=12¢>, y'"'=24¢* . So, y"'=24e* =8(3e>*) =8y.
Again, y = ce™, y'=2ce™*,y"=4ce™, y"'=8ce’ . So, y'"'=8ce™ =8§(ce’™) =8y .
Therefore, both y=3e**and y = ce* are solutions.

Besides, y = ce’™™ is general solution because it contains arbitrary constant ¢ in
its expression. But y = 3e* is particular solution obtained by assigning ¢ = 3.
c) For arbitrary constants ¢,and ¢,,y=c, +c,e”" + x”is the solution of the DE
y"+3'=6x = 3x*. Therefore, it is a general solution. But if we give ¢, = 0and
¢, =2, we obtain y =2e™* +x’ which is a particular solution.

d)y =x" is a solution of y"'—2xy'+6y =6but y=x’ is not.
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e) ify=e* lsthesolunonofﬂ'reDB i,y+3y'-ky =0, then find k.

Sﬂlllﬂﬂl Slmem y=e is g;ventobe a solution, it must satisfy the DE.
2
Thatis y=e™ = y'= 2, y--=4¢=' d 92 +3y-ky=0

| =>4e*'+6e=' ke =0=>k-10=0=>k=10
d) For what value of adoes y=x is the solution of the differential equation

g |
gvenby 42 s ayby=2eiase?

Solution: Since y= x*isa solﬁtion, it must satisfy the give’n DE.
2
Thatis y=x’= y'= ,)""'2=&4x%+a:w'-6y =2x" +8x

=8x+2ax’-6x’ 2x’+8:=>2a 6= 2=>a-4

L]

14 Imtml Value Problems (IVP)

The problem of finding a function solution satisfying a differential equation and
an initial condition is called an initial value problem (IVP).

Consider a dimﬁal equ,a.ﬁqn%-'-ﬂx.y) . Then the il value probiem
) I T =fx, y)
formhﬁrstordﬁDEﬂs oftl':efonn
: J’(xo)"'yo

finding a function whlch satisfies tlns differential equation with the given
additional condition is said to be Initial Value Probiem. :

The condition y(x,)=, is called initial condition.

Examples: a) /42y =4x", y(l}ﬂﬁ b) y=2y+6, H0)=2

Note: TosollePs,ﬁrstﬁndﬂ!egew'almluuonufﬂwgmbﬁnmngmy
nnhodmdﬁrmllyﬁndmemntsumngmeglmuumlcondmm

. Then, the pmblelﬁ of
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1.5 Solving First Order Differential qua

Sol.vmg 9 dif’fe"emia] equation means finding the unknown function which
satisfies the given differential equation.

Forms of First Order Differential Equation:
Any DE of the form M(x, y)dx + N(x,y)dy=0 or .'% = f(x,y) is said to be

first order differential equation. Here, under we will discuss how to/find the
general solution for such form of DE.
Since there is no general method to solve all forms of DEs, Wwewill see
different methods for different forms of DEs.
Methods of Solutions for First Order Differential Equations:

1) Separable Differential Equations: Method of Separation

2) Homogeneous Differential Equations: Change of Variable

3) Exact Differential Equations: Method of Exactness

4) Non-Exact Differential Equations: Integrating Factor Method

5) Bemnoulli’s Differential Equations: Transformation (Reduction)

1.5.1 Separable Differential Equations: Method of Separation

Separable Differential Equation:
Any first order differential equation M(x,y)dx+ N(x,y)dy =0which can be

expressible in the form g(»)dy = f(x)dxis said to be separable differential

equation. Here, the form g(y)dy = f(x)dx issaid to be the separable form.
Method of solution: The general solution of such separable DE is obtained

by integrating the separable form g(y)dy = f(x)dx both sides.
Thatisjg(y)cbm_"f(x)dr. '
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Examp!les:

I. Verify that the following DEs are separable and bO]V{‘ them.

\‘

a l'vd'— 4 {.‘F‘—"r;'lj'u:'!_-.ﬂ-J‘ =T h T© J—I -—--——-——:r}

) (7 =y~ (2’ »* =3xN)dy =0 Yl )dr n
C) 24d)?‘_(,\'2}’3 _'_4.‘_;'})4_}_1 "“"1‘}1')6’.'[' 2 0 d} €J+23'dx1_€_'- ,}dr -
e) tanxsin® ydv +cos” xcot ydy = 0 f) e sin xdx —cos” xdy =0
g) (e" +3)cosxdx—e” sinxdy =0 h) —j—‘l— =™ +2xe™
DO +xph)dr +(x* = x2y)dy =0 )31+ xM)dy = 2xy(y” - 1)dx
Solution:

5
a) (x*+1 -_—'__ =% o= 2vdy = dx.
) (x* +1) 2 0= (x* +1)dy ydx:> 2 yd) 211 X

Hence, the DE is separable.

) 1 7
“==In(x"+1+
5 (x" +D+c

B) (o —y*)de—(£'y* =3x)dy = 0= y* (x~ )dx - (3 ~3)dy = 0

2
y° -3 x-1 1 3 1 1

¢) 24dy —(x*y’ —4x’y+y’ —4y)dx = 0=> 24dy =[x* (3’ —4y) + ) —4y)dx

Hence, the DE is separable and by PFD, 324 _6 3 o
-4y y y -2 y+2

a5 e”dy:.[ ~dr= I dy = e ]e‘3"+c
3

IB
% —+x.
y 3

2

d) e

jy o j’[y =k +2de =[(x* +1)dx = 31n

cot —tanx e .
&= zy =———dx=>cos ysin™ y==sinxcos™ x. Hence, it is separable
siny = cos’x : '

1 1

So,jcosysin"yaja=—Isinxcos"xdx:> T

2sin’ y 2cos’x
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|I 1.

f) e ‘dy =2 dy = e_}d _[ Sin x d 5
- -’ T " s
COS” x .I - = —e™” =secx+c
::.._f| iy — xnj I .
e’ +3 oS X J 37 cosr_dt:jtt +3)cosx=c
)
i) . d e'{ o)
h)—=—=e""4+2xe” = 2 _ 2 y
ix =+ e’dy = (" +2x)dx
‘J'\ d‘” e e "y ( )

Hence,e"dy = (e* + 2x)dx = J e'dy = J'(e’ +2x)de=> 2’ =e* +x’ +c

) (7 + 07 )dx+ (2 -x*y)dy=0= Y {1+ x)dx + x*(1=y)dy =0

-y I
So, v'} dy =- +xdr':>j flf—xd*c::r—-——lnlﬂ —+ln111+c*1‘
. 3 2x 3 2
;}%dy= —dx = : dy=—_ o
y(y -1) I+x y(y=D(y* +y+1) 1+x°
2. Solve the following IVPs using separable method
a) 2xe” dx+(y* = 1)dy =0, y(0) =2 b) % =6xe’™" ,y(0)=0
) y+y’ cos2x=0,y(0) =1 d) x%ﬂ:oty:ﬂ, y(ﬁ)=%

Solution: Very Important: To solve IVPs with y(x,) = y,,

First: Find the general solution using appropriate method
Second: Find the constant by putting x = x, and y = y, in the general solution.

a) 2xe” de+(y° ~)dy=0=>(y* —1)dy=—2xe* dr
7

4
=>j(y’-1)dy=j-2xe=’dr=>y7—.y=-e +e

Now, find the arbitrary constant by using x = 0,,y=2.

4 "
That is l)‘-—y=—.\<zl‘z +c:>£2—)--—2-'--e°+c=>-1+c=2=>c=3 :
4 4
A

: ) ; e
Therefore, the solution that satisfies the given IVP 1s s y=—€" +3.

2 - & 5
b)dy-ﬁxe”“ :25*_ 6xe‘zctr=>j Ydy= Iﬁm de=-e” ==3¢™ +c

Y0)=0=>~1=-3+c>c=2=>-e" =-3¢ ? Lo e =36

it :
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| dy
Equations Reducible to Separable Any DE of the form E = fax+by+c)

can be reduced to separable form using the substitution? = ax +by +c.
dt

dt
— = |dx=
+bf (1) '[ Ja+bf(r)
Examples: By reducing into separable form, solve the following DEs:

Then, %=a+bf(r):ﬁ= +C

b _ N o YA
a)dx—(Q.t+y+5) b)(x+y+]) ) xty+l

dy dy 2x+3y+5 aﬁ)

o A, TS e e — =sec(x+5y)
o Va& Ax+by-3 f) g = seex+y

Solution: We use the above substitution rule
dy . afv
a)Let t=9x+ +5=>—-9+— But from the given — =1
) x+)y = but iro g o
1

dt dr da ¢, il
SO,-——=9-H'2=> =dx=> =|lde=>—-tan' —=x+
e f5 fdrm> e’ Smrs
:%tm"(w)=x+c:y=3tan(3x+3c)—9x-5
dt dy dy dr
b) Let t= +1=>---1+
J Rt e @
2, dy 3 dt 1 Pdt
Then,(x+y+1)’ =—=1=>¢ ——l =l —=l+->—-=dx
(x+y )dx ( ) dx £ 1+l

:ifl Idt I[l——-——}i Idr t—-tan" t=x+c

= x+y+l-tan”(x+y+)=x+c> y=tan” (x+y+1)-1+c

dy dt

Alett=x+y+l=>—=—-1.
) y =

Thm,i= 2x+2y+3 _2(x+y)+3 =>£{--l= 2t-1)+3
e x+y+l x+y+l  dx p

dt _, 1 1
_—_g.a-=3+;=>j(3+-;)dr=Jcbc=:»3r+ln|r|=x+c

=3(x+y+)+injx+y+l|=x+c=2x+3y+infx+y+1|=c
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- 1.5.2 Homogeneous D:fferentnal

- A function f(x,y) is said to be homogenous of degree 1 if for any parameter
t#0, f(&x,9)= f(x,y). In general, J is homogenous function of degree n if

and only if for any parameter ¢ = ( s S(B,)=1"f(x, y).
Homogenous Differential Equation:

A differential equation of the form%: S(x,y) is said to be homogenous if
S(x, y). is homogeneous function. Otherwise, it is said to be non-homogeneous.

Test of Homogeneity:

A differential equation i = f(x,y)is homogenaus of degree 1 if and only if
for any parameter? O,f (&, 19) = f(x, ).

Method of Solutions: By Reducing into Separable DEs

* First: Use Test of Homogeneity to check whether it is homogeneous or not.
Second: Change the homogeneous DE into separable DE.
dy

To change into separable DE, use the substitutions: y = vx, F v+ xz ;

This will change the given DE into separable DE in the variables -andv. Then,

integrating the separable form gwes the general solution in terms of xandv.
Finally, by solving y =vxfor v, express the answer in terms of xand y .

Examples:
1. Check whether the differential equatlons are homogenm or not. For these

which are homogeneous, solve using homogcneous method.

o&_xty B2y L =s+y?

d x i
) xdy = (y+xesc ) Dy =01+ Ly
e) x’dy =(y* - xy)ax f)i iﬁmx
B -pdr=(eed W -Y)d=2ody
) (' -29)de=(x"-20)dy  J) B'=yliny-inx)
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Solution:
First: Use Test 0

f Homogeneity: To use this test for DE, first express the

given DE in the form %: f(x,y).Then, apply the test on i

xt+)y
a) Then theDE is the form——-f(x y) where f(l,;)— -
x4ty X+
Here, for any 120, f(x,0)= = ly = fiX y)-
Thus, f is homogeneous which imphes the DE itself is homogenous:
d
Q*ﬂ—l+l:>v+x£v—=l+v::>x£‘—,=l:>d B
dx X X x dx x
::Idv:j—l-dx::»v=m|x1+c::>1=ln|x[+c::>y=xln|11+cr
X
b) 2.xy—@-—x +y ':z- Bz x +y _ Then the DE is expressible in the form
dx dx 2xy
2 2
35’—= f(x,y) where the function is f(x,y)=x2+y :
Xy
2.2 2 2 2
Here, forany r#0, f(.t:*c,n:v):tr = jr Y Pty ) x =3 = f(x,¥)
e 2t°xy 26°xy 2xy ’

Thus, f is homogeneous which implies the DE itself is homogenous.

Second: Use the substitution 'y = vx :b% =v+ x%to change into separable.

ROEY Sgwy ¥
& By e I v 13V
dx  2xy dx 2vx” s~ 2y
dv 1=V’ 2v dx
e e ] = —
dx 21? vz—-ldv X

2
= [ 2 dv= [ dr = oy =l

= lnlv2 - l|+ Inp{=c= ln](v2 ~ 1)xl =c=> (W -x=¢

2
b =
= | Z—=1|x= Y
[xl l]x c:>[ = )x ¢=yt-x=c'x

1l
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_ dy
c) Here, xdy =(y +xcsc l)afn: =i i A +csc - .Here, for any 1 # 0,
X dx x X

e =Lrese= fep) =L rese X =L eseZ = f(x)-
X X x x X X

Thus, / is homogeneous which implies the DE itself is homogenous.

Second: Use the substitution y = vxz% =v+ x? to change into separable.
x lx '

) dv dv 1 1
@’.:l+csc£:>v+x—=v+cscv::>x——=cscv:> dv=—dx
X

dx X dx dx cscvV x

DISi" Vdv=fldr=>—cosv=ln|x|+c:>~—cos-}i=ln|11+c
X %
oy xdy = (1 +1nDde=> L =2 +in2) =2+ Lin2
de x XX

ﬂb’___,+ hl’=>v+xiv--v+vlnv:>x%=vlnv

—

dée x X
= L =-1-dx=:> dv= _[ —dx
vinv x vhv
n' 1‘:a!:u:::»1n|lnv|=ln|.1-[+r:
:>ln1ny ln|xl+corh1—-=cxory~xe
& = dv dv 1 1
B)E=-—_xzxy =>V+IE=V2—V:>x‘E—V2-zv=‘v2ﬂzvd\’:;df
2 /2 -%4y2 -1
S22yt [ = [
V—-z v v hEY 4
1 1 {y
bl i T 8 PSS L L
= Ly Linp{= = 2l o o
; dv dx
f)V+x£v-=v+sinv=>x£v-=smv=> — =—> —dv e
dx dx sinv X sinv x
=>Icscvdv=j—l-dx:>'cscv—cotv|=|x|+c=>1—cos-}-’-=cxsinl
x x x

B e R L 0 E RO CURNINGAN Tt 12
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N 5 e S ; =Ll ]—-2 _v ‘P'+I 1
ﬂz.{_-‘_’.:,wxi‘.‘_’:l v:} dv 4 == av=—-—gx
de x+y dx 1+v dc 1+ Vb 2v-] X

But by substitutbn, u = v? + 2v—1=> du = 2(v+1)dv,
v+1 1 1 1
S i M, T s LI S, k] m—
I(v2+2v-l)dv- derzbj-zudu h1|x|+c::>21n|u| n|x|+c
= Injv* +2v-]|+21n]xl=c:>ln|(v2 +2v-1)x¥|=c

:[£+EL-I]x2=c:>y2+hy—x2=c=>xz—y:=213’+5'
X" X

2_y? dv x*-vix* 1 v dv _ 1 v
A S s LN B
) 2xy :v+xdx 2x’v 2v 2 dr T2 2

=>xdv_1—3v2:>2vdv_dr J»Zvdv I—'
dc  2v 1-3v? x 1-3v*

= _%hI] ..3v’| = lnlxl +e=x’(1-3v)=c

2 4.2 .
Y y=c=x(x?-3y")=c
¥y —2xp T dv _ vix? - 2vx ::xfiv- 3 -3v

x* = 2xy & - 1-2v

i-2v lZa‘v 1
=‘3v2 Svdv :dx I - I;dx

x
= x’(

-
&ll%
|

m:Ilr.ir

—ln|v 1]——|n]v|——1n}v ~l|=Injq+c

i
:-[31# 3v I3v 3 I}'dx:"'fﬂv T

-kt

:>-§-Ir1|v—l]~§h|1{= ln]x|+cn Injv~1|+Inp=-3Injd+c=> p(y-x)=c

dy

j)xy’=y(lny-lnx)=>xdx—y(lny)=>dy 2(n2) = +x%:--vlnv

1
J'v(lnv I)t:a’v I—dx:ln(hw 1)=In|x+c

>hv-1=Cx=>hZ -Cx+l=>——— ':>y=xec"
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2. Solve the following homogenous DEs

a*) ICJJ_V"}/Z&T-'-\!X“ﬁ"y:dx b) }|2+x2;ﬂ_n,_

x dx

¢) xsinidy =(x+ysinZydx  d*) xdy =(y+y(InZ)*)dx
: X

e) (r3 ~yde+xy'dy =0 f) Qy-3x)dx+xdy =

o —=--+[an—- _ 2 - gy_: ’
Q) o=ran?) B ()%=
i)y dx+(zy+x )dy =0 1) x(x-y)dy+y*de=0
Solution:
2 2
a) xdy — ydx = | x* + y’ :>—C‘-b}—=!-+-—£-+—'}~)——
:--—=-}i ::>—=—+,Jl+JP
x x

dvesedy

$v+x—-—-—v+ 1+ >
dx -Jl+v° x

1 1 1
= dv=|—-dx=>|— dv=In|x{+c¢
JJ1+v’ '[x '[-\}Hv2 i
Now, using trig substitution, v =tan@=> dv=sec’ &16.
2
I I sec e d&'=Isn=:c:t'ii::f9=ln|s'zat:.€?+tan9|=ln|\41+v.r'l +v|

1+v Vl+tan’8
SO, I+E+Z’=ln +c
7 Y1+ +2)=nls

dv=ln|x|+c=5 ln|\h+v2 +v|= 1n|x!+c=> In

=In xz-';yz 2= ln|a1+c=>ln” ~| Inpd+c¢
X &
::rln”x e I ~In|x = c::lnldx ';{ +y%=
X
:r:”'rz+‘1;2+y=e‘=> x*+y' +y=Cx
x"‘ :
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J.(}
“_ C!hb \I— dl V L_I I
- 2 — DS V+x—= s S Lh“—(h’

13; - X (i}.’ V— l (d’.\‘ V= ] V - X -

:(ﬂ}d‘r:ld_\.:{“_l)d;s:Jldr:v—ln\vlen}xhc
X 4 X

vV
= y= lnM + lnl.r! +te=>v= [nlcv.ﬁ =2 = ln|c:v| > y= .rln'cyl
X

. ; ) F
c) xsinidy =(x +ysm£)dr:>51n D ! AR +.~]ism(:"i)_
X X X dx X X

. dv _ . . dv :
= sin v.(v+xd—)=] TVSINVS vsinv+xsinv— =1+ vysiny
X X

. dv . ] . ]
o .\smv‘—i; —Iaslnvdv~;dr:>151n va’v=f—dx

:>—cosv=1n|1{+c:>—cos}-)-:lnlx|+c
x
d) xdy = (y+ y(n2)*)dv = D = 2 ¥ (g 2y
ax:. X Lx

— v+xiv- =v+24v(Inv)> = xE‘— =v(Inv)~
ax - dx

5
o1 e 0N Tl

v(Iny)~ x v Cx

o (ln v)®

dv= j' dx:>jr5d: j—dx (UsingInv=¢=>— dv dr)

=:»f-=h1|x|+c=>(]n ) =h1|x|+c=>*(h1—')6=lﬂfx|+"
6 6 6isx

: : 5
)Q —v+x ﬂ E ;l :>xﬂ=—1-:>—v2dv=-l—dt
& xt dx . eV de v x

1 e 3 3
= [-vidv= I;dxn—;-=ln|x|+c:>—;?=ln|x|+c

1 e M3 ACL+ ﬂ{ffé,‘j‘!;,‘:",f;. oMy ,‘s;_-."j]‘"i'*{-’_{fﬁ"a'-i- 15
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dv  3x-2y
f};": ) ::>v+x5fi:3—2v:>xﬁ=3—3v
¥ X dx dx
= d‘u:l
3-3v x
1
:>—3—h1]l—v]=ln|x[+c:>lnl—£=*-3ln|x|+r:
X
d dx
g)izy+tan(—}::>v+x£{i-v+tanv:>x-d—v—tanv:>—di=——
dx Xx dx dx tanv x
CoSV :
_[ . dV=I—dr:>]n|sinv|=In|.r|+c:>sinv=ar:>sm(£)=c:x
siny x x
dv 3 2
i) S :>v+x-d—v= v.,::»xﬂ:- : =:>!+3v dvz—ldx
dx  x*+y° de 1+v° dc 1+ v X

:>(l+-l—3)dv=—ldx:>I(l+i3)dv=f-~l-dr
v v X v Vv X
2 2

=>h1|v|——%=—1n]x|+c:>h1i—+ln[x]-—£;-=c=>ln|y|—?2-§-,—2—=c

2y°
Pr = 2 i 2_ =3
i)i}:= 2_}' :>v+xﬂ=_£_:>xﬂ= 2V V: V:'l d‘i?:—ldr
dx x“+xy dx l+v dx 1+v 2vT 4y x
But by Partial Fraction decomposition, v:l = 4 =l- : :
2vi+v v(2v+l) v 2v+l
v+l
Th dv=-|—-dx= |(—- dv=-In|x{+c¢
Thus, (v = ~[ £ de=> [ - v =-In

:mM-Eh|zv+1|=_1n|x;+c=>m|v|+1n|11-%m|zv+1|=c

1
:>ln[vz{+ln i

.—.>(1-—)dv=—dx=>j(1-'-)dv=jldx
v X ; v X

=v-Inp=lnj+c=L=In]+c
' x

e
:n"_ﬁ ""1' 1 n . :ﬂn;
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3. Solve the following problems using the Methods of homogenous DEs.

a) (xsecZ 4 y)dx—xdy =0, y(1)=0  b) xdy—(2xe * +y)dv=0,y(1)=0
X

C)G £ —E‘Ei — 42 ‘-._:'-I‘_ . : — _'}_J.d
y-ay dx=x"e * dx d) xdyﬁ()-.xlanx),r
x

€) (x* +x)dy = (x* + y*)dx 1) xdy = (y +xcos 2)ds

Solution: First, find the general solution and then use the inifial conditions,
dv dv I
a) —_—= 2"+SEC£ = V+X—=v+secy=> x— =5ecy=>cosvdv=—dx
dx x X dx dx X

:jmsvdxm_[idr::smv: ln|x,+c:>sin§= In|x]+c
X

£

Besides, y(1) = 0= sin0=Inl+c= c=0=>sint= In,x[::v x=e""

5D

=¥ ¥
=2e~* +£:>x—d—V=2e'” :>e"dv=zdx=-J-€"dV=IEd‘r:>€' =lnx’+c
x

dx x dx x
¥
Besides, y(1)=0=e’ =lnl+c=>c=1=e* =Inx* +1
3 X 2 Y
&) 6y°dy =L+ x%e P )de = 6P =2 12 7 e x Py pyr Lo
: X & X .y dx ;

= 6vie” dv =-1—dx=> I6vze"dv=f-]—dr:> 2¢" = i11|1-]+c=a Zef:_ =In|d+c
x X - N

1 a‘v=ld\'
tany X

dy _y Yy dv dv
)dr x (x) Idx : - xdx v

= cotvdv= %dr:‘) jmtvdv: I%d‘t => Ic—?-ﬂdv = I%dr

smy

= Infsiny]=In||+c=>In

sinz
b o

=In|x|+corsin—£=cr
| X
v 2 2 o 2

de x +xy v-1 x 2 x

N Jlsecpdv=f—i~dl‘=} ln]secv+1anv| = ln|x|+c::» lnlsec%+ta,}ﬂ= ln]xi+c




1.5.3 Exact leferentlalEquatmnS' Methodof Exactness

Definition: A differential equation of the form M(x,y)dx+ N(x,y)dy =0is
said to be exact differential equation if there exists a function u(x, y) such that
u(x,y)=M(x,y) & u,(x,y)= N(x,y).
The function u(x, y) with such properties is called potential function.
But determining exactness by finding the potential fugction u(x, y) is a difficult
task. So, we have the following test for exactness.
Test for exactness: Any DE of the form M(x, y)dx + N(x, y)dy =0 is exact if
6M oN

Tox
Solving exact DE: Method of Exactness
Suppose M(x, y)dx+ N(x, y)dy =0 is exact. If u(x,y)is its potential function,
then, the general solution is u(x, y) = ¢ where c is arbitrary constant.
This means that once the DE is exact its general solution is obtained from the
knowledge of the potential function u(x, y) that satisfies the definition.
So, the basic task is how to determine the potential function.
Procedures to find the general solution of exact DEs:
Step-1: Integrate u,(x,y) = M(x, y)w.rtx to get u(x, y) = jM(x, ydx + g(y)
Here, assume y as constant and g(y) as constant of integration.
Step-2: To find g(y), equate u,(x,y) = N(x, y) from step-1.

and only if M,=N,o

Y

That s 1, 5.3) = o | (e )+ 80 = NGz )

Step-3: Integrate the result in step-2 with respect to  to obtain g(y).
Therefore, the general solution is u(x, y) = IM (x, y)dx + g(y) = ¢ where g(y)
is to be substituted by the result in step-3.

Short-Cut Formula:

By collecting and rearranging the results from step-1 to step-3 in the above
procedures, we get the following short-cut formula for the potential function.

Potential function: u(x,y)= IMdr+I[N IMydx])cbr
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1. Veri't‘";? that the fdliuwing DEs are exact and solve them.

a) (e +2cosx)dx+(3y’e" —4y)dy =0 b) 3x ydv+(6y+x)dy =0

¢) (5x+4y)dx +(4x -8y’ )dy =0 d) (2y’x-3)dx+(2x" +4)dy =0

¢) - 2xysin(x”)dx + cos(x’ )dy = 0 f) yeTdx+(2y+xe”)dy =0

g) (e*sin y+3x*)dx +e" cos ydy =0 h) 2xsin ydx +x2cos ydy =0
Solution: For your understanding, first let’s follow the procedures and then use
the short-cut formula. Please compare the results in each problem.

a)M = y*e* +2cosx,N=3y’e" —dy=>M, = 3y'e’ N, = 3y’e”.
Since M, = N, =3y%¢", the differential equation is exact.
To clarify the above steps, let’s solve step by step only this part.
Step-1: u_(x,y)=y'e" +2cosx = u(x,y) = y’e” +2sinx+g(y)
Step-2: Equate u (x,y)=N(x,»).
From step-1, u(x,y)= y'e* +2sinx+g(y)= uy(x, y)= 3yze’ +2'(»).
Then, u,(x,y)=N(x,y) =3y’ +g'(y)=3y’e" -4y = g'(») =4y
Step-3: Integrate the result in step-2 with respect toy.
Thatis g'(y)=—4y = [g'O)dy=[-4ydy = () =-2y". .
So, using g(¥)=-2)", the potential function is u(x,y)= y’e” +2sinx-2y".
Using the short-cut formula: Here, M =€y’ +2cosx, N=3y%¢" -4y.
u(x,y) = [Mdx+ j [N - j M dx]dy
= I(e’y’ + 2 cos x)dx + I[3y2e’ -4y —J.3yze‘d’c]dy
=e’y’ +2sinx+ I(Sy’e’ -4y - 3y2e’)aj;
=e'y’ +25inx+j-—4ydy =€y’ + 2sinx - 2)?
Therefore, the general solution is e*y” +2sinx-2)? = ¢,
b) Here, M(x,)=3x"y, N=6y+x’ M =32 =N,
Hence, the equation is exact.




Using the short-cut furmula*Here M y,N 6;v+xen
u(x,y) = [Max + [N = [M dxjay

= IB.rzydr +_[[6_v'+x3 -Iszdr]ajJ =x'y+3y*
Therefore, the general solution is u(x, y) =x’y +3)* =c.
) M=5x+4y, M, =4, N=4x-8)’ N, =4=>M, =N,.
Hence, the equation is exact. |
Using the short-cut formula: Here, M = 5x+ 4y,N =4x-8y’ .Then
u(x,y) = [Mdx + JIN- M, dvidy

:I(5x+4y)dx+j[4x—sy’ - [4dxldy = x*y + 3y

=§Ju:2 +4.1ty+I—8y3dy=-§-.r2 +4xy-2y*

. 2
Therefore, the general solution is -5% +4xy-2y* =c.

d) Here, M=2y’x-3,N=2)x* +4=>M =4xy=N,.
Hence, the equation is exact.
Using the short-cut formula: Here, M =2y’x—3,N=2)x? +4 .Then

u(x,y) = [Mdx + [[N = [M, dr]dy
=j(2y2x -3)udc + [[2)x? +4- [4ndrldy = 3y - 3x +4y
Hence, u(x,y)=y*x* —3x+4y =cis the general solution.

e) M =-2xysin(x*),M, =-2xsin(x*), N =cos(x*),N, =—2xsin(x*)
Using the short-cut formula: Here, M =—2xysin(x*), N = cos(x*).Then
u(x, y) = [ - 2xpsin(x* ) + [[cos(x*) - [ - 2xsin(x?)delay = y cos(x?)
Hence, u(x,y)= ycos(x*)=cis the general solution.

f) M, =¢” +xe”, N, =e” +xe” =>M =N,

Hence, the equation is exact.
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Using the short-cut formula: Here, M = ye” ,N =2y +xe™ .Then
u(x, y) = [Max+ [[N~ [M dxldy
= I ye7dx + J[Z y+xe¥ — I(e"" +xye” )dx)dy
=x+e” +I2ydy =x+e” +y’
Hence, the general solution is u(x, y)=x+y* +e” =c.
8)M,=c"cosy, N, =e*cos y = M, =N,.
Hence, the equation is exact.
Using the short-cut formula: Here, M =¢”* sin y +3x’>,N=¢" cos y .Then

u(x,y) = [ Mds+ [[N- [ ™, dridy
= I(e" siny+3.x2)dx+j'[e’ cosyuje’ cos ydx]dy = e” sin y + x°
Thus, the solution is e*siny+x* =c.
h) M =2xsiny, N=x2cosy=>My =2xcosy, N, =2.rcosy=:>My =N,.
Using the short-cut formula: Here, M =2xsin y,N = x* cos y .Then
u(x,y) = IMdr + I[N - IM_,dr]dy
= Iszinydr+J'[x2 cosy-—'[.?xcosydxdy =x’siny
Therefore, the general solution is U(x, y)=c=> x*sin y =c.
2. Check the exactness and solve the following DEs
a) (x* —4xy=2y*)dx+(y* - 4xp - 2x*)dy = 0, p(0) = 3
b) (¢” — ye*)dx +(xe” —e*)dy =0,y(3)=0
c) (3x* + ycosx)dx+(sinx—4y*)dy = 0,y(2)=0
d) (e”siny—2ysinx)dx +(e” cos y +2ycos.x)dy = 0, y(0)=rx
e) 2xydx +(x* +cos y)dy =0
f) xy+3x*)dx+x’dy=0
Solution:
Q) M=x*-4y-2y",\N=y" -4y -2x* M = _4x_4y. N,
The DE is exact.




Using the short-cut formula 3

u(x,y) = [Mdx + [N~ [M, dx]dy
= [ =40y =2y )de +[ [y - 4xy - 20" - [ (~4x — 4y)dx]dy

3 3 3
X 2 X 3 Y
=—-2"y-20" + | yldy=—-2x"y - 209" +—
T2y -207+ [yldy =" - 26y - 207 + 3

3 3

Y

The general solution is%-—szy-ZJ;yz +-3— =cox’ -6x’y-6x’ +y’ =

But y(0)=3=>c=27=>x-6x’y-6x° +y’ =27

by M=e”—ye*, N=xe' —e* =>M =&’ -e" =N,

The DE is exact. So, by themethod of exactness,

u(x,y)=[(&"  ye)dx +[[xe” ~ &* - [(&” - " )dbeldy = xe” - ye©
The general solutionis xe” — ye* =c. But »(3)=0=>c=3=>xe” —ye" =3
c) M, =cosx, N_=cosx=>M =N, . Hence, the equation is exact.
Thus, the general solution is x* — y* + ysinx =c.

Besides, );(2)=0.—_>c=8=>x’ —y' + ysinx=8.

d) M, =e"cosy—2cosx, N, =e*cos y—2cosx=>M, = N,

Thus, the general solution is u(x, y) =€" sin y+2ycosx=c
Besides, y(0) =7 =>c=27=>e"siny+2ycosx=27.

f) M, =2x, N, =2x=> M, =N, . Hence, the equation is exact.
Using the short-cut formula: Here, M =2xy,N =x? +cosy.Then
u(x,y) =‘[2.\}»4:.451:+‘|.[:::2 + msy—j.lrdr]abr =x’y+siny

Hence, the general solution is x’y +siny =c.

g) M, =2x, N, =2x=> M, =N,. Hence, the equation is exact.
Using the short-cut formula: Here, M =2xy +3x*,N=x*

Then u(x,y)=I(2J\y+3x2)dt+I[xz — [ 2xdx)dy = x’y + ¥’

. - 3
Hence, the general solution is x*y+x’ =c.
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1.6 Non-Exact ODEs: Method of Integrating Factors

So far. we discussed how to solve DEs when they are separable, homogeneous

or exact. However, there are many situations that do not fit to either of such

cases. So, our next discussion focuses on how to solve DEs that are neither of

the above forms. Consider the non-exact DE P(x, y)dx+Q(x,y)dy = 0. Now,

multiply this equation by a nonzcro function, say x (it will be a function of x,

y, or both) such that the resulting equation gPdx + pQdy =0 IS exact.

The function z which is used to change the non-exact differential equation
P(x,y)dx +Q(x,y)dy =0 into an equivalent exact DE of wPdx+ pQdy =01s
known as Integrating Factor. For example, the equation 2ydx + xdy =0 Is not
exact but if we multiply it by u(x)=-x, it becomes — 2xydx — x*dy =0 such
that M(x, y)=-2xy, N(x,y)= -x*=>M,=-2x=N, which is exact and its

solution is obtained easily. But, here the main problem is how to choose or
select the function z which is used as multiplier to change the non-exact DEs

into exact DE. Even though there is no hard and fast rule on how to find
integrating factor, any way let’s see the general procedure to find such function.
From the condition of exactness, the DE pPdx + pQdy =0 will be exact if and

only if %(#P) =§(pQ). Then, by product rule, u P+ uP, = u QO+ 1O, .

Now, solving this equation for x4 is too complicated. So, to simplify the
complication let’s consider different cases for .

Case-1: Suppose u is a function of x only. Then, using the relation between
partial and ordinary derivatives, we have

d
1P+ P, = QO+ 10, = 1P, =Z20+ 40, G pt, =0, p, =)
dx
Again, dividing this result by pQ gives

= v P -
1 dﬂ=f; QI :3'-&: 4 Qx ('.' ap = ')
pax 0@ g Q dx
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1.6 Non-Exact ODEs: Method of Integrating Factors

So far, we discussed how to solve DEs when they are separable, homogeneous
or exact. However, there are many situations that do not fit to either of such
cases. So, our next discussion focuses on how to solve DEs that are neither of

the above forms. Consider the non-exact DE P(x, y)dx+Q(x,y)dy = 0. Now,

multiply this equation by a nonzero function, say (it will be a function of x,

y, or both) such that the resulting equation pPdx + pQdy =0 1s exact.

The function x which is used to change the non-exact differential equation
P(x,y)dx+Q(x,y)dy =0 into an equivalent exact DE of wPdx+ pQdy =01s
known as Integrating Factor. For example, the equation 2 ydx + xdy =0 is not
exact but if we multiply it by u(x)=-x, it becomes —2xydx — x’dy =0 such
that M(x, y) = —2xy, N(x,y)=-x" =>M =-2x=N, which is exact and its
solution is obtained easily. But, here the main problem is how to choose or
select the function x which is used as multiplier to change the non-exact DEs

into exact DE. Even though there is no hard and fast rule on how to find
integrating factor, any way let’s see the general procedure to find such function.
From the condition of exactness, the DE pPdx + pQdy =0 will be exact if and

o O 0
only if 5(;1}’) = -é-;(pQ). Then, by product rule, p P+ uP, = p O+ 10, .

Now, solving this equation for x is too complicated. So, to simplify the
complication let’s consider different cases for 4 .

Case-1: Suppose u is a function of x only. Then, using the relation between
partial and ordinary derivatives, we have

d
F,,P'*';‘Rv:ﬂ;Q.'-IQx:}I%:ﬁQ-PFQx’ (.'.py=0’ ﬂ.t:%

Again, dividing this result by zQ gives
idﬂ F;-Qxﬁéz_':}by‘—gx ..dﬂ

pdx  Q RN




i’ifana‘sm:.nﬁppwm_"“”" U b5 3 o
Now, 1ntegratl ng this equatlon wuh respect o

J‘:‘idx j'
From this explanatlon, W€ can state the following theorem

Theorem: [Integrating Factor of the form u(x)]:

If P(x,y)dr+Q(x,y)ajz =0 is non-exact such that uPds + pQdy =0 is.exact
10,
~depends only on x, then the i mtegratmg factor is p(x) e ?

‘i‘ = ux)=el TO% where S(x)= QQ

and —2—

Case-2: Suppose u is a function of y only.
Theorem: [Integrating Factor of the form u(y)]:
If P(x, y)d + Q(x, y)dy = 0" is non-exact such that MPdx + pQdy =0 is exact
Q — r
P

depends only on y, then the integrating factor is u(y) = ef

Examples:

l. Verify that the followmg DEs are not exact and solve by finding the
appropriate-Integrating Factor:

a) (8x° +3y*)dx+4xy’dy =0 B) 6xdx +(4y+9x?)dy = 0
) (x* +xp)dx+(x* +xy)dy =0 L DY +y)de+(y - x)dy =0
e) (x* +y*)de-xydy =0 ) ydx+(3x-y+3)dy =0

8) (4xy +2y*)dx+(2xy+5y*)dy =0  h)(2x* +y)de+(x*y-x)dy =0
Solution: | L

a) Here, P=8x°+3y", 0=4x’ = P, =12)%,0, =4y’

Since P, # Q,, the DE is not exact or it non-exact.

So, to solve this DE, first find the integrating factor that changes it into exact,

3 3 3
But, £ -9O - 12y"—4y 8y 2 = f(x) which depends only on x.
Qo 4,1}'3 4.1:}' x
. HOU I
Hence, the integrating factor is u(x) = ef ( I’ =e™ : e =x? .

Now, multiply by u(x)=x? to get the new exact DE.
Hence, the new exact DE is (Sx’ +3x? y‘)dx-i- 4x° y’afv 0.
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Next, solve by method of exactness. Let M =8x" +3x’y", N= 4x’y’

Then integrating u,(x, y) = M(x, y) and integrate with respect {0 X.

That is ju:(:c, y)dx = J'(Sx? + 3x3y4)dr = u(x,y)= X ax’yt +g(y).
Differentiating u(x,y)=x"+x’y* +g(y)with respect to y and equating with N
gives u,(x,))=4x’y’ +g'(y) =4x’y’ = g'(y) =0=>g(N) =k.

Therefore, the solution is u(x,y)=c=>x*+x’y* =c.

b) P=6xy,0= 4y+'3»'x2 = P, =6x#18x=0, . This means it is not exact.

o B )= m)= S -y
6xy

Hence, the exact DE is 6.1y3dr+(4y +9x*y*)dy =0.
Next, solve by method of exactness. Let M =6xy’, N =4 3 +9x%x*.

Besides,
»

Then integrating u,(x, y) = M(x, y) and integrate with respect to x.

Thatis [u,(x,y)dx = [60°dc=>u(x,y) =35y +£0).

Differentiating u(x, y) =3xy’ + g()) with respect to y and equating with N
gives u,(x,y)=9x"y" +g' () =4y’ +9xy* = g'(»)=4y".

Integrating with respect to y gives [g'()dy = [4y’dy = g(y) = y".

Therefore, the general solution is 3x*y’ + y* =c.

)M, =x, N, =2x+y= M, # N, . Hence, the equation is not exact.

M,-N, x-2x-jy _ -(x+y) .

- =—_.H i i
N Py  Nxty) = ence, the integrating factor

Besides,

isu(x)=e - =% and the new exact DE is (x° + y)dx + (x+ y)dy =0 .

Next, solve by method of exactness. Let M =x’+y, N=x+y .
Then integrating #,(x,y) = M(x, y) and integrate with respect to x.

That 1S I" (x,y)i" I(I "'J’)dx::’"(x,.}’)-—""“-‘y‘*‘g()’)
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Differentiating u(x, y) = Y +xy + g(y) with respect to y and equating with N

gives u, (x,))=x+g'(M)=x+y=>g'(y)=y.
2

Integrating g'(y) =y with respect to y gives us g(y) = —J-;-— 3
4 2
Therefore, the general solution is 54— + Xy + % =c.
d) Here, P=x’y* +y, 0=)? ~x=> P, =297 +1,0, =-1.
Since P, # 0., the DE is not exact or it non-exact.
To solve this DE, first change it into exact using integrating factor.

..P _1_ i o 2
BuLQ, y _Z1=Q@o 4D _-20+9%) 2 _ o0 dependsony.

—
—_—

P Xyivy  y(xy+l)  y

2
59 _ gm0 _ L

Hence, u(y) = eI bt =e Pl
1
Now, multiply by u(y)= ? to get the new exact DE.

1 x
Hence, the new exact DE is (x* + -;)dx+ (1 —;—;)dv =0.
1 X
. Next, solve by method of exactness. Let M =x’ +-;, N= l';‘:‘ .

Then integrating #, (X, y) = M(x, y) and integrate with respect to X.

1 C A -
i =|(x* +)dx = u(x,y)=—+—+g(»).
That is Iu,(x,y)dx I(x +y) (x,y) 55
3 ] '
Differentiating u(x, y)=-§-+f-+ g(y) with respect to y and equating with N
| y

X . a2
gives u,(x,y)=—}%+g'(y)=1—}—,=~g =1

Integrating g'(y)=1 with respect toy givesus g(y)=y.
3

x

Therefore, the general solution is u(x,y)=¢=> = +; +y=c.
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e) P=x'+)",Q=—xy=> P, =2y#-y= Q.. This means it is not exact,

a— _de 1
L Q‘——i—f(x)ﬂ‘u(x) ]

Besides,

Hence, the exact DE is (.r+y—3)dr—-—}%dy=ﬂand thus using the method of
X ¥

bl

exactness, we get the solution to be x* — 4 -=C
.

f)P=y,0=3x-y+3= P, =1#3=0,. This means it is not exact.

— }_d‘i

¥
Besides, 22022 )= )= =
y

Hence, the exact DE is y’dx+(3xy” — y* +3y*)dy =0.
Next, solve by method of exactness. Let M =y*, N = 3% -y’ +3y°.

Then integrating ,(x, y) = M(x, y) and integrate with respect to x.

Thatis [u,(x, ) = [ Ydx = u(x,y) = 5 + g ().

Differentiating u(x, y)=xy’ + g(y) with respect to y and equating with N gives
u,(5,0) =39 +g'(0) =31 -y’ +3)* = g'(y) =—y* +3y”.

Integrate g'(y) =-2y" +3y” with respect to y

. ' ;
Thatis [£0)b = [ +3y )y = 80) = -2+ >
4
Therefore, the general solution is xy* -2, y =
4
g) Here, P=4xy+2)*, 0=2x)+5y* =P, =4x+4y,0 =2y.
Since P, #Q,, the DE is not exact or it non-exact.

Q o i _2y-(4x+4y) —(4x+2y) 1

P 4+2y  ydx+2y) }‘ = f(y) depends on y.

- - ﬂl |
Hence, the integrating factor is H(y) = ej i eI O e’ = Y

Hence, the new exact DE js (4x +2y)dx +(2x +5y*)dy = 0.
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Next, solve by method of exactness. Let M =4x+2y, N=2x+5)" .
Then integrating u,(x, y) = M(x, y) and integrate with respect to x.

That is ju_r(x,y)dr = I(4x +2y)dx = u(x, y) = 2x2 + 2xp+g(y).

Differentiating u(x,y)=2x" +2xy + g() with respect to y and equating with N
gives u,(x,y)=2x+g'(y)=2x+5y° = g'(y)=5y".

. 1 N 4
Integrating g'(y) =5y" with respect to y gives us g(y) = 5%

Fi
Therefore, the general solution is u(x, y)=c = 2x* +2xy +%— =c.

h) P =2x’ +y,Q=x2y—x=>F;, =1#2xy—1=0,. This means it is not exact.

P-0. 1-Qxy-1)_-2(xy-1 e
Q _ (zly )= 2(1}' )=_E=f(,r):>p(x)=ef ‘_d.‘!':iz
xy—x (=) x *

Besides,

Hence, the new exact DE is (2+ Lz)dx +(y- -l—)afy =0.
X x
Then integrating u,(x, y) = M(x, y) and integrate with respect to x.

Thatis [u, (x, Y = [(2+2)e > u(x,y) = 26 =2+ g(y) and
X X

2
"y(x’)’)=-i+8'(y)=y—*1-=?g'(y)=y=>go*)=y7'
X X

2

Therefore, the general solution is 2x - L y? =.
X

2. Verify whether the following DEs are not exact and solve by finding the

appropriate Integrating Factor:
a) (y* +2xp)de+(4x* +5xy+6)dy=0 ) ydx +(2xy - )dy =0

¢) 3x*yidx+(2x*y +x’y")dy =0 d) 2xydc+y'dy=0

e) (y-e*")dx—(1+xe™”)dy=0 f) Bx’y=x")dc+dy=0
g) +x")dx-xdy=0 h) (1+ y)de+(1-x)dy =0
Solution:

a) P,=2y+2x,0, =8x+5y=F, # 0, . Hence, the equation is not exact.
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Bestdes, Q 5 3x+5y Qy#2x).. 3(2x+y) =f(y)-
- Fidy | o+
L ) . Ii"’ Sy _ gy - o3
Hence, the integrating factor is ,u(y)-e Y =gV =e =y.
Then, the new exact DE is (y’+21y Ydx +(4x2y° +5xy* +6y°)dy =0.
Here, M, =5y* +8x°, N, =8x° +5y" = M, = N, . So, it is exact.

Thus, the general solution is obtained as follow
Using the short-cut formula: =~

u(x,y)=[Mdx + [N~ [M,dcldy |
= I(y’+2x:v )ab:+j[4x=y’+s:a» +6y I 6y’ +say’)dr1a5»

3
. -xy +x’y +.|'6y’dy :gf +xy +2

'Iherefore ﬂlegenetalsolutlonls u(x,y) xy +x’y +-;-y =c.

}’

'b)M -1 N = 2y=>Mj,af=N Hence, meequatlonlsnotexact.Bcsndas,

N.—M. __2y__l__"" 1

v; 5 2—; f(y) Heme, the mtegmtmgfactons

2 = ef( ]ﬁ-— adin B e”'.;H-—-; mdtheﬁewemtDEls

”dx-}-(er”’ —-)afv 0. Thus, the solution i |
u (x,y)= M(x.y) =e” Du(x,y)= = xe¥ +g(.v)
u (x,y)-N(I.)’)'—‘ﬁ'zmz’ +g'(y) =2xe” -;=S(J') ~In|]

'Ihus,thesolunomsm -Inly[-c | .
¢) M, =6x"y, N, =6x"y+3x"y' = M, = N,. Hence, the equation is not

N.-M, 6x'y+3cy' -6x%y

exact. BeSIdeS, M 3x3y1

. B vt Py P e,
A -'..'E“T-‘.' TR (LOPST VY B T -'1}-!_-_& wtlfioy whyyy delaz i
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Hence, the integrating factor is u(y) = eI ey =e? and the new exact DE is
¥ s

Gx’y)ed dv+(2x°y+x’yh)e 3 dy=0.

3
¥ _v“

1 (x,) =3x%yle? u(x,y)=x'ye? +g(y),
1." ,_:’_
u (x,y)=2x'y+x’y" e’ +g'(y)=2x'y+x’y")e’ = g(y)=k
)M, =2x, N =0=>M #N,. Hence, the equation is not exact. Besides,

N.-M, 0-2x |1
= =——= f(y). Hence, the integrating factor is
M 2xy y

(5 ) :
uy)=e =" = _ and the new exact DE is 2xdx+ ydy=0.
y

Thus, the solution is x* +y*/2=c.

e) Since P, = - #—(1+x)e*"” =0, the DE is not exact. But,
P.~0, l e’ +(1+x)e“’
0 -(1+xe™")

exact DEis (ye™ —e”)dx—(xe’ +e™)dy = 0.

Here, let M =ye™ —¢’, N=—(xe’ +€™). Therefore, integrating

u_(x,y)= M(x,y) with respect to X gives u(x,y) =—xe’ —ye™ +h(y). Then,
differentiating u(x,y) =—xe” - ye™ +h(y)w.rtyand equating with N gives
u,(x,y)=-xe’ _e +h(y)=—(xe’ +e7)2H(y)=0= h(y)=c

Therefore, the solution is #(x,y) =¢c= xe’ +ye =

f) Since P, =3x* # 0=, , the DE is not exact.

. Hence, u(x)= e-[m) =¢™* and the new

°

3ut, R QQ =3x? = f(x). Hence, the integrating factor is 4(x) = ej st _

and the new exact DE is (3x*y —x° Ye* dx + e dy=0.
Now, let M(x,y)=(3x"y ~x*)e”, N(x,y)= e




Suppose y'+p(x)y = f(x)is first order linear DE.
Then, .+ p(ay = £ = [Py~ Sl + dy =0.

Here, P(x,y) = p(x)y—f(x), Qxy)=1=P,=p(x),0,=0=P, 20

—

~ = p(x) is the function of x.

Thus, the DE is not exact. Besides,

Hence, the integrating factor is u(x) = eI Pt

Furthermore, multiplying the DE with this integrating factor gives
P Yy~ £ + ™ gy = Owhich i exact.
Then, the general solution becomes y(x) = e-" Jl’(m’[ I ej s S (x)dxe+C].

Examples:
1. Find the general solution of the following first order linear DEs

, x ' 1 .
a) xy'-2y=x’e b).1y+y=; c) y'+y=sinx

d) y+6x’y=x’ € (Qy-3x)dx+xdy=0 ) xp'+y=x*+1
Solution: First change in the standard form y'+p(x)y = f(x)

2 - ="
a)}’-;}’=123 =>F(-1')=€I’ =-;2—=:>y(.x) x([ ’dx+c) x’e" +ox’

xxxxx

xdy x o X
c) /l(x)=e[ =e Dy=¢ Ie Smxdt+Ce-'::y:%(smx—cosx)-i-Ce-‘

el _ e
d)p(x)_ej T L2 =e 2Jr‘_|l3f2¢ez"’caf!:+f.:‘e=:'2")=r:e"2"’ +—

e) (2y-3x)dx+ xdy = jdy_ . 24 c
M+ ady O:dx+;y=3=>ﬂ=e’[‘ =xz=>y=x+-;§-

T p———ty o



% Sol\.«e lhe io]lowmg lVPs o |
a) y+Sy=3e" -1, y(0)=1 b) y'+ytanx =sin2x, y(0)=1

¢) xe"de+ (¥ -Ddy=0, p0)=0 d) x'+2y=4x}, y(1)=3
Solution: Use integrating factor method for first order linear DEs

. ) g Sdx
a) The integrating factor is u(x) = eI = e°* . Then, the general solution is

y(x)ze‘Sx[J‘eix(3ex __lm+c]=e—5:(%eﬁx _leSI +CJ=_;_e:+ce-Sr _

§

Now, find ¢ using the initial condition. Thatis y(0)=1=>c= -]-70— ‘

| 7 1
Hence, y(x =—e"+— o,
y(x) 0" 3

b) The integrating factor is u(x)= ej e N 1 .Then, the general solution is
cos x

y(x)= msx[j—l-sm 2xdx+c]= cosx(-Zcosx+c)= ccosx—2cos’ x
cosx
Now, find ¢ using the initial condition. That is y(0)=1=>¢=3.
Hence, y(x)=3cosx—2cos’ x.
¢) xe’de+(y* ~1)dy=0=> (y° —1)dy = —xe* dx
3 2 y! e
= [ ~1)dy = - xe de=>2--y=-"-+c
s . 1
Now, find ¢ using the initial condition. That 1s y0)=0=>c= 3

4 &
Henc_e’ y__y-_-.l—_f_.
4 2 2
2n

d) x'+2y = 4x* =>y’+-2-y=4x. Hence, p(x)=ef‘ =x".
-[ptx x 1
Then, y(x)=e f M'[Iej’{ ’d’f(x)dx+(;']=?([4x’dt+c)= x’-l-x—i.
s 2
Now, find c. That is y(1)=3=>c=2. Hence, y(x)=X"+75.

N 32
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1.7 Bernoulll s Differential Equations

Definition: Differential equations of the form y'+p(x)y = f(x)y", ne Rare
known as Bernoulli’s Differential Equations. If n# 0,1, the DE is nonlinear,
Such non linear differential equations are transformed into linear as follow.

First, multiply both sides by — . Thatis y"y*+p(x)y"™" = f(x)
y

dz o z
Using the substitution z = y'™”, z'= e =(1-n)y ajr m;—
Putting this in the equation y™"y'+p(x)y'™ = f(x), we have

VYR = (x) 2 Yt PRy = (%)
(I1-n)y

>4 p0)z= f()= 2+ -mp()z=(1-m ()
Therefore, we get firs order linear DE z'+(1-n)p(x)z =(1—-n) f(x).

Simple steps to solve Bernoulli’s Equations y'+p(x)y = f(x)y", neR
First: Identify p(x), f(x),n from the given problem.

Then, use the following formula to get the general solution.

Integrating Factor: x(x)= oo

General solution: y'™" = LI(I —n)u(x) f(x)dx +—— where ¢ is constant.
H(x) H(x)

Examples:
1. Solve the following Bemoulli’s Differential Equations.
4_11

Qy+L=ryix>0 B y-y=niyO=-1  y-L=rly
b

d)lv%‘y’“’ €) y'= y-— ”".y(O)-— Ny-2y=6y

=Z_) " 10v3 S dy x*+y +l
§) YREny h) 2x'=10x"y° + y 0=

2xy




Solution:
1
Iy a) Here p(x)=;,f(x)=x2,n=2.
. [1-m)peayax I:-'dx 1
Integrating Factor: u(x)=e =e'* =e™M=_
X
General solution'
y j (1= n)p(x) f (x)d + ——
(x)
= yi= xf(l —2).—.,r2dx+cx
x
3
>y =x -xdx+cx:>-l-=-—it—-+cx=>y= 2 2
y 2 2cx—x

b) y'-y = xy*. Here p(x)=-1, f(x)=x, n=2.Then,

Integrating Factor: u(x)= eI RPN eI et

General solution:
= 1 4 -X X -
i =—xI—xe dx+-%=—e (xe* —e*)+ce” > y=
e

Besides, y(0)—-1=>—1-=-1=>c..-2=>y-—‘-—_,-.
| x—2e

1-x+ce™

l1+c¢

c) Here p(x) =—%, fx)=x', n=-;:.

Integrating Factor: u(x)= = 3
3 s

B (s ! el ™ = _l'i' :

2

General solution: y*” =x2_[—2§—dt+cx’ =£;—-+¢I: =y’ =('3—+sz)3-

d) First rearrange in Bernoulli’s form to identify p(x), f(x), n

Thatis 21y 2 - = =>-@-—-y——y"=>p(x)-— £2)= 12'-

Integrating Factor: u(x)=

General solution: y* =x I dx+ex=x+ex.

A AR AT e R FERRTR Y
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1 x
(1-n) p(x)dx _[';d' %
Integrating Factor: u(x)= eI g =g =e%:

General solution:

s 2l 2 =
P = [~ () [+ —— =y = [I-E"d’f“}iﬂez -
” 8 4

H(X)
f) Here p(x)=-2, f(x)=6,n=3.

Jo-mpds _ [ade _ 4

Integrating Factor: u(x)=e =e

General solution:
y"z=e""f—12e"‘dx+ce"”=ce"“—3:>-15=ce'4’—3=>y=:t ]
y ce-*i.r . 3

: 1 1
g Here,y'=2-y' = y=—y=—p' = px)=——, f(x)=-1 n=2.

eI(I -n) p(x)dx fldx
Integrating Factor: u(x)= =e'* =

X

x ¢ x*+c 2x

=E—dt—= :}y: 3
2 x 2x X +c

General solution: y™ = —Ix +—-= L
x )y

h) Here, 2x'=10x’y" + y = y'=5x%)° +—?j—]r-y=>y‘—2iy=5xzy5
| x

Then, we have p(x)=—§l—, f(x)= Sx:, n=>5,
X

Integrating Factor: u(x)= ej e, eE* =yt

General solution:

6".5"2

T = R A
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1.8 Second Order Linear Differential Equatmns) with

Constant Coefficients (SOLDE

Second-Order-Linear-Differential Equations with constant coefficients are
equations of the form @y"'+By'+cy = f(X)..covvvrrrurmruemsssinccsrsesssranses *
Here, if f(x) =0, then the differential equation is known as homogeneous
and if f(x) =0 , it is known as non-homogeneous.
Examples:

) y'-3y-4y=0

i) 7y"+6y+5y =0 } are homogeneous differential equations.

..i u+ l_2 - 6 2 -
fl ) YAy Tyt are non - homogeneou s differential equations.
iv) y'"-8y'-7y=2e™"

1.8.1 Solutions and their Properties

Particular and Complementary solutions:
Consider second -order linear non homogeneous differential equation and the

corresponding (reduced) homogeneous differential equation of the form

Then, any function free of arbitrary constants that satisfies the DE in (i) is said
to be particular solution and denoted by y, .

The general solution of the corresponding homogeneous DE given in (i) is said
to be complementary solution and denoted by y. .

Fundamental Set of Solutions and Superposition Principle

Any set F={y,,y,}of linearly independent solutions of the homogenous
differential equation ay'*+by'+cy =0 is said to be fundamental set of solutions.
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Superposition Principle: e
Let y,and y,be any two solutions of the equation ay"+by'+cy =0.Then, the

linear combination y =c,y, +¢,y,y is also a solution.
In particular, if y,and y,are fundamental (linearly independent) solutions, then
y=c,y, +¢,y, is its general solution and this is called complementary solution

denoted by y, =y, +¢,),.
So, once we have the fundamental solutions to ay''+by"+cy =0, we can easily

determine its general solution from these fundamental solutions.
Here, to determine the general solution of ay"+by'+cy =0, it is sufficient to get

any two we fundamental or linearly independent solutions y,and y,.

Question:
How to check whether any two solutions are fundamental or not?

Wronskian Test and Fundamental Solutions:
Wronskian: Let fand gbe differentiable functions. Then, the determinant

defined by W(f,g) =I; ﬂ = f.g"-f".gis known as Wronskian of f and g .

Linearly Independent Functions: Any two functions are said to be linearly
independent if and only if their Wronskian is non-zero.
Example: Verify that f(x)=e**and g(x) =€’ are linearly independent.

E-Z.r e.'t.l.'

-2e 5e”

Solution: The Wronskian of fand g is W(f,g)(x)= =7e".

Since W(f,g)(x)="7e* #0,¥xeR, then fand g are linearly independent.

Wronskian Test (For Fundamental Solutions):
Any two solutions y, and y, of the equation ay"+by'+cy =0are fundamental of

linearly independent solutions if and only if W(y,, y,)x) # 0 for all x.
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1.8.2 Second Order Homogeneous Linear Differential

Equations with constant coefficients (SOHLDE)

General Form: ay'+by'+cy = 0where aandb are constants.
Form of Solution: The solutions are of the form y =e™ . (Oh! How?)

Question: What is the basic task to get the solution? As you see iny=e", the

constant rin the exponent is arbitrary. If we know the value ofr, then the
solution is known. Therefore, the basic task is to determiner .

Method to determine r : Assume y = e™ is the solution of ay"+by'+cy = 0.
Since y =e™ is assumed to be the solution of ay"'+by'+cy =0, it must satisfy
this equation whenever substituted. Here, y =e™,y'=re”,y"= re™.
Then, substitute these in the equation ay''+by'+cy =0.
ay"+by'+cy =0=>ar’e™ +bre™ +ce™ =0
=e™(ar’ +br+c)=0
=e™=0o0rar’ +br+c=0
Since ¢™ # 0,we must have ar’ +br+c=0.
Note:
i) The equationar® +br+c =0is called Auxiliary (Characteristics) equation
of the differential equation ay"'+by'+cy =0.
ii) The function y=e™ is a solution of ay"+by'+cy=0 if and only if the

constant r is the solution of the quadratic equation ar’® +br+c=0.

~b+b? -4ac
2a |

Thatis ar’ +br+c=0=>r=

Here, we may get two distinct real roots, single real root, or complex roots

depending on the sign of the expression b* —4ac under the radical sign. Since
the type of the root determines the form of the solution of the DE, let’s see the
three different cases based on the type of the roots. The forms of the solutions
based on the natures of the roots are summarized using table as follow.
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Forms of Flm{hmenhl and Genel al Solution for av"+by'+cy TI

Cases Roots of the Fundamental | Complementary |
Auxiliary equation | Solutions y;, , Solution y,
ar’ +br+c=0 : -
Two Real Roots Ye =N +6yy,
_b+ybi-dac| [y =¢" =
= R 2
Db’ -4ac>0 1 o T N ROl
~b-b* -dac
=
* 2a
Single Root y, =ev Ye =N +C2);
H)b2-4ac=0 ;-I;-__b_ y, =xe" ie
= e =(¢; +¢yx)e™
Complex Roots
' h2 =qt fi {yl =e® cosfx| Ve =) +63);
b*-4ac <0’ ; Le
m) a= -_a, y‘.' = % sm ﬂ =
2 yl‘ 5 cle COSﬂ(
= a’-4b +
2 ¢,¢™ sin fix

Notice about case-III: For the two complex roots 7, =@+ fi,r, =a—fi.

Here, y,

=™ and y, =€“"* are the fundamental solutions. But these

are complex solutions while our problem is real. So, we have to change these
solutions in to their real forms. This is possible by using Euler’s formula.

(aﬁ)r_e e

{}’1 =
B.5

(mﬂ)x:e 8 =e (msﬂt'HSlﬂﬂf)

A = ™ (cos fix - rsmﬂt)

p s
y*=20,

+y,)=e™ cos

! =
)’z'="2“.(}’1 -yy)=e” sinfx

Hence, the corresponding real solutions are y, =e™ cos f, y, =™ sin

Vi o e QO e R T2 Gresm, i v
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Examples:
1. Solve the differential equations using the above procedures.
a) y'-5y'+6y =0 b) y'"+8y'+16y =0 c) y'4y'+13y=0
d)2y"-Ty'—4y =0 e) y'+7y'=0 ) y'+9y=0
g)4y"-4y'+y=0 h) y"+4y'+7y =0 i) y"+2ﬁy’+2y =0
Solution: '

a) Here, the characteristics equation is 7> —=5r+6=0.

Solving this gives us r* =5r+6=0= (r-2)(r-3)=0=>r, =2,r, =3.
Hence, the fundamental solutions are y, =¢*, y, =™ .

Therefore, by case-I, the solution is y =c,e™ +c,e® =ce™ +c,e™
b) Here, the characteristics equation is »* +8r+16=0.

Solving this gives us 7* +8r+16=0=>(r+4)* =0=>r, =r, =4.
Thus, the fundamental solutions are y, =™, y, = xy, = xe™

Hence, by case-1I, the general solution is y = ¢,e™ +c,xe™*

¢) Here, the characteristics equation is r* —4r +13=0.
Solve this using quadratic formula give the following complex roots.

r —4r+]3=0=>r=4i 2_36 = 4i26:' =2+£3i.

From these complex roots, we have @ =2 and S =3. Thus, the fundamental

solutions are y, =e™ cos fx = e™ cos3x, y, =e™ sin fx=e"*sin3x

Hence, by case-III, the general solution is y =™ (¢, cos3x+c,sin3x).

d) Here, the characteristics equation is 2r* —=7r—4=0.
_T£V81_ 729 1

2r:-Tr-4=0> =>n=4,rn=——.
4 4 2

Hence, the fundamental solutions are y, =e**, y, = e,

Therefore, by case-I, the general solution is y =c,e** + 4:.'24';>'J5’r ;
€)Here, P’ +Tr=0=r(r+7)=0=>r=0,r=-7.

Hence, the fundamental solutions are y, =1, y, =¢™
Therefore, the general solutionis y =c,y, +¢,y, =¢, +c,¢
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O=>r=tJ-9=n=3i, r,=-3; . '
Hence, by case-1l, =" cos ey ) =6, cos2 iy,
2. Find the .values of the constantk for which the DE V'+hy+hy < Ohas |
general solution of the form y =e™ (¢, cos Ax + ¢, sin f). e
Solution: The characteristics equation is 7* +kr+k = 0.Then the DE wjjj ;
a general solution of the form y =™ (c, cos fx +¢, sin f) if and only if 3
r* +kr+k=0 has complex roots. But the roots will be complex if and opj

-4k <0 k(k-4)<00<k<4.
Obtaining HLDE from its General solutjons: ,_
Once we understand the forms of solution of second order homogeneo f
we can also determine the reduced DE from its general solution as follow,

First: Identify the fundamental solutions y, and y,from the given gen
solution and obtain the roots # and r, from these fundamental solutions.

Second: Form the characteristics equation using the roots obtained.
Thatis (r—r)r—r,)=0=>r> —=(r, +n)r+nr, =0.
Third: Deduce the DE. It is y''—(r; +r,)y'+r, 5y =0.
Examples: Find second order LHDE whose general solution is given. ;
a) y=ce*+c,e”  b)y=csin fo+cz cos2x ) y= c,e"'-i-
Solution: First identify the roots of the characteristics equation. e
a) Using case-I, y=c,e” +c,e” =y, =¢*,y, =e”* =>r=Ln =3.
So, the characteristics equation is determined as follow.
(r=r )Xr=r)=0=>(r=1)(r-3)=0=>r —4r+3=0.
Therefore, the required homogeneous DE is y"'—4y+3y=0.
b) Here, using case-III, y, =sin J?:x, Vy = cosv2x = n= in, rn=

So, (r=r)r—r)=0=>(r-J2i)r+J20)=0=>r+4=0
Therefore, the required Homogeneous DE is y''+4y=0. 4
¢) Using case-Il, y = c,e™ +c,xe™ => y, =€*, y, = xe™* W
So, (r-r)r-r)=0=>(r-2(r-2)=0=>r-4r+4=0.

Therefore, the required Homogeneous DE is y"—4y'+4y =
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1.8.3 Initial and Boundary Value Problems (IVP and BVP)

A differential equation together with some specific conditions on the dependent
variable and its derivatives which are given at the same value of the
independent variable is known as Initial Value Problems (IVPs). The specific
conditions are said to be initial conditions. On the other hand, if the specific
conditions are given at different values of the independent variable, the
problem is known as Boundary Value Problem (BVPs) and the specific

conditions are said to be boundary conditions.
i) Forms of Initial Value Problems (IVPs)

(ay"+by'+cy = f(x)-DE

X )= Vo, V(%) =y, —ICs
ﬁ.V( 0)=Yos ¥'(X0) =N JIVP

X

((Both y and y'at thesame value x = x;)
ii) Forms of Boundary Value Problems (BVPs)
(ay"+by'+cy = f(x)—DE

x.)= Vo, ¥V'(x;)=y, —BCs
y(%,) y‘l y'(x) =y BVP

(Here y and y'tare given at diiferent values x = x;,x = X

Examples:
1. Solve the following IVPs
¢)y"+3y'—4y=0,y(0) = 4,y'(0)=14 b)y"-3y'= 0,y(0)=7,y'(0)=-9

a)y"+y=0,y(0)=2,y'(0)=0 d)y"-4y'+4y=0,y(0)=1,y'(0)=4
o)y +azty=0, y()=3,y(N)=4  N)y'+2y=0y(n)= 1,y'(z)=0
Solution:

a) Here, the characteristics equation is 7* +3r—4=0=>r= 1-4.

Thus, the general solution is y =cie” +ce™ -

Now, let’s determine the constantsc,, ¢ using the initial conditions.

c,+c,=4

Thatis y(0) =4, y'(0)=14=> =¢, =6,c,=-2.
¢, —4c, =14

Therefore, the solution is y = 6" —2¢™".

42



b) Here, the charactenstlcs equatlon is r ~3r 0=>r O 3
Thus, the general solution is y = ¢, +¢,e’* . Now, determine ¢,, c,.
¢, +c, =7

That iSy(0)=7,y'(O)=—9:>{ =c, ==-3,¢, =10.
3o, ==Y

Therefore, the solution is y =10—-3¢".
c) Here, the characteristics equation is r* +1=0=>r==i .Thus, the .
solution is y = ¢, cos x + ¢, sin x. Now, let’s determine ¢,, c,. g =
That is y(0) =2 = ¢, =2, ¥'(0) =0=>c, = 0.Therefore, y = 2005.; f'"
d) Here, 7* —4r+4=0=>r=2.Thus, the general solution is y=ce™ +
and y(0)=1y'(0)=4= {2(:,_-!-102 ¥ =>c,=lc, =2 .So,\y='c_1 _

2. Solve the following BVPs y
a) y'+4y=0,(0)=2,y'(m)=-6 b) y'+dy+dy= 0-)’(0)-
Solution:

a) Here, the characteristics equation is r* +4=0.
Solving this gives us r’+4—0=>r; =2i, r,=-2 '.

¢, cos0+c,sin0=2
y0)=2,y'(m)=-6= {_ 26, sin(27) + 26, 005(
Hence, the solution of the BVP is y =2cos2x—.
b) Here, r* +4r+4=0=>r =2 . The soluti
Now, let’s determine the constantsc,, c, usi
Therefore, the solution of. the BVP is y =6e
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1.8.4 Solving Non-homogeneous Linear Differential
Equations (SONHLDE) with Constant Coefficients

Form of SONHLDE with constant coefficients: ay''+by'+cy = f(x).

Particular solution of a@y"+by'+cy = f(x):
Any function y, free of arbitrary constants that satis{ies this SOHLDE is said

to be a particular solution.
Theorem (The General Solution Theorem, GST):

If y,is any particular solution of the non-homogeneous DE ay""+by'+cy = f(x)
and y, is the complementary solution of the Homogeneous part ay''+by'+cy =0,
then the general solution of ay"'+by'+cy = f(x)is givenby y=y. +y,.

In short, this theorem says that the general solution of ay''+by'+cy = f(x)is the
sum of the general solution of the corresponding HLDE ay''+by'+cy =0 and

any particular solution of @y''+by"+cy = f(x). Thatis y=y_ +y,.
So far, we have seen how to find y, of ay"+by'+cy =0but how to get y ?

Procedures to solve ay''+by'+cy = f(x).
First: Solve ay"+by'+cy =0 and obtained the solution y, = c,y, +c,y, .

Second: Find any particular solution y,, of ay'+by'+cy = f(x).

Third: Form the general solution y =c¢,y, +¢,y, +y,using the GST.

There are different methods to find y,. -

Method of Undetermined Coefficients (MUCs)
Variation of Parameters (VPs)

The Operator Method (OM)

Diagonalization Method (DM)

Laplace Transform Method

Power Series Method

PP E BN -
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1.11.1 Method of Undetermined Coefficients (MUCs) |

Suppose we want to solve ay"+by'+cy = f(x) where the Cl.}efﬁClems a,b and
¢ are constants using the Method of Undetermined coefficient. ;

Main principles to notice about MUCs: .
i) Assumption: The method of undetenniqed coefficients assumes that the

solution to the DE equation is the same form as f(x).
ii) Starts with trial form: Making educated guess
Once we assume ¥, has the same form as f(x), the method proceeds mth an

educated guess by expressing y, using undetermined coefficients.

e —

iii) Coefficient Determination: From the trial form obtain, y,,y',and y"", and

substitute in ay"+by"+cy = f(x) to determine the coefficients. With this it is

possible to determine the undetermined coefficients to be determined.

For this reason, the method is named as Method of Undetermined Coefficients.
Conditions to use the method: When do we use the method?

The general method is limited to non-homogeneous linear DE of

ay'+by'+cy = f(x)with the assumption that the coefficients are constants,
and f(x)is only of the form p (x), e"',sinax,'oos Bx, p.(x)e™, and their
combinations like p, (x)sinax, p, (x)cos £, p. (x)e* sin cox + P, (x)e™ cos fi.
Exceptions: When does the method fails?

The Method of Undetermined Coefficient .(MI'JCS) is not applicable jf the

- - : I '\
ctio 1s of th — -
function f(x)is of the form x,h'nx,a/;,tanx,cos X,S€c.x, cot x, csc x or any

other transcendental functions.
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e I

- T.&BLE-I.z: The basic Trial Forms of Particular Solution
— The forn of f(x) ~ Trial form of ¥
_}.(5: ae” ¥ = de”
Cf(x)=ax+0 y,=dAx+B
f(x)=ax’ +bx+c ¥, = A¢ = Br+C
asin Ax or bcosix
()= |asin kx +bcosk ¥, = Asin kv + Beoskx
(asinh Ax or
f()= h’ SRS ¥, = Asinh kx + BcoshAx
f3)= (asin Ax +bcosmx b | T Asin kx + Bcoskx + Csin mx
' 1asin kx +bsinmx’ +Dcosmx
f(x)=ae™ +be™ k=m y,=4e™ +Be™
For Product forms
J(x) =(ax+b)e™ ¥, =(dx +B)e”™
(ax +b)sin kx or | ¥, =(4x +B)sinix +(Cx+ D)coskx
)= {(a:c +b)coskx
f(x) =ae™sin kxorbe™ coskx y, =Ae™ sinkx + Be™ coskx
_[(ax+b)e™sinke ¥, =(Ax+B)e™ sinkx
J®)= {(a.r +b)e™ coskx +(Cx+D)e™ coskx
f(x) =(ax® +bx+c)e™ ¥, =(4x’ +Bx+C)e”™
Cautions:

The table will give you only hints on how to guess y,based on f(x).
Always, ASK yourself the following questions about y, :

Does what we guess for y, always work? No!

How do we know when it does not work? From analysis of roots!
1 How do we correct if it does not work? Use Modification Rules!

PMSTEATL T2 N OO T A TS AN Y
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< alow 1 P
£ xamples: Solve the following DE

—

. ! e S, -~ .
1 2x S LRI I i s 'y —JV V=
Y "l-”"":;“l—":! V= 12€ b}r' ___r"& ryY = A AT - )_1—’ ¥y =T, J4Slnx

¥
W

"% e -~y I - x :
| ' ] =X o e Y e N AT b Y f‘_: V +J "’_l — E e ;
‘},' } r+}! __.2 Y=z 2,[8 ¥ "t i b AL A /{ ', 3 5 koau -

Solution:
a) Step-1: Find the complementary S0 lution y,of y"'-3y-4y=0.

a

Here. the characieristics equation 1« »~ =37 =4 =0.50olving this gives us

2

PP =3r=-4=0=(r+)r-4)=0=r=-Lr =4

r-x -X x
Hence, the complementary solution is y, =cg"" +¢,¢- =¢e " +ce.

* L] * . & = % Fad T et ‘I.:\'.
Step-2: Find the particular solution y, having the same fenn as Ax)=1
= : o ix K
From the table, it seems of the form y, =ae™ . Then, ', = =2ge™ s o -

Now, determine the constant by substituting these values in the given DE

Thatis y"-3y'—4y =12¢* = 4ae™ —6ae’ —dae™ =122

2
= —6ge =12 = e =2

Thus, ¥, = ae™ =-2¢* . Therefore,. y=y.+y,=ce" + Czé'-dx -2e.
b) Step-1: Find the complementary solution y_of y'"'-2y'+y =0.
Here, r* =2r+1=0=(r—-1)* =0=> r=1.
Hence, the complementary solution is y, = ¢,e* +c,xe*.
Step-2: Find the particular solution y, of the form f(x) = x* —x+3.
Thatis y, is of the form y, =ax’ +bx+c.
Then, substitute Y, =ax’ +bx+c, Y,=2ax+b, y" ,=2a in _thé DE.
P'-2y+y=x'-x+3=> 20-2Q2ax+b)+ax* +bx+c=x*-x+3

= ax’ +(b- ~4a)yx+2a-2b+c=x*-x+3

=a=Lb-4a=-12a-2b+c=3>a= Lb=3,c= 7
So, the particular solution is Y, =x" +3x47,

Hen =
ce, the general solution is y =y, + Yp =cie” +c,xe” +x* +3x+7

©) Step-1: Find the complementary solution y,of y'-3y~4y=0.
It is the same as in part (a). That is Y, =ce™ +c,e" -

)]
144
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gtep-2: Find the particular solution y , of the form f(x) = 34sinx

1t seems of the form y, =asinx+bccsx.

Then, y'p=acosx—bsinx, ¥ =—asinx—bcosx.

_ ow, determine a,b by substituting these values in the given DE.

. y'-3y'-4y=3dsinx

3 — —asinx —bcos x - 3{acos x —bsinx)~4(asinx +bcosx)=34sinx
_ = (~5a+3b)sinx +(-3a~5b)cos x = 34sin x

‘Equation the coefTicients of sinx, cosx on both sides, we have

(—30—5b=0::>b=:5§a,

--5a+3b=34=>:-5§€a=34:—>a=—5,b==—;—a:>b=3

; L
us, y, = asinx+bcosx ==5sinx+3cosx.

B erefore; y=y. +y,=ce + c,e" ~sinx+3cosx.

d) First, find the complementary solution y, of y"+y-2y= by 7
ere, r +r—2¥0:>(r—1)(r+2)=0=?ﬁ =Ln=-2.

Hence, the complementary solution is y, =¢e™ +e,e™ =get +oe

Next, find the particular solution y, of the form f(x)=2xe™.

It seems of the form y, =(ax+b)e™ -

en, y',=ae” —(ax+b)e”, y",= —2ae” +(ax+b)e™.
Thus, substitute these values to determine the coefficients.
Y'+y'-2y=2xe”" '

= -2ae” +(ax+b)e™ +ae”" —(ax+b)e” — 2Aax+b)e™ =2xe

et 4

= -2axe™* - (a+2b)e™ =2xe™

1 Eicaia
=-2a=2-a-2b=0=>a=-Lb=-=J, =(=-x)e”
-
therefore, the general solutionisy =y, +¥, =€ +¢:€ i St

gt
o 7
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C) V' HRy=0=2r'+2=0r=4J/2i= Yo =€ COSNLx+c,SIny 2y

Now, lets” find the particular solution y, of the form f(x) = 3xsiny
Here, ¥,1s of the form Y, =(ax+b)cosx+(cx +d)sinx. Then, we have
Y, =acosx—(ax+b)sinx +csin x+ (cx +d)cos x
o= —2asinx—(ar+b)cosx+2ccos.r—(at+d)sinx
So, y"+2y =3xsinx

= (2c+b)cosx+(d - 2a)sin x + axcos x +cxsin x = 3xsin ¢

=2c+b= 0,d-2a=0,a=0,c=3:>a=O,b=—6,d=0
=y, =3xsinx-6cosx

Hence, the general solution is y = ¢, cos V2x + ¢, sinv2x +3xsinx -6 cos x

N rP+2r+5=0=>r=-1+ 2i,~1-2i. Hence, the fundamental solutions are

Y1 =e " cos2x, y, =e ™ sin2x. Now, find y, of the form f(x) = e* cos2x.

It is of the form Y, =ae*sin2x +be* cos 2x.

The Y',=(a-2b)e sin 2x+(2a+b)e* cos2x,
n,

V', =~(3a+4b)e” sin 2x+(4a-3b)e* cos 2x
Y'+2y'+5y = e” cos 2x

= (4a - 8b)e* sin 2x + (8a +4b)e* cos 2x = ¢* cos 2x

:’4“"36=0,8a+4b=1:>a=26,80+4b=l
>16b+db=1=p=t ,_ 1
20 10
I . | x
ﬁ}; | ¥ 2 = x ._--E_- .
Yy =15€"sin x+203 cos2x—-lo(23m2x+r;052:)

e S

= =
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Remark (Sum Rule for Trial forms):

In the DE ay"+by'+cy = f(x), the function J(x) may be the sum (difference) of

functions like f(x)=g(x)+A(x),in such case, guess the trial forms v, for
g(x)and Yp2 for h(x) separately as the particular solutions.

Then, their sum y, =y +y . is atrail form for f(x) = g(x)+h(x).

Examples: Solve the following DEs using MUC.

a) y"+y'+5y =30e" +10x -7 b) y'+4y =8x+9sinx
¢) y'-y'-2y=2x*+¢ | d) y"+5y'+6y =4e™ +5sinx
Solution:

Step-1: Find the complementary solution y_of y"'+4)'+5y =0.

Here, r* +4r+5=0=>r =-2+i.Then,y, =c,e™" cosx+c,e~ " sinx
Step-2: Find y, which is the same form as f(x) =30e" +10x-7.

Here, f(x) = g(x)+ h(x) where g(x)=30e", h(x)=10x-7.

So, guess y,, = Ae” for g(x) =30e" and y,, = Bx+C for h(x)=9sinx.

1 Then, p, for f(x) =30e* +10x—7becomesy, =y, +y,, =4e” + Bx+C.

Thatis y, =ae* +bx+c=>y' =ae’ +b, y" =ae".
So, y"'+4y'+5y =30e" +10x-7
= Ae* +4(Ae* +B)+5(Ae” + Bx+(C)=30e" +10x-7
= Ae* +4Ae” +4B+54e” +5Bx +5C =30e" +10x-7
= 104e* +5Bx +4B+5C =30¢* +10x-7
104=30=>4=3
=4{5B=10=>B=2 =y,=3" +2x-3
4B+5C=-T1=>C=-3

————

Therefore, y=y, +y, =c,e”* cosx-+c,e” " sinx+3e" +2x-3.
b) Step-1: Find the complementary solution y, of y'+dy=0.

Here, the characteristics equation r* +4=0=r=+2i.
So, the complementary solution is y, = ¢, cos 2x +¢, sin2x.
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Step-2: Find the particular solution y, of the form f(x)=8x+9%iny X

Guess y,, = Ax+ B for g(x)=8x andy,, =Ccosx+Dsinx forh(x)=9sinr |
Then,y, =y, +y,,=Ac+5+ Ccosx+Dsinxfor f(x)=8x+9sin,
Hence, y', = A-Csinx+ Dcosx, y", =—Ccosx—Dsinx.

Now, determine the constants A4,B,C,D.

y'+y=8x+9sinx
- —~Ccosx—Dsinx+4[Ax+ B+ Ccosx+ Dsinx]=8x+9sinx

=44=848=0,3C=03D=9=>A4=2,8=0,C=0,D=3
Hence, the particular solution is y, = 2x+3sinx.
Therefore, y=c, cos2x+c,sin2x+2x+3sinx.
¢) Step-1: Find the complementary solution y_of y"-y-2y=0.
Here, the characteristics equation is »* —»—2=0. Solving this gives us
rP-r-2=0=>(r+I)r-2)=0=>r=-1,r=2.50, v, =ce™ +c,e”.
Step-2: Find the particular solution y, having the same form as
S(x)=4x" +8¢" . Here, we guess y, =ax’ +bx+c for g(x)=4xand
Y,2 =de" for h(x)=8¢". Then, Yo=Vut¥,= ax” +bx +c +de* for
S(x)=4x’ +8¢" . Hence, ', =2ax+b+de", y',=2a+de".
Now, determine the constants a,b,¢,d.
y'=y'-2y =4x? +8e*
= 2a+de" ~[2ax+b+de*]-2(ax® + bx +c+de*) = 4x +8¢
= -2ax’ -(2a+2b)x+2a-b-2c - 2de* = 4x* +8¢*
=-2a=4,~2a-2b=02a-b-2c=0,-2d =8
Da=-2b=2c=-3,d=-4
Hence, the particular solution is y = -2x* +2x-3-4de" .
Therefore, y=ce™ +c,e™ —=2x? +2x-3-4¢" .
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Modification Rules for Trial Forms: Generalization on MUCs

Now, let’s analyze the three questions about y , that we have posed earlier.
v" Does what we guess for y, always work? No!

v How do we know when it does not work? From analysis of roots!
v" How do we correct if it does not work? Use Modification Rules!
As we have discussed for the DE ay'"+by'+cy = f(x), we used an educated

guess of the particular solution y based on the form of f(x). But this is not
always true. There are cases where the form of the particular solution y, that

we guessed may not work. In what follow, let’s discuss the cases where the
form of yis determined based on the relation between the rootsr,and r,of

the characteristics equation and some part of f(x).
Modification Rule-1: For the form f(x) = (4, x" +...+ Ax+ 4,)e".
In such case, the form of the particular solution y,of ay"+by'+cy=0
depends on r,,r,and the exponent k.
i) If , #k,r, £k, then y, =(a,x" +...+ a,x+a,)e"
i) If r,=k or r,=kbut 7 #r,, theny, =x(a,x" +..+a,x+a,)e"
iii) If n =r, =k, theny, = x*(a,x" +...+ax+a,)e”
Examples: Solve the following DEs using undetermined coefficients.
a) y'-3y'-4y=10e™" b) y"-3y'-4y=xe™™ ) y'-2y'+y=6e"
d) y'+6y'+9y = xe™* e) y'+y-2y=e"+e”  f) y'4y+y=xe™
Solution:
a) Step-1: Find the complementary solution y of y"-3y'-4y =0

Here, the characteristics equation of is 7> —3r—4=0. Solving this gives us
P =3r—4=0=>(r+1)(r-4)=0=>r=-1r,=4.
Hence, the complementary solution is y, =c,e™ +c,e™ =¢,e™ +c,e™.

Step-2: Find y, .Here, f(x)=lOe"’,with k=-1,n#rand r,=-1r, =4 but

g -x
here r, =k .Thus, y, is of the form y, =axe ~.

207} rps BT AT, AR S A7 ATLAER e OLFAY NSARY:: 52



g;W‘@wwbxww‘Frwmm gz i TP

Then,y',=ae” —axe™, y", =-2ae™" +axe™ So,
y'=3y'4y =2e""=> 2ae™ + axe™ —3(ae™ —axe™)—-4ae™ =10e™*
= -Sae” =10e™ = -Sa=10=>a=-2

Thus, y, =-2xe™ . Therefore, y=y,+y,=c€" +c,e” ~2xe”",
b) Here, r’ -3r-4=0=>r =-1,, =4and f(x)=xe™", withk=-1.
So, by the second paﬁ of rule-1, y, = x(ax+b)e™ =(ax’ +bx)e™.
Then,y', = (b+2ax—bx—ax’)e™, y"pz(wc2 ~4ax+bx+2a-2b)e™.
So, y"'-3y'4y=xe™ |
= (@x? - dax+bx+2a-2b)e™ -3(b+2ax-bx-ax’)e™ -4 ax’ +bx)e™ =xe™

= (~10ax+2a-5b)e™ =xe™ ::»-10&=l, 2a-5b=0=>a= l:)’bz 215

¢) Step-1: Find the complementary solution y, of y"-2y+y=0

Here, the solution of the corresponding homogenous equation is

rP=2r+1=0=>@F-)(r-)=0=>r=r=1.

Hence, the complementary solution is y, = c,e” +c,xe”.

Step-2: Find the particular solution y, .

Here, f(x)=6¢",with k=11, =r,=k=1.Thus, y, =ax’¢".

Then, y'p-(Zar+axz)e’ y",=(2a+4ax+ax’)e’ So,

y" —2y'+y=6e" = (2a+4ax+ax Ne* -2(2ax+ax?)e* + ax’e” =6e*
=2ae" =6e* =>2a=6=>a=3

Thus, ¥, = 3x’¢". Therefore, Y=Y, +¥, =ce" +c,xe" +3x%¢".

d) Here, r* +6r+9=0=>r, =r, =-3and f(x)=xe™, withk =-3.

So, bytlnrd part of rule-1,5, =% (ax+b)e™ . (Complete it )

¢) Step-1: Find the complementary solution y, of y"+y'-2y=0.
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Here, the characteristics equation isr* +r—2=0. Solving this gives us

Par=2=0(r-1)r+2)=0=>r =1r,=-2.50,y, =ce* +c,e™".
Step-2: Find y having the same form as f(x)=e" +e™*. Here, we guess
Yo = axe” for g(x)=e*and y,, =be™ for h(x)=e". Then,

V.S¥at¥a= axe” +be* for f(x)=e" +e™*. Now, determine aand b.
y'+y'-2y=e" +e”

— 2a¢* +axe® +be”™ +ae* +axe” —be ™ —2axe” +be"]=¢" +e”

| g
=>30€’—2be”‘=e’+e"‘:>a=l,b=—l=>}’p=lxe‘——e )
3 2 3 2
x -2x 1 ¥ 1 —x
Therefore, y=c,e” +c,e ™ +—-xe --2—e :

Modification Rule-2: For the form f(x)=A4 x" +..+ Ax+ 4,.
In such case, the form of the particular solution y, of ay"+by+cy= ¥{x)
depends on the coefficients a, b.
i)If6#0,theny, =a,x" +...+ax+a,
i) Ifb=0,but a#0, theny, =x(a,x" +...+ax+ a,)
iii) Ifa=b=0, theny, = x*(ax" +..+ax+a,)
Examples: Find the particular solution of the following DEs.
a) y"-3y'=18x* +2 b) y'=24x c) y'=9x* +2x-6
S;Jlution:
a) Here, the characteristics equation is #* =3r=0=>a=-3,b=0 and
f(x)=18x*+2.So, y, is of the form y, =x(ax® +bx+c)=ax’ +bx’ +cx.
Then,y', = 3axt +2bx +c, y',= 6ax+2b So,
y'=3y'—dy = 2¢™ = bax +2b-3(3ax’ +2bx +c) =18x" +2
— —9ax? +(6a—6b)x+2b—3c=18x" +2
— -9a=18,6a-6b=0,2b-3c=2=>a=-2,b=-2,c=-2
Thus, y, = x(=2x? =2x-2) =-2x" - 2x" - 2x.

L T R
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b) Here, the characteristics equation is 7~ - =0. So, the coefficients of the
characteristics equations are a=»5b =0 and f(x)=24x. S0, y, is of the form
-x’(ax+b) ax’ +bx*. Then, ', =3ax’ +2bx, y",=6ax +2b.
But y" a24x=>6ax+2b-24x=>6a-24,2b=0=>a-—-4,b-0
Thus, y, = 4x’ and the general solution is y =Y. +Y, =€, +Cx+ 4x’,

¢) Here, the characteristics equation r*=0=>r, =7, =0which is a single root,

Then, the fundamental solutions are y, =€’ =1y, =xy, =x.
Next, let’s determine the particular solution y,. The direct trial form is
Yo = ax’ +bx + ¢ but it does not work because the coefficients of the

characteristics equations r* =0are a=b= 0. Besides, f(x)=9x* +2x-6.
Thus, by the above modification rule, the direct trial form of y, must be
modified as y, = x*(ar’ +br+c)=ar* +b* +a’,
Then, ', =4ar’ +3bx* +2cx, y*, =12ax* +6bx+2c.
So, y'"'=9x? +2x-6>12ax* +6bx+2c=9x% +2x—6 .
:::»12-‘a=9,6b=2,2c=—6=»a=§,b=%,&=—'3
Th _341-3; 2 ) I_;..‘3413‘«2
us, ¥, -Z‘x +3-x -3x . Therefore, y=cl+c2x+zx +3x -3x",
Modification Rule-3: For the form f (x)=(dcos &+ bsin fix)e™ .
In such cases, the form of the particular solution y,of ay"+by'+cy = f(x)
depends on the relation between the characteristics roots r,,r,and a,f .
DIfn#a+pfir, #a - fi,then y, =(Acos fx+ Bsin fx)e™
i) If n =a+ fi,r, = a - fi, then Y, = x(Acos fx+ Bsin fix)e™
Examples: Find the particular solution of the following DEs.
_ @) Y"+y=sinx b) y' *2y+5y=€Tsin2x  ¢)y"+4y=xcos2x
d)y'+4y=8c0s2x  €)y"-2y'+y=e*sinx )y '+16y =4cosdx

RU%, ”"ﬂ‘?'ii = DT ATT A8 UL Nevméf AF40047 e dErmT, NG 55

e T S

A



A Hand Book of Applied Mathematics-1ll by Begashaw ). For your comments and suggestions use 0938-53-62-62

Solution:
a) Here, f(x)=sinx, withf=1,a=0.
But P +l=0=r=xir=i=a+pfi,r,=-i=a-[0

So, by part (i) of medification rule-3, y, = x(a cos x+bsinx).
y',=acosx+ bsinx +x(bcosx—asinx),y",=(-2a ~bx)sinx +(2b—ax)cos x

So, ¥'"+y =sinx = (~2a —bx)sinx +(2b - ar)cos x + x(acos ¥ +bsinx) =sinx

) . 1
— Dasinx+2bcosx=sinx=>-2a=12b=0=>a= —E,b*—-ﬂ

: 1
Thus, y, =x(acosx+bsinx)=——xcosx.
Yo _ ,,

by y' 42y 45y =0=>r" +2r+5=0=>p ==1+2i,r, =—1-2i

Now, lets’ find y, which is the same form as f(x)=e"sm2x.

Here, in f(x)=e " sin2x, we have a =-1, S =2.But we have
r=—1+2i,n,=-1-2i=>n=a+pfin =a—-fi . Thus, y is of the form

¥, =x(Acos2x+Bsin 2x)e™* . (Complete the solution!)

¢) y'+dy =0=>r, =2i,r, =—2i. Now, lets’ find y,which is the sam = 1orm 2s
f(x) = xcos 2x. Here, in f(x) =xcos2x, we have a =0, f=2. But we have
r=2irn==2i=>n=a+pfin= o~ fi . Thus, y,is of the form

y; = x{(Ax + B)cos 2x + (Cx + D)sin 2x]. (Complete the solution!).

.- Miscellaneous Examples on MUCs:
~ The following problems will help you to test yourself whether you understood
"~ all the main concepts about MUCs. First try by yourself and then see the hints.

- 1. Solve the following DEs using MUCs.

a) y''-y'-2y = 4x’ b) y'-3y+2y=x'+e*
_ ¢) y''-5y'+6y = xe** d) y'—-6y"+9y =x +¢*
- e y'-2y-3y= 12xe™ +6x-11 f) y'=3y'+2y =8x* +1
Solution:

_‘3’ Step-1: Find the complementary solution y, of y'"-y'-2y=0.
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9 =0. Solving this gives us

2.So0,y. =ce”* +c.e’.

A Jland Bw.t ofA ppi’led llumrmﬂnrs Il by Brrru.sll
Here, the characteristics equation isr’—r-
Por=2=0=(r+)(r-2)=0=n =—lrn=2

Step-2: Find the particular solution y,of the form f(x) = 4x’

2 S = " 9
Here, we guess Y, =ax + bx +c. Hence, )p-*2£lf+b, Y p=44.

Now, determine the constants a,b,c.

Yoy = 4x? = 2a-[2ax +b]-2(ax’ +bx+c) = 4x°
— —2ax? —(2a+2b)x+2a—b-2c=4x’
— 2a=4-2a-2b=02a-b-2c=0
=a=-2b=2,c=-3

Hence, the particular solution is ¥, = ~2x* +2x-3 .

Therefore, y =c,e™ +c,e’* —2x* +2x-3.

b)Here, ’ =3r+2=0=>(r-1)(r-2)=0=r, =1, =2=y_=ce" +c,e’

Here, y,seems of the form y, =y, +y,, wherey, = ax’ +bx +c, Yy =de’

but not because e*is already in the solution y, =c,e* +c,e™.

Thus y,, = dxe”such that y, = ax’ +bx+c+dxe”.

Then, ¥/, =2ax +b+(d+dv)e’,)" =2a+(2d +dx)e”.

So, y"-3y'+2y=x* +e€*

- =2a+(2d +dx)e” -32ax+b +(d +dx)e* |+ 2 ax? +bx+c+dee’]=x +¢°

= 2ax’ +(~d - 2)xe* +(2b-6a)x~de* +2a—3b+2c = o R

=>2.a=l,,2b—6a=0,-d=l,2a-3b+2c=0::>a=-1- b=—-3 c-—-?- d=-1
29 2! _49 ==
1 7
Hence, y, =—x’ +=x+——xe* = y=p.o*
& ¥, Zx +2.:|r+4 e > y=ce +¢232’+lx2+2x+%_x31,

¢) Here, the characteristics equation is

2

r 5r+6=0=>(r—2)(r-—3)-0:>r; =2r,=3and f(x)=xe™, withk =2.
So y, is of the form y, =x(ax+b)e* = (ax’ +bx)e® .

Then, y', = 2ax* + 2ax 2
-+ .+2bx+b)e V"= (dax? +Sax+4bx+2a+4b)eh.
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SO, ytl_Sy!_{_6y - xe-x = (_2‘1\_ 4 20 _ b)elx — er_r oo

-

e e e W % -
— -2a=1,2a-b O:a——-i,b——l:yp=(——2——.t)e'.

92

X
Thus, y =y, +y, =" +ce” -'('2_+x)ez".

d)Here,r* —=6r+9=0=(r-3)* =0=r =3.Then,y, =c,e” +c,xe”.
Now, lets’ find y, which is the same form as f(x) =x+e”.
Here, y,seems of the form y, =y, +y,, where =ax+b,y,, =ce".

Then, y'P=a+ce",y”p=ce’.
So, y''-6y'+9y = x+e* = 4ce” +9ax—-6a+9%b=x+eé"
1 1 2

—4c=1,9a=196-6a=0=>c=—,a==b=2=y _x, .2
29797 TP e 42T

e) Step-1: Find the complementary solution y of y"-2y-3y=0.
Here, the characteristics equation is 7* —2#—3=0. Solving this gives us
P2 _2r-3=0=>(r+1)(r-3)=0=>r=-1,=3.80,y, =" +c,e”.
Step-2: Guess y,having the same form as f(x)=12xe™ +6x—11.
Here, y,, =(ax+ b)e** for h(x)= 12xe™ and y,, =cx +d for g(x)=6x-11.
Then, ¥, =Yp + ¥y = (@@+ b)e® +cx+dfor f(x)=12xe™ +6x-11.
Hence, )',=(2ax+ 2b+a)e™ +c, " ,=(dax+ 4a+4b)e™*.
y'=2y'-3y =12xe™* +6x-11
= (-3ax+ 2a-3b)e” —3cx—2c-3d = 12xe™ +6x-11
— —3a=12,2a-3b=0,"3c= 6, -2c—-3d=-11

8\ 2
.—_>a=-4,b=—-g-,c=-2=2,a'=5=>}’, -"-("4-7""3)92 -2x+3

f) Step-1: Find the complementary solution y,of y''+3y'+4y =0

~3+47i ]

Here r2+3r+4=0=>r=_————=>a=:—3-,ﬂ=-—7-.
- 2 2 2
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2 UsinéMéﬂma' of Undetermined Coefficients, find the genera) solution
' b) y”—'y =CO0S 2x C) }’”—y': X+e'
e) y'-2y'=e’sinx F) V'Y -2y =250

h) y'+y'=3x+4e’ i) Y'=3y'¥2y=2¢, ¢

ﬂ) yﬂ+y'_6y = x+€—31’
d) y"+3y'= dx+6e™
g) y'H3y2y=dx+e”

Solution: )
a) Here, k> +k-6=0=(k+3)(k-2)=0=>k=-3,2.

=3Ix "
3 pce’ =ar+b+ce™ . But the term ce
Hence, y, =ce™ +c,e”*. Now, y, =ax+b+c ce™ alregdy
inh ] = =3z
exists in y, . So, it must be multiplied by x. Thatis y, = ax+b+cxe™
[4
= -3 - -3z =3x -3x
Then, ', =a+ce™ -3cxe™,y" = -3ce™ —3ce™ +9cxe
=3ce™ =3ce™ +9cxe™ +a+ce” —3exe™ —6(ax +b+cxe ) = x 407
-1 —] .

~5ce™ —6ax+a—6b=x+e> m>a=— p=— c=_!
= -5ce bax+a 7 Y c -

Therefore, y=y, +y, =c,e™ +c,e™ —-l—x—l.re'” e .
6 5 36
b) Here, r* ~1=0=>r, =1,7, = -1 and Y, =acos2x+bsin2x.
y"—y=c052x=>—5acos2x—5bsi112x=cos2x=>-—5cr= 1,-5b=0
=a=-1/5,b=0>y, ==1/5c0s2x = y=ce* +c,e™ ~1/5c0s2x
¢) Here, the characteristics equation r(r—1)= 0=>r=0,r,=I.
S0, 5, =¢, +c,¢". Now, let’s find Yphaving the same form as f(x)=x+e".

Since 5=0( as in rule-2) and r, =las in rule-1, we guess y , = x(ax+Db) for

g(x)=xand Ypr=cxe” for h(x)=e¢". Then,

. i
Yo =V 1Yy =ax” +bx+cxe* o J(¥)=x+e*. Hence,

L = x x
Yo=2ax+b+ce” +cxe ,y"p=2a+2ce’+cxe’.Thus,

V' =Y=x+€"=2a4 200" 1 i
tece +ope "[21:1.'x+.b+c¢-:“+waf3"]==.7c+¢-;"Ir

-=>—-2ax+ce‘+2a—b=x+e" =-2a=1,c=1,2a-b=0
1 2

2
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d) Here, r’+3r=0=r=0,r=-3. So,y. =c, +c,e~". Now, let’s findy,

having the same form as f(x)=6e™ +4x . Since b=0( as in form 2) and

r,==3as in form 1, we guess y, =x(ax+b) for g(x)=4xand Y, = cve ™"

i -

for h(x)= 6e™" .
Then, Y, =YtV = ax® +bx+cxe™ for f(x)=4x+6e™* . Hence,

\ y'p = 2(11’ + b + I.','(i'_]Jr = 3(:‘(8_31, y"p — Za - 6(:'.9_"er + 90&'&'_31 .Thus,

y'+3y'=4x+ 66" = 2a—6ce™* +9cxe™ +3(2ax+b+ce™ =3cxe ™) =4x+ 6e ™"

= 2a-3ce”™ +6ax +3b=4x+6e™"

=>6a=4,—3¢=6,20+3b=0$a=%,c=—2,b=—§

>y, wE —-g-x-lxe"‘

Therefore, y=c, +c,e™* + % x? —% x=2xe”>*.

)y'-2y'=0=>r’=2r=0=>r(r-2)=0=>r=0,n,=2=y, =¢, +c,e”
Now, lets’ find the particular solution y,which is the same form as
f(x)=¢"sinx. Here, y,isof the form y, = (acosx+bsinx)e” and thus
y'F=(bcosx—asinx+acosx+bsinx)e’,y",, =(-2asinx+2bcos x)e”

So, y"'-2y'=¢€"sinx
= (~2asin x + 2bcos x)e* —2(bcos x—asin x+acosx +bsinx)e” =e” sinx

— —2ae* cos x—be* sinx=e*sinx=>-2a=0,-2b=1=>a=0,b =_%

l X _» ix 1 X _*
Hence, yF=-Ee sinx=> y=c, +C,e -Ee sinx.

g) Here, f(x)=4x+ ¢ indicates y, =ax+b+ce™.

Then, using ', = a+3ce”,y = 9ce’ , we have
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d) Here, r*+3r=0=r=0,r=-3. So,), =c, +Cs€ . Now, 3 nd
having the same form as f(x)= 6e>* +4x . Since b=0(as in form e-;;
r, ==3as in form 1, we guess Yo = x(ax+b) for g(x)= =4xand V2 =
for h(x)=6e>>".
Then, ¥, =V, +¥,, =ax’ +bx+cre™ for f(x)= 4x+6e”" . Henct,
y',=2ax+b+ce™ ~3exe™, y"' =2a-6ce™ + 9cxe™ .Thus, ‘
Y'43y'=4x+6e7 = 2a-6ce™ +9cve™ +3(2ax +b+ce” - Jexe ™) =4x+ 6e™"

= 2a-3ce”™ +6ax +3b =4x+6e™*

4
360=4,~3C=6,2a+3b=0:>a=%,c=-2,b=—§

2., 4

>y _EI —-9-x 2xe™*

P
- -3x 2 4 -3

Therefore, y=c, +c,e™ +=x* ——x-2xe™"

€)y"'-2y'=0=>r =2r=0=r(r-2)=0=>r=0,,=2>y,=c, +c,e~

Now, lets’ find the particular solution y,which is the same form as

f(x)=¢"sinx. Here, y,isof the form y, =(acosx+bsinx)e” and thus

y',=(bcosx—asinx+acosx+bsinx)e’, y* , = (~2asinx +2bcos x)e*

So, y"'-2y'=e"sinx

— (=2asin x +2bcos x)e* —2(bcos x —asinx +acos x + bsin x)e* = e* «;
x)e* =¢
Sin x

— _2ge* cosx—be* sinx=e"sinx=>-2a=0,-2b=1=a=0p=_]1

—

2

| e
Hence, yp=—%e"sinx=>y=c, +c,e” -Ee sinx.

g) Here, f(x)=4x+¢* indicates y, = ax+b+ce®.

Then, using y'p=a+3¢e3', y"P=9ce", we have




s - S

hem nhc}-ﬂf %Waw M__For your ¢ ;ﬁmmentﬁ and suggestions %@m
ce’ )+2(H—T+b+c‘3 Pednet

T Hand Book gféﬂpfw#'. athe
y'43ye2y = dx+e¥ = 9ce” +3(a+3

:-;,an+3a+2b+20ce =4x+e”

=>2a-—-4,3a+2b=0,20c.'=l::ra=2,b=—3,c= 5

831

:ryp=2.1'+56"3

h)Here, r* +r=0=>r=0,r=-1

f(x)=4x+e indicates y, = ax+b+ce”.

Then, using ', = a+3ce™, y" A =9¢e™ , we have

3. Using Method of Undetermined CoefTicients, solve the IVPs and BVPs.

Dy —4y=16530) =Ly©)=3 b)y'2y+y=sihx/0)=2.Y()=e
Solution:

a) Here, r’—4r=0=r=0,4.Thus, y, =c, +c,e**. Besides, as f(x)=16x,
y,isof the form y, =x(ax+b). Then,y' =2ax+b, y" =2a.

So, y"—4y'=2x=>2a-42ax+b)=16x=>a=-2,b=—1

Hence, the general solution is y =c¢, +c,e* —2x* —x

Here, }:(0)=Ly'(0)=3=>{c1 el =c,=l¢c =0.

|4c,-1=3
Therefore, the solution is y=e** —2x* — x :
) 2
4. Find a DE whose general solution is y = C,t+ce” + S
2
Solution: Here, from y, =¢, +c,e™, we can infer the roots n=0r=-1
So, the characteristics equation is (r—0)(r +1)=0=>r* +r=0.

Hence, the corresponding homogeneous DE is Y'+y'=0.
2

Now, putting y, =~ ~x,in y'"+y'= f(x) we get y"+y'=x.

e
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1.8.4 Method of Vanatmn of Parameters (VPs)

How the method is developed? Why it is so named?
The particular solution y is a pseudo-linear combination of the homogeneous

equation. By a pseudo-linear combination we mean an expression that has the
same form as a linear combination, but the constants in the linear combination
are allowed to depend on x: y,(x) =u,(x)y, +u,(x)y,.

In the combination y ,(x) =u,(x)y, +u,(x)y,, the parameters (the constants in

the linear combination) u,and u, are assumed to be variables. That means the

particular solution is the combination of the fundamental solutions with
variable coefficients. That is why the method is so named.

Suppose y, and y, are fundamental solutions of ay"+by'+cy =0.

Then, we look for a pair of functions #, and u, that will make the combination
given by y,(x) = u,(x)y, +u,(x)y,a solution of ay"+by'+cy = f(x).

Putting the values y,(x),y',(x),)", (x)in ay"+by'+cy = f(x) gives the linear

uy y+u'y ¥, =0 . hoy | ] [0 ]
t nmatrix form, |, ", | [ || :
i {u‘l Y +u'y Y= f(x) [Jh ¥ zL’ ] (%)

Since y, and y, are linearly independent, W (y,,y,)= yl }; 20 .
1 2
Hence, solving the above linear system by Cramer’s rule, we have
0 Y2 I::I 0 )|
u' (x) f(x) y! —f(x)yz u' (x)= _ .I f(x f(x)y'l
I W(}’p}’;) W(yuyz) ! W(¥1,)2) W()’l!}’z)
= f(x)y, dx, u,(x)= S(x)», e
Heice, by lmegration, 4 i J.W(.V:sy 2) IW()’l!}’z)
Therefore, the particular solution y,(x)=#, (x)y, +u,(x)y, that we are
. - F | (x)y, X+ f(X)y,

looking for becomes y,(x) y'IW(yl,yz) J’zI———‘f‘W Ohya)
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Summary of Procedures to find y, using VFs:

Objective: To solve the DE ay"'+by'+cy = f(x).
Step-1: Find y, and y, of part ay"+by'+cy =0 and compute their wronskian,
e | 72

-},l y:

Yi ),

That is solve ar’ +br+c =0 and compute W(y,,y,)=

x)y, J(x)y,
Step-2: Find y jusing y = ‘}’;_[A“—'—’d" +y3J‘~+—-~——dr

W y.) W(yny)

Finally: The General solution is y = y,. + ¥, by superposition principle.
Examples:
1. Solve the following NHLDES using Variation of Parameters

X

a) y'+y =secx LBV ty=S o) y2ey=eTinx
X

d) V'+3y'+2y=ccosx  e) y"-5)'+6 y=x

f) y'*=2y'+2y =€’ tanx
Solution:

a) Step-1: Find the fundamental solutions Yis ypof y'+y =0
Here, r* +1 =0=> (r-i)(r+i) =0=>n =—i,r, =i.

Hence, the fundamental solutions are Yy =cosx, y, =sinx.

coOSx sinx |
—sinx cos )

ng the formula.

Then the Wronskian becomes W(y,y,)=

Step-2: Find the particular solution ¥, usi

w0y [S(X)y AC)?
¥, y.fw+ygf—'——dx

W(J’l:yz)
= —C0S x| secxsin xdx +sin x

=-cosx_[tanxdr+sinx dx

= cos xln|cos ]+ xsin x

S€C X Cos xdx

=]* 2
b) Step-1: Here, »2 — 2r+l1=0=,= 1. Hence, the fundamental solutions are
an becomes Wy, y,)=e>.

‘———a

Y =€, y, = xe*and their Wronski
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Step-2: Find y,.

e f(x)y S(x)y
y, ()= n [+ y, [
W(yl!y ) W(ypyz
. el X
=—e" xe dx + xe* e"dx
J xelx Ixezl

- 1
=—e" dx+xe‘-|.—-d): = xe” fln|x|-x£“r
. X

Therefore, the general solution is y = c,e” +c,xe” + xe* In|x — xe”
¢) Step-1: Find the fundamental solutions y,, y,of y"+2y'+y =0
That 1s !"2 +2r+1 =0:>(r+])3 =0:>rl =r, =-].

Hence, the fundamental solutions are y, =e™, y, =xe™.

. e xe™ ¥
Then, the wronskian becomes W(y,,y,)=| __ _  _|=e =,

- € —Xe

Step-2: Find the particular solution y,

I WAC) 73S S(x)y, [
W(.y]!' 2) W(yltyl)
e Ixe x(fiz’:mx) e i s Ie‘*(z:;ln x) 3

=—e"jxlnxdx+xe"j]nxdx

xl

2 ,
Now using by parts, Ixhl.mdx=-x£-lnx—7 d Ihm’x=xhx—x

x!

Hence, y, = -e"len xdx+xe""|'lnxcbr = ge" lnx—%xze"

;s y B 3 rgtid
Therefore, the solution is y =c,e™ +¢,xe”™ o oo *Inx-=x’e™

d) Step-1: Here, r* +3r+2=0=>r, =-2,r, =-1.

Hence, the fundamental solutions are W= e, y, =€

-2x -x

Then, their Wronskian becomes W (y,,y,) =‘ d

- 23-21 - e"|




Step-2: Find ,.

y =_e-z,Ie ¥ cos X o e+ J~e TOOSX an
P
e’

= —e':’jcosxdr $e* J'e' cos xdx

=2x

. , i - .
=-¢ z‘smx+T(e"smx-e'cosx)= (sin x +c0s x)

-2x
o B g
Therefore, the general solution is y=c,e™ +c,e”™ = —é—(sm X +C0S X)
¢) Step-1: Find the fundamental solutions ,, y,0f y"=5 y'+6y =0
As we did in part (2), y, =€, y, =e*and W(y,, ;) =—€"".
Step-2: Find the particular solution y,

SeWs g, (LW !?=-e"jifzdx+e""|‘—m—hdr

xX)=- -
yp() y’IWO’l’yz) ; W(ylryz) -é’
- - -2
_ s 3x af 2e g _ 3, X €. ., X €
_ejxedxejxedx-e’( 3 9).:,a(__—2 4)
s 1. x 1 x5
"3 92 4 6 36

Therefore, the general solution is y = c,e”' +c,e” .,.%_,_ _3% :

f) Here, r* -2r+2=0=>r,=1+i,5,=1-i. Hence, the fundamental solutions
are y, =€" cOSX, y, = " sin x and their Wronskian becomes

v ) e*cosx e'sinx =
= 3 . =e~.
01022 cosx—-e*sinx e"sinx+e*cos

Now, find the particular solution y,

=-€" eosxj—-—-—dne smxfsmm&

=€ oosxf(secx—msx)d&e smxfsm.d: 'e:m“hhecxﬂm 4
Therefore, y=€,€" COSX+C,e smx-e’cosxh]smxﬂm_q




=X

—esinx+ 52-— (e sinx—e ™ cosx) =

(sin x + cos x)

-2x
i B :
Therefore, the general solution is y=c,e”™" +ce = —f—(sm X+ €05 x)
¢) Step-1: Find the fundamental solutions y,, ¥, 0f y'-5y'+6y=0

S5x
As we did in part (a), y, =€*, y, =€ and W (3, ;) = —€"".
Step-2: Find the particular solution y,

x i
(x)}'z f(xX)y, xe’ 2 [ X€
x)=- LN e [ Z_dk+e _dx
yp( ) yl_llw(y" 2) IW(yﬁyz I_es I_es
Iz =3z -2x e-h
=[x de- [xe = (-2 - ) - (- - )

-x 1 x 1 x 5

—= e— i — — — r— —

3 92 4 6 36

Therefore, the general solution is y = c,e +c2e + + >

36
f) Here, r*~2r+2=0=>r; =1+i,r,=1-i. Hence, the fundamental solutions
are y, =e" cosx, y, =e" sin xand their Wronskian becomes
e’ cosx * si
W(}',.y;)=L, g x .e smf J= h.
cosx—e sinx e”"sinx+e” cos
Now, find the particular solution y,

yp=-e'eosf

d.t+e' smxjsm.utr
cosx

=" cos x| (seox~cosx)de +¢"sinxsin xs = - cosxlnlsecx + tan
Therefore, ¥y =¢,¢" COSX+c,e” sinx - e’msxln]secxﬂqu

e ————————
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e fol]owmg DEs usmg Variation of Parameters

¥ Solve th

a) y"+9y =csc3x b) y''-2y'+2y =8e*sinx «c) y"-9y =i:-
e

d)y"—-}?:Sinhzx e) y"-{-y:.tanx f) y"+y=cotx

o) yisdydy=c™  h)y'—dysdy=re i) y'+y=xsinx

Solution:
a) Step-1: Find the fundamental solutions y,, y,of y"+9y=0

Here, the characteristics equation is »* +9=0. Solving this gives us
rP+9=0=>r =-3i,r,=3i.
Hence, the fundamental solutions are y,

cos3x sin3x N
~3sin3x 3cos3x

= cos 3x, y, =sin3x and their

Wronskian becomes W (y,,5,) =

Step-2: Find the particular solution y,

f( xX)y, f(x)J"|
1@=nf50 o5 2™

=-—c0s3x _[ 5csc3xsin 3xdx +sin 3xI§cs<:3x0053xdr

= —1c083xjdr+lsm3xjml3xdr= — 2 xcos3z+ ~l—sh13xln|sin 3x
3 3 3 9

Therefore, y =c, cos3x+c,sin3x —-;-xm53x+-;-sin3xln]si:13xl

b) Here, the characteristics equation is r* —2r +2 =0. Solving this gives us
r? —2r +2=0=>r, =1+i,r, =1-i. Hence, the fundamental solutions are

y, =e€* cos x, y, =" sin x and their Wronskian becomes

e* cosx e'sinx o

W(ylsyz)= 5 S e g =€e .
e*cosx—e sinx e’sinx+e cos

Now, find the particular solution y,
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~ becomes W(,,y,)=

= 'g:;!’ii':-_v SRR e sESi EE
Aoipbrrie

m@"*i 7

(x));
o (L gy (SN g
Yo =N W(Jr'p.)’z) W(J"vyz)
=-e oosx[S;m xdr-t-e’sinxjssinxcosxdr o

=-e'oosxj4(i-obs&)dx+4e’sinx[sil12xdx

=‘-e’oosx(4x-25i112x)-23‘sinxcoszx -

" Therefore, y=ce” cosx+c2e* sin x —e* cos x(4x — 2sin 2x) — 2¢” sin x cos 2x

c) Here, r*~9=0=>r=3,,=-3. Hence, the fundamental solutions are

n=ey =e™>and W, y,)==6.Now, find y,.

S[(x )}’z f(x)y.
L2 g gy [ LD g
“’I Wour) W, ,)

5 9%
I—Ge,l(ei)dt+e” -E_e_ e’)dx .

| 24 4 4
d) Step-1: Here, r’ ~1=0=>5, =1,r, =~1.

=_2_.Ixe-ﬁxdr:3€- det_-eh - xe-:;-sxze_h .

Hence, the fundamental solutions are y, =%, y, =™ and their Wronskian

x —-x

e

o g =-2.

2, ' !' ; .
Step-2: Find y,. Observe that f(;t)=si:1h2x=ezl -
2

- - S(x)y, f(x)y,
20 = [ ey y[ L g, o s

=e£IE{e ;e }'xdr—e-xj‘_;_[eb —28-1' * e

=%I(e' -e"’)dt--e‘_':!(e" —et




R
Therefore, the general solution is y=ce" +c,e™ + lsinh 2x

¢) Step-1: Find the fundamental solutions y,, y,of y"'+y =0

Here, the characteristics equation is r* +r =0. Solving this gives us
P4r=0=2@-)r+)=0=>n=-i,r, =i.

- ‘ cosx sinx
Hence, y, =00sX, y, =sinxand W(y,,y,)=| . x\_l
N . sinx cos

Step-2: Find the particular solution y,

£, £y,
= =y, | —————dx 3 il
70=n Wonys ] W31 72)

= -cosx[ tan xsin xdx + sin x] tan x cos xdx

2 : l 2
) . ~-Cos” x 5
dx+smx sin xdx =—cosx]———--—dt-smxcosx
coS X

"-COSXI
COs X

_=oosxj(cosx-— sec x)dx —sin xcos x
= cosx([cosxdx —Isecxdx)— sin xcos x = —cos x In|sec.x + tan x|
Therefore, the general solution is y = €, €08 X +¢, sin x — cos x Injsec x + tan x|

f) Here, r* +1= 0=>r,--ir,=r' Hence, the fundamental solutions are

sin
= 1.Then,
Y =C0sX, ) = sin x and W(y,,y,) Lsmx eosx\ en

)’,=-cosx[ootxsmxdr+smx]cotxcosxdx

cos’ x

sinx
- - . : - 2
=—cosxsmx+smx](mcx-smx)dx, cos°x=1-sin" x

--oosxsinx—sinxhlcscx+cotr|+sinxoosx = -sin xInjcsc x + cot x|

dx

--eosxjcosxdnsmx'[

Therefore, y=c,oosx+c,sinx-sinxlnlcscx+cotxl

L3

g) Step-1: Here, r* +4r +4=0=>(r+2)* =0=>n=r,=-2.
Hence, the fundamental solutions are y, = e, y, = xe ™.

| sicanmnilie o
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xe -4x

il =e
Then- W(y.,y;) = _ze-zx e—z: —2xe™ ™"

Step-2: Find the particular solution y,

3 =27 "'"(g"z")
- {€ I(IE ) -ZIJ‘ 2 dx
Y, =—¢€ ’J‘—————_‘x dx + xe -——-——"8,4,

e
= —e'z‘jxe’dx +xe™ I iy = - (xe" —e)+xe (€)=
. - 2% e
Therefore, the general solutionis y=y, +y, =C€ = c,xe — t+e ",
h) Step-1: Find the fundamental solutions y,, y,of y"'—4y'+4y =0.
Here, r? —4r +4=0=>(r—2)* =0=>r =2(we have repeated roots).
So. the fundamental solutions are y, = e**, y, = xe’*and their Wronskian

elr xez:

2¢¥ 2xe* +e*
Step-2: Find the particular solution y,
. 3 3x 2 3z
y,(x) =—y,jM¢:+yz[—f(i)’-"—dx= e [T+ xe™ [ s
W(3,y,) W(On,y,) € €
=_ehIxie-:dx+xehIx2e-xdx= (xz +4x+ 6)32:

aix

becomes W(y,,5,) =

Therefore, the general solution is y = ce” +c,xe™ +(x* +4x+6)e*.

3. Solve the following IVPs using Variation of parameters.

a) y'-5y'+4y =e*, y(0)=1,5"(0) = 0

b) y"'-2y'+y =¢€"sinx, y(0) =3, y'(0) =0

€) y'42y'+5y =e™sinx, y(0) = 0, y'(0) = 1

Solution:
a) Step-1: Find the ﬂmdamental solutions y,, y,of y'-5y'+4y =0
Here, the characteristics equation is r? - Sr.+4.=0. Solving this gives us
rr-5r+4=0=> (r-4)(r—l) =0= L= 4"-2 =1

e‘l e x

|-

Hence, y, =¢*, 3, = ¢*and W, y,) =

k‘l e.'




Step-2: Fmd the pamcular-soluwr: -

2x xs dx
yp(x):-—e‘"je (e)tzixﬂz“j—-——e2 e )dx

-3¢ -3
4x 2x 2x 2x
€ -2x (24 e e
-— d):— dx:-——_:_
Tl 3 Ie 6 3 2

Therefore, the general solutionis y=y_ +y, =ce" +c,e* -%-.

Now, let’s determine the constants ¢,and c, using the initial conditions.

1 3
y(0)=l=>c,+c2-§=1=>c,+cz=— i l’cz_é
Y'(0)=0=4c, +c, -1=0=4c, +¢, =1
Hence, the solution of the IVP becomes y=§-e’ —;e"’ %.

b) Step-1: Here, 7> =2r+1=0=>(r-1)> =0=>r=1.

Hence' ) =e’, Y, = xe*and W(ypyz)= .

Step-2: Find the particular solution y,

e [EREI £S5,

=—e’jxsinxdx+xe"]sinm‘x
=—¢"(sinx—xcosx)—xe* cosx =—e" sinx
Therefore, the general solutionis y =y, +y, =ce" +c,xe" —e"sinx,

Now, let’s determine the constants c,and ¢, using the initial conditions.,
{y(O)=3=>c,=3 . =¢,=3,¢,=-2
V(0)=0=c, +c,-1=0=3+c,-1=0
Hence, the solution of the IVP becomes y =3e” —2xe” —e* sinx.
¢) Step-1: Find the fundamental solutions y,, y,of y"+2y'+5y =0
Here, ’ +2r+5=0=r =-1+2i,-1-2i.
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Hence, the ﬁ:ndament;lréoiutiohs are y = e™* cos 2x, ¥y, =€ sin2xand
: e~ cos 2x ~*sin2x L‘_’ 26t
W(y"yz) e cos2x—2e*sin2x 2¢ oost e ™" sin

Step-2: Find the particular solution y, -
e sin x(e™" cos 2x)

A e sin x(e™” sin 2x) -x
e

"d Stfycr I sin x cos 2xdx (Complete:ti)

=—e' ;Oszxfsin xsin Zxdx‘+
4. Solve the following NHLDESs using Vanatlon of parameters
p e o, o
"_4y'idy = B y'-y= ) Y3y 2y=—o _
a) y"—4y'+4y = b) y"'-y o )y’ S8 L

Solution:

) Step-1: Here, r P 4r+4= t)::-(r-:z)2 0=>r=2. Hence, the fundamenta|
ez: xez.r

solutions are y,-e ' Yy = xe **and W(y,,y,) = he? o 4 oppl =gt*

| Step-2: Find the particular solution Y,

2e* Yxe¥* 2e%* \e?*
=_eh 2x e e

R——_ zx xe?*
—e Ix2+]dr+xe = de— - z‘ln(x +l)+2xe tan” x
Therefore, the solution is y = ¢,e?* + ¢, xg** ** In(x? +1)+2.ne2' tan~ x.

b
) Step-1: Here, r*—1= 0=r=1r=-1. Hence the ﬁmdamental solutions
are M -8' yz =g aﬂd W(yl’yz) ,e: e-x

=2 |

'

e’ —e
Step-2: Find the particular solution y

R
Y,(x)= '-ef( J":‘:d’f'l'e"[ e"Je:dx

-q—-"ll+e dt-___I | E ool
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1.9 System of First Order Linear Differential Equations

Revision on Matrix:
ax+by =k,
cx+dy=k,

We know that such system of linear equations can be written or expressed in

matrix form as AX =B where X =| ' A= 2 b B= g :
X, c d K,

System of Linear Equations: Consider a 2x 2 system: {

Eigen-values and Eigen-vectors:

From the matrix representation, we have also seen how to determine the eigen-
values and the corresponding eigen-vectors associated with the coefficient
matrix A by forming its characteristics equation.

Characteristics Equation: det(A — AI) =0 where I is identity matrix.

Eigen-values: The solution of the characteristics equation det(A — AI) = 0.
Eigen-vectors: The vector with the property(A-Al)v=0.
These algebraic concepts are the basis for analysis of systems of DE.

1.12.1 Homogeneous Systems with Constant Coefficients

A system of linear differential equation is a-system of equation involving the

derivative of two or more variables about the same input parameter, usually
denoted by . Here under, we are going to see a system of two variables x and
¥ about the same parameter ¢.

o dx dy
Notations: Derivatives wit respectto t: —=x', — =)'
| P N
B=arsb [* S—
Form of the system: { CEY wgy { ik
F=x+dy y'=cx+dy

In matrix Form or in vector:

w=aX or 0 8 *Junes =S a<(2 Fx=(2).
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have two fundamental solutlons X,and X,. But the form of the fundamenty

solutions X,and X, depends on the nature of the roots of the characteristicy
equation det(A ~AI) =0 of the system. So, our next task is how to find such
fundamental solutions using eigenvector method.

Since the eigenvalues are the roots of det(A—AI)=0, they could be two
distinct real roots, single root or complex roots. That is if the coefTicient matrix

a b

offhe system is A =[ d)' we have

c

c ‘d-4
' =>A’-traoe(A)J.+detA 0 (Note trace(A) = a +d)

Now, consider the three cases for this quadratic equation. :

Case-I: Two distinct real roots 4, # 4,. .

Then, the fundamental solutions are X, =v,e¥, X, =v,e*.

Case-II: Single or repeated real root 4, =4, =4.

Then, the fundamental solutions are X, =v,e”, X, =(v,¢+v,)e* where v, is

a vector to be determined from the condition (A - d])\.fzan.vI

Case-III: Complexoonjugnterootsl-a:l:ﬁ

det(A - A1) = 0=> det [ a-i b J 0= A1 - (a+d)l+ad ~bc=0

Now, for cigenvalue A =a + A, calculate a complex eigenvectory* = ("J .
) . . al (0
That is (A-Jl)v -!I:(A-ZI{J=[O].

Now, identify the real and imaginary parts of v=vy "™ (cos
Thatis { X, =Re(v)=Re[v'e” (cos A +isin )]

X, =Im(v)=Im[v'e” (cos B +isin f))
Complementary Solution: Therefore, X, =¢,X, +c,X,.

Atisin ).

.
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Eugenvalug A—pprog h fé_;e sytem l‘ -DE:

The process of solving system of linear differential equations using the

characteristics equation is known as eigenvalue or matrix approach
Procedures:

First: Find the eigenvalues of the coefficient matrix A using|A —A1|=0.
Second: Find the eigenvectors corresponding to each eigenvalue. But be careful
to analyze the three cases of the forms of the eigenvalues.

Third: Find the fundamental solutions X,and X,and write the complementary
solution X_.Thatis X_ =¢X, + c,X,.
Examples:

1. Find the general solution for the systems of differential equations.
a){iiix+-:2y b){x'iix-fy 9 {x"i2x+3y d) X'=[l —-l]x
dr = Y y=—Xx+)y y'==3x+2y 1 1

Solution:
a) This is an example with two distinct real roots.
First, identify the coefficient matrix A and find its exigent-values.

2
The coefficient matrix is 4 =[:: 4].

2

3-1 -
|A—11|=0=>‘1 % ‘=0:>(3-A)(4—_A)—2=0

= (12-34-44+2")-2=0
=S -TA+10=0=>(1-2)(4-5)=0
=>A=2,1=5

a
Now, let’s determine the corresponding eigen vectors. Let V = [b)

1 2Ya 0 a+2b=0
i)Fi.':-r}i.=2,(A-ﬂ-f)v=0=:»[1 ZIb}_[O):,{a+2b=0=a— 2b

_ -2b -2
Hence, letting b =1, we get the basis vector to be v, "‘[ b )=[ 1 )

: -2 2¥a) (0) [-2a+2b=0
74
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a) (I
Hence, letting a =1, we get the basis vector to be v, (a J:[J ! J

Therefore, the complementary solution for the homogeneous system is

4 A = eC 2 ) * : oS! 2Ce™ +C,e”
= ! f = 3 i — =
X, =qve" +v,e ¢t _ | d 2 ] - Ce H e

b) This is an example with single repeated real root. t

3 1
The coefficient matrix is A4 =( l J. 1

[A—;tl|={]:>‘3_- =0=>(3-A)(1-4)+1=0

=(3-31-A+A)+1=0
A -41+4=0=>(1-2)°=0=>4=2

a
Now, let’s determine the corresponding eigen vectors. Let V =[ ]

1 1Ya 0 a+b=0
= —ﬂ =0 = = —
ForAi=2,(4 1% ::{_'1 -IIBJ [(J::»{_a_b=0=>a b

Hence, letting b =1, we get the basis vector to be v, = [“:J _ (—I 1] . #

Question: How do we get the second basis vector v, ?

1 1Yec _ -1 *
psmsaal’, ST ssmiides

Hence, letting d =0, we get the basis vector v, =[_ ld_ ]___ (" IJ :

We need with the condition that (A—~ A1)V, =v,. Let v, = (z] ._

Therefore, the complementary solution for the homogeneous system is
-1 -1 )|
X, =, v,e” +c, (vt + v,)e¥ = c,( i }z" +c,[{ 0 }+[ l )]ez;
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¢) This is an example with complex conjugate roots.
2-4 3
-3 2-4
= 4-24-2A+A+9=0
= A -4A+13=0=>A=2%3i

Here, we need how to form fundamental solutions for such complex roots.

A-Al|=0=> 0= (2-A)2-4)+9=0

- a
Now, let’s determine the corresponding eigen vectors. Let v = (J
ForA=2+3i,(A-Al)v=0
-3 3 Ya) (O —3ai+3b=0 .
= = — =b=ai
-3 =3i\b 0 -3a-3bi=0
Hence, letting @ =—i, we getb=ai=—i’ =1.

° a e
So, the complex basis vector becomesv = [b) =( ll] :

Now, identify the real and imaginary parts of v=v"e”(cos B +isin f).
Here, A=213i=>a =2, f=3.Then, v=v'e*(cos3t+isin3f).

v=v'e¥(cos3t +isin3f) = (_Il]ez' (cos3t +isin3r)

_ (— ie” cos 3t +e” sin 3:)} 5 [ez’ sin 3!)] " [— ie” cos 3r]

e* cos3t +ie” sin3r) e* cos3t ) |\ ie*sin3r)

_(€*sin3r) . -e* cos3t
e” cos3t e sin3r)

Ny rl " '

=Re(v) =Im(v))
¥ sin3t) —-e* cos3t

Here, we ot\r=Rev=esm v,=Im(v)=
ik ) e¥cosdt | ™ e* sin3¢)

Therefore, the complementary solution for the homogeneous system is

X.=qVv,+¢,v, =¢ e” sin%) +c 0 RN
R e s 2 e sin3r)
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d) This; IS an érx.amp[e with complex conjug:ftc rf}ol_s. S
F.irsl, identify the coefficient matrix A and find its exigent-vaiues,

ll-i 0= a-pa-4)+1=0

A-2|=0=

= (1-A-24+2)+1=0

S P <-24+2=0=2A=1%i
Here, we need how to form fundamental solutions for such complex roots.

Now, let’s determine the corresponding eigen vectors. Let V' = ( b]

. . ~1 -lYa 0 o _aii-{B:O:};’J"—af
I)F0[1=1+I,(A“M)V=0:> ] —ilb e 0 a—-bi=0

Hence, letting a =i, we getb =—ai =—i* =1.

So, the complex basis vector becomes v" = [:J = (;J :

Now, identify the real and imaginary parts of v = v'e® (cos Bt +isin ).
Thatis A=1*i=>a=1, #=1.Then, v= v'e'(cas!+fsinf) :

. : i
v=y e'(cosr+:'s1nr)=(Je’(cusr+isinr]

ie’ cost—e'sint —e'sint ie’ - N
={ ! s f s = r T !e c?sr = = Smr) +1i Erme
e cos! +ie'sint e' cost ie'sins e’ cost i s

—_—
=Re(v) =lm(v))
, -
Here, we got v, =Re(v) = f et »V, =Im(v) = ¢’ cost
€ COsr e' Smr

; ey
v —e sint e'
Therefore, X, =¢,v, +c,v, = el O M
€ cosr e’ sin ¢
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1.12.1 Non-homogeneous Systems with constant coefficients

ystem of differential equation of the form X'= AX+g(t)is said to be non-

As .
0. The function g()z0 1s said to be forcing Or

homogeneous when g(t) #
nput function. In the system X'= AX+g(t), the part X'= AXis said to be the

corresponding homogeneous part.

dr = x'=ax+by + 8 (1)
General form of non-homogeneous system:

2= y'-—'cx+dy+g3(r)

In matrix or in vector Form:
The above non-homogeneous system can be written in matrix or in vector form

i b ; g,()
as follow: X'=AX+ g(t) where X'= (;), A= [2 d]’ X= [j, o(t)= (8; (r)} :

- ' a b x g 1 (f )
It can also be expressed 1n the form X'= ¥ _
c dly) (&)

How to solve such non-homogeneous system?
Given: Suppose you a system is given in one of the notations or forms.

{x‘=ax+by+g.(f) {%=ax+by+g,(r) . (a be] (gl(r))
: ory or X'= +
y=ax+dy+g,(t) | F=cxtdy+g(t) c dAy) (&

Objective: The main objective is to solve this system.
Fundamental solutions: The solutions of the corresponding homogeneous part

which is X'=AXor [x ] — [a be] :
y') \c dAy

Then, the fundamental solutions are X, = v,e*, X, = v.e™ .

“Complementary (General) Solution: X. =cX +¢,X,

General Solution of the non-homogeneous system:
The general solution of the system X'=AX+g()isX=X, +X,. Here,X_ is the

complementary solution of the homogeneous part and X, is any particular
solution of the non-homogeneous.
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X=X, +X;? -

Fi

e solution using
ne X, the challenge 18 how to get X
C = p

P W

iﬁ@iM"Mﬁﬁ@w hem;
What is the challenge to €X
sed how to determ!

e system X'=AX +g(t):
w? Use Eigenv

pr;éss th

Since we have discus

[n general, 10 solve th
First: Find X, of X'=AX. Ho

Second: Find X, of X'=AX +g(t)-

Question: Howtod

There are different ap
Method of Undetermined Coefficients
Variation of Parameters.

Laplace Transform method

Fourier Transform method

The Operator Method

Diagonalization method.

7. Power series Method
1. Method of Undetermined CoefTicients
as we used to solve non

The method works in the same way

second order differential equation.
First: Assumption: Assume the form of the particular solution X bas
P

at means make educated guess forX,.
in the system to determine constants.

always notice the following points.

i) Since the fortm of g(#)1 = & .
) of g(1)is g(*) (g o) the form of X_is also X =( yxp]
P

alue Appmach.

ctermine X, ?
proaches (0 find particular solution X -

AT I R VR N

-homogeneous
ed on the

form of g(r).Th
Second: Substitute XP and X,

Hints: To make educated guess,

That means guess x, for g (r)and y, for g,(r).
e trial forms: As example consider the following trial forms

Som

ae” b

D) gt)=|, , |»then the guess will be X =(AE J
be P | ot |
at+b

1) g(t)=( , then the guess willbe X_ = At+B
ct+d P | oy b

+D



ok e Mheis I y B, Gty comcnl s sgmtions w 0583424
asinks +bcosks Asi . e (756
110 g(a’}:[ . J,thcn xp _ STn Kx + Bcoskr}-
csinkr +dcoskt Csinkx+ Dcoskx
at+b eh k
V) g(f)=(( ) h],the guess willbe X = (4t + B)e .
(ct+d)e » | (Ct+ D)e”

Kyt

ae . Ae*" + Be*?
V) g(t) = , then the guess will be X = _
1560 [bekﬁ] SR Sy [Ce""+DeHJ
kt

vi¥) gy =|
bt + Dé” + Et+F

Notice: IN addition to these hints, modification rule also works here in a more
generalized way. That means the trial form of X may not work directly. In

; .
), then the guess will be X = [Ae +B!+CJ.
c

such case, we use the rule depending on the situation.
Examples:
1. Find the general solution for the following systems of differential equations.
a){:c'=.1r+8y+9r i {x‘=2y+4r—5 . {x'=x+y+10cosr
y'=x-y+9t y'=2x-06t y'=3x-y-10smn¢
d { x'=x+y-2¢"
y'=4x+y+3t
Solution:
a) First: Determine the complementary solution using eigenvalue approach.

. 1 8
The coefficient matrix is A =[I J.

8

ptv;—,i.l|=0=,»|l'l'1L o AJ=0=>(1—J.)(—1—J.)-8=0

=(-1-A+4+4")-8=0
=>12-9=0=21=9=2>41=-33
Here, we need how to form fundamental solutions for such complex roots.

a
Now, let’s determine the corresponding eigen vectors. Let V' = [J
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| =2 8 0 —a+8b=0
)Fora=3,(d-Aw=02 " | f= o) laap=0 774
Hence, letting b=1, we get a=4b=4.

a) (4
So, the complex basis vector becomes V; = (b] = ( ]].

4 8Ya) (0)_ [da+8b=0_
i - _ B - - == g==2
ll)FU'rj. 3,(A ﬂ)v 0:> 1 2 b 0 a+25=0

Hence, letting b=—1, we geta=-2b=-2.

al (-2
So, the complex basis vector becomes v, =[b] = ( l )

Therefore, the complementary solution for the homogeneous system IS

4 -2
X =cve’ +c,_vze"-" =c,( l}e" +cz( l Je""

Second: Determine the particular solution X using MUCs.

_ o). . 5
Since g(r) = [ﬁ‘) is a linear polynomial in both components, X is also a linear

t+b '
polynomial. That is X, =[‘:+ d] Then, X', =(").
Ci c

{x'=.r+8y+9::b{ x'=at+b+8(ct +d)+9% =a

y=x-y+9 y'=at+b-ct-d+9%=c

{(a+8c+9)r+b+8d=a a+8c+9=0,b+8d=a
(a=c+MNt+b-d=c :{a—c+9=ﬂ,b—d=c

a+8+9=0

{a—-c+9=0 =>c¢=0,a=-9
| b+8d=a={b+8d=-—9={b+8d=_g
{b-d:c b-d=0 b=d it e e

-9t -1
Hence, X, = e

'Iherefore the general solution of the non
AT AT AR 1N néd® ATLNINGT U

-homogeneous system is
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, 4y, (-2) . (-9-1
S — et e[y ve Do)

b) li'irst:k Determine the complementary solution using eigenvalue approach.

- - 0 2
The coefficient matrix is 4= ;
< . 20
#

. A2 |
b\-,‘tl[:ﬂ::ol‘ A|=0:>f"4=0=>12=4:1=2'-2
: y 2 =
" Here, we need how to form fundamental solutions for such complex roots.

' a
Now, let’s determine the corresponding eigen vectors. Let V= [b]

o N ) 0 (-2a+2b=0
i = -Ay=0= = |= =a=b
i)ForA=2,(4 l/U)v [2 ¥ Ib] [0) {Za-—Zb--'O a
Hence, letting a=1, we getb=a=1.

1)
So, the complex basis vector becomes v, = (:) = [l !
/

2 2Ya) (0) (2a+26=0
1 =— - = = ¥ b
i) ForA ==2, (A—-Al)v 0:::{2 2Ib) [(J:» L2a+25=0=>

Hence, letting a=-1,we getb=—-a=1.

E

b) \ 1
Therefore, the complementary solution for the homogeneous system is

‘ - (1 -1
X, =cv,e" +c,v,e” =c{l}:” +c,[ : }:“"

Second: Determine the particular solution X, using MUCs.

. a -1
So, the complex basis vector becomes v, =[ ) = ( ]

4t -5 ;
Since g(f) = ( 5 ]IS a linear polynomial in both components, X is also a

| | t+b %
linear polynomial. That is X, = (:t + d] TRy [‘J .
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x'=2y+41-5 =20t +2d+41-5=2 {(2c+4)!+2d—5=a
{y'=2x—6r = y'=2ar+2b—'6r=c (23-6)!+2b=(;

2c+4=0,2d—5=aj{ c=-2,b=-1
=1 24-6=0,2b=c a=3d=4

3r-1
Hence, the particular solution becomes X, = [ . 4].

Therefore, the general solution of the non-homogeneous system is
k

. ) % -1) _, 3t-1
X=X_+X, =c,v,e""+c=vze;* =c,(J€z +r:3(] Je J+(—2f+4J

¢) First: Determine the complementary solution using eigenvalue approach. {

1 1
The coefficient matrix is 4 =(3 J. |

1=
[A—AI]=0=:»I 3 _II_J=0=>(1—,1)(-:-A)-3=0

= (-1-A+A+4’)-3=0
S A -4=02=42A=2,-2
Here, we need how to form fundamental solutions for such complex roots.

Now, let’s determine the corresponding eigen vectors. Let V = ( a)
b

. -1 1Y¥Ya) (0 - L
1)Furl=2,(A-—,U)p=o:~_,( IJ=( ]___} a+b=0
3 =31h 0 3a—3b=0=a=b

Hence, letting a=1, we getb=a=1. I

So, the complex basis vector becomes v, =(HJ = (IJ
b g _
|

ii)Fnr,1=—2,(A-ﬂ)v=0=>[3 lI"]:(O]:, 3a+b=0
3 108)7(0)” [3a+s=0"5="%

Hence, letting a=-1, we getb=-3a=3.

So, the complex basis vector becomes v, = [:J = ( i l)
3 |




‘['herei'ore, the comp[ementary solutmn for the hbmdgéneous system s

1 -1
X. =clvle)1f *""2“"2‘5"1?r =Ct[l]eh +C;{ 3 )E_zr

Second: Determine the particular solution X ..

10cost }. ..
Since g(t)=[ lOsint}S a linear polynomial in both components, X is also a
: . sinf+bcost
linear polynomial. That is X = . _ o Then, X' = al
csint +dcost P le

x'=x+y+10cost

{y‘=3x—y—lOsint

( acost—bsint = asint+bcost +csint +dcost +10cos?
kr::o::amsr-a'sim‘=3(('.'sim‘+J!:acasf)-f;:sin.r--4:1'4::u:rf.~;4'—10;~'.im'
(a=b+d+10

-b=a+c { ~b=b+d+10+3b-d { 5b=10

=4

=
| c=3b-d d=3(b+d+10)-(Gb-d)-10" |-d =4d+20

[—d=3a—c-—10

b=-2 [c=3b-d c=-2
= = =
d=—4" a=b+d+10  |a=4

4sint —2cos!? }

Hence, the particular solution becomes X =[ ) ;
2sint —4cost

Therefore, the general solution of the non-homogeneous system is

1 -1\ ,, 4sint —2cost
A=Aty =1 1 i 3 | - 2sins - 4cos?

d) First: Determine the complementary solution using eigenvalue app

. i L .1
The coefficient matrix is 4= § 1k
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- e
=0=>(1-A)(1-A)-4=0
$(1—21+1~2)_4=0

= 12-21-3=02A+1)(AA-3)=0=>4=-13
Here, we need how to form fundamental solutions for such complex roots,

Now, let’s determine the corresponding eigen vectors. Let V = (:J

2 0 2a+b=0
i) ForA=-1,(A-Av=0= 2 = = ar =b=-2a
4 2Ab 0 4a+2b=0

Hence, letting a =—1, we geta= —2b=2.

4 -1
So, the complex basis vector becomes v, = ZJ =[ 5 ) .
\ v
ety lg..

-2 1Ya) (0) 24+ b=0x
i = - = 2
ii) ForA =3, (4—-Al)v 0=>(4 —ZIbJ (J da_ P b.:p-a |
g

Hence, letting a=1,wegetb=2a=2.

1
So, the complex basis vector becomes v, = (Z] = (2J F

Therefore, the complementary solution for the homogeneous system is

f—1 1
X, =cqv,e” +c,v,e™ =c,[ 5 }z" +cz(2Je3'

Second: Determine the particular solution X, .
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= (1-24+4)-4=0 B
o 2 -24-3=0=>(A+])(A-3)=0=>4=-13 .
Here, we need how to form fundamental solutions for such QOII’I‘p ex ,

a..
: .. V=
Now, let’s determine the corresponding eigen vectors. Let [b]

. 2 1Ya)_(0)_ [2a+b=0 _  _
i) ForA=-1, (A-u)v=o=={4 zIb)=(o]={4a+Zb=0:

Hence, letting a=-1, we geta=-2h=2.

fa _l\
So, the complex basis vector becomes v, = b = 5 |
- \ \

S -2 1Ya) (0} |"‘Zlil-l-lz' =0,
i:)Forz=3,(A—u)v=o=>[ I =(

=1 ﬂ m2a,
4 -2)8)" o, -!3-0 ) ‘
Hence, letting a=1, we getb=29=2. . - _ -
So, the complex basis vector becomes vV, = [:] = [;]

Therefore, the complementary solution for the hom

X. =qv,e¥ +cv e = ‘-’{;l}" _'_cz(;}u

Second: Determine the particular solytion X,.

aLis o

Ogeneous system is
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Consider a non-homogeneous linear system: { X=ax+by+g ()

Y=ex+dy+g,(t)
In matrix Form:

The above system of equations can be written in matrix or in vector form as

L] ( \ \
follow: X'= AX+g(t) where X'= (x'} A= Ao = (x e(f) = [gl(’)J
b 4

dx) " \/
It can also be expressed in the form X'= ( y =[x =(a b I) +[8n (t )].
' a) V') \c d/\}’ g ()

What are we going to do?
Given: Suppose you a system is given in one of the notations or forms.
{ x'=ax+by+ g, (1) or { L=ax+by+g,(r) or X'=[a be}+[gl(r)]
i yeatdy+ey () | F=a+dy+g,n 0 ¢ dly) (&)
. ", ~ Objective: The main objective is to solve this system.
Fundamental solutions: The solutions of the corresponding homogeneous part

which is X'= AXor (x ] = (a b}(x} .
) \¢ d\y

Then, the fundamental solutions are X, = v,e*, X, = v,e*

Complementary (General) Solution: X_ =¢,X, +c,X,

Particular solution: The general solution of the non-homogeneous is of the
form X=X +X,. Here, X

particular solutlon to the non-homogeneous system.
Since we have discussed how to get X_, the challenge is how to get X -

¢ is the complementary solution and X is any

Let’s see how we can apply variation of Parameters.

Procedures to use Variation of Parameters effectively:

First: Determination of fundamental solutions

Using eigenvalue method, determine X, and X, of the homogeneous part.

x a b X
That is solve the homogeneous part: X'=AXor y' e d\y)

c ¥
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2. Varlatio-n of Parameters

x'=ax+by+g,(t)
Y'=cx+dy+g,(t)

Consider a non-homogeneous linear system: {

In matrix Form:
The above system of equations can be written in matrix or in vector form as

x (a b) &)
- X'=AX where X'= = = =" )
follow: X R [y'}A . d s [y)’gm (8.(0)

dx) \
It can also be expressed in theformX’=($ =[x: =[a bI-") +[81(f)].
y) \c dAY g

dtJ

What are we going to do? )
Given: Suppose you a system is given in one of the notations or forms.

{ Y=ax+by+g () | G=ax+by+g() [a be] [g.(f)]

or or X'= +
yeatdy+g, () | =a+dy+g, () | ¢ dAy) \&®)
Objective: The main objective is to solve this system.
Fundamental solutions: The solutions of the corresponding homogcneous part

which is X'= AXor [;) = (: :IJ’] :

Then, the fundamental solutions are X, = v,e¥, X, =v,e".

Complementary (General) Solution: X, =¢,X, +c,X,

Particular solution: The general solution of the non-homogeneous is of the
fom X=X +X,. Here, X, is the complementary solution and X, is any
particular solution' to the non-homogeneous system.

Since we have discussed how to get X, the challenge is how to get X ,.

Let’s see how we can apply variation of Parameters.

Procedures to use Variation of Parameters effectively:

First: Determination of fundamental solutions

Using eigenvalue method, determine X, and X, of the homogeneous part.

x' b
That is solve the homogeneous part: X'=AXor ( y'] = (Z dI-:) .

‘iti“i AL -L
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rix and computing its inverse,

al 1y al ¥
B

f solution mat
by using X, as first column and X, as ey, |

=

Secon: rmation 0
Form the solution matrix M

column of M and compute its iverse M. Use the formula for the inverse M
R IR N
9 x 2 matrix. That 1s M =1, 3 Y detM -y, x J M
Third: Determination of the particular solution. .
Apply the formula X, = M.I M g(¢)dt where g(?)is the forcing function in the '
given system of di fferential equations. (s
Examples:
1. Find the general solution for the systems of differential equations. . o
x=2y+ée' 1 - " cost
of e oxe{! Tef1 .
y'=—x+3y-¢€' 1 1 e'sint ™
1 8 12¢™ x'=y+l
c)X'= X+
) (l —J [24!8'] d){y'=-—x+f Thir
Solution:
Here,

a) First: Determination of fundamental solutions using eigenvalue method.

The coefficient matrix is A =( 01 j)

-A 2
IA_,11|=0:>'_1 3_1,=0:>—/1(3—2.)+2=O=>2,’—32.+2=0

2A-NA-2)=0=4 =14, =2
a
b

. | -1 2¥a 0 o
ForA, =1,(A-Alv=0 - a+2b=0
i) For4, =1,(A-Al)v ::»[_l 215] [0)=’{_a+25=0=>a=2b

Hence, letting 5=1in a=2b=2, wé get the basis vector v, = ﬂ] (2)
I-_ = -

Now, let’s determine the corresponding eigen vectors. Let V =

b
_ -2 2Ya) (0 -2a =
For, =2, (4-Alv=0 = Teoal
iy For4, =2, (A-Al)v :(-l lIbJ (GJ:{—a+b=o s

R7



Hence, letting @ =0 =1, we get the basis vector v, =[1]. So, the fundamental
1 L]
\

. r 2 I 1
solutions are X;= viet 2(1}3 X, =v,e* = [l]ezf and the complementary

o 2Y . .
solution is X, =¢, N +c, 1 ot

Second: Formation of solution matrix and computing its inverse.
i |

2t

2 I
Using X, =( e: )as first column and X, =(e
e

] as second column, the solution
e

zef 2t ! 24
matrix is M = (X, Xz)=[ . e,,)anddetM =dct[2": ¢ ]=e".
3 2

e e le

— 2 _ -t s
Thus, M.|=__1_ Y2 X, =% e e = e 1 e .
detM\-y, X e’ |- 2¢ —e ¥ 2%
Third: Determination of X, using the formula X = M.IM" g(rdt .

Here, g(t)is the forcing function in the given system which g(¢) =( € '].
—¢
28‘ ez: e - ( e

= " = f

Hence, X, M.IM g(r)dt ( I }I[_ o 23_1,}\_ e'}j .
2 e \¢[ 2 J 2' ¥\ 2 (4te" +3e'
e e I \—3e” = ¢ et \3e”) 2t +3¢
] ' { 4 3
ThUS, xp - 41e' +3e = }'@""[ }e’.
2ue' +3¢' ) \2 3 .

Therefore, the general solution of the non-homogencous system is

2 Dow A2
X=X +X, =c{l}r +Cz(l]g2' +[2}/e +(3]Ef

b) First: Determination of fundamental solutions using eigenvalue method.

|A-f1ll=0=>l';'1 1-1,Ll=°=°'12'2;'+2=°=”"=li"

Here, we need how to form fundamental solutions for such complex roots.

N m e
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e =Ly} [0 _ [rai-b=0_
1)F0rl=]+:,(A-—/U)v=0=>(I ~#le) 10 a-bi=0 :’b*--qf_._i

Hence, letting a =i, we getb=—ai =—i" =1.

L] a ‘
So, the complex basis vector becomes V. = [ bJ = [l] .

Now, identify the real and imaginary parts of v = v'e“(cos ft +isinfry.
Thatis A=1+i=>a=1, #=1.Then, v=Ve'(cost+isins). :

ie cost —e'sint) |
e’ cost+ie’sin I)J

—e'sint) i ie' cost | [—e'sin?) i e’ cost
| e cost ie’ sin#) e’ cost e'sint)
—

[ ] [

. . i . " el
v=v e'(cost +isint) =[Je'(cosr+lsmr) —[

=Re(v) =Im(v))
—¢'sint e’ cost
Hence, we have X, =Re(v)=( f )],Xz =Im(v)=[ v ]
e cost e sint)

Second: Formation of solution matrix and computing its inverse.

B ¢
That is M =(X, xz)=[ il ems’]anddetm=-e='.

e'cost e'sint

a_ 1 [ esint —e'cost) (—esint e’ cost
Thus, M™ =——- e’ TR R
e” \—¢€ cost —e'sint e’ cost esint

Third: Determination of X, using the formula X » =M. I M g(f)dr.
Here, g(f)is the forcing function in the given system which g(r) =[Z: ms: v
sint )

. 2 [ 2 1
- ecost e'sint)?| e*cost e”sint J| e'sinf)
=3

_[—€'sint €' cost)(0 -e'si & 3 F
_[G".:!OSI e'si Jj(l]df‘: ¢ e = fe coft L

: lnf e cost e'sint )\t te' sint i
Therefore, the general solution of the non-homogeneous system is LI

X=X +X_ =¢ —€'sinf) e'cost) (cost
o e +c, _ *E Sugas I
e Cos?t €' sinf) sin¢
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c) Fnrst Detennlnat:on of' fundamental soltlons usmg ei genvlkli::a ﬁethod

|A-A1|=0 }

| oo TORF 904 =343

‘ﬁ'

Now, let’s determirie the correspgnding eigen vectors. Let V = [aJ
~ . _ : b

L

-4 0

¢ © B
. i)Forlu=3a(A"ﬂ)V=0:>(_12 SIZJ=(O]=${—2a+8bO=O=>G=4b

PR
*.Hence, letting b=1in a=4b=4, we get the basis vector v, = [TJ ;

. (4 8 al (0 4a+8b=0
it) ForA, =-3,(A-Av=0=> = el
) For4, =-3, (A-A) [1 ZLJ (0):{a+2b=0 -

Hence, letting b =1, we get the basis vector v, = (-IZJ .

4 -2
So, the fundamental solutions are X, =v,e* =[l]e",xz =v,e" =[ 1 Je"' .

Second: Formation of solution matrix and computing its inverse.

4¢™ -2e™
UsingX, =| , |as first column and X,=| _, |as second cciumnz, the
e e

: 1 4¢* -2¢7 4e* -2¢7
solution matrix is M=| P Jand detM=det| . |=6-

e’ e e e

Thus, M = 1 Y —% __1_ e 2e7™ = %e"‘ %e-u
B -dctM -V X, 6 _83: 483‘ -%83' %e:"'

Third: Determination of X ,using the formula X, = M.IM“ g(Hat.




4e* -2 -”'I-J,ue-*'-zxe"-"—e "] -- |

“2e" 8’ e’ +(2e ~8e' 42¢)) [ ~16te’ ~2¢
~te7 +1e' —Le' +(-e” +4te' -€') -§84+5fe'-§3'
Therefore, the general solution of the non-homogeneous system is

; 4 -2) _ =16te' -2¢
X=X¢+Xp=c{l]e3'+cz[ l‘)e"+[ 5.5 . J-e'J
: 1 o \—ge +5te’ -3

d) First: Determination of fundamental solutions using eigenvalue method.

- |a- ,‘Ll| 0=>l— l-l =04 +1= 0::»1 =4

Here, we need how to form ﬁmdamental solutions for such complax roots.

| Now, let s determine the con'espondmg elgen vectors. Let ¥ =

-i 1Ya) (0\ [-ai+b=0

F 1 ,(A-A)v= = =ai

e T g v
Henoe,lettmga —i, we getb=—ai=—i* =1,

So, the complex bésis vector becoﬁles v =(:) =[-; ]
Now, identify the real and imaginary parts of v=v e"(coﬁ Rtign ).
Thatis A=i=a=0, f=1. -‘

. _[—icost+sint) (sint) (—coss)
v=( i ](cost+lsmf)-( cos? +isint ]_(cost]+{ sinrJ

Hence, we have X, =Re(v)= [:::t} X, =Im(v)= ( s;:;t]as ihe fundamental

solutions. -
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Second: Formation of solution matrix and computing its inverse.

sint  —cost
Thatis M =(X, Xz)=( )anddetM'--l.

f cost  sint
M sinf  cost
u = e
Thss | ~cost sint

Third: Determination of X »using the formula X, = M.I M'g(at.

Here, g(f)1is the forcing function in the given system which g(s) = [l) .
t

sint —cost) ¢ sint
x’=M.IM".g(r)dr=[ , }j( ?s’){')d:
cost sint JI\—-cost sint J\¢
~ (sint —cost)¢ sint+tcost ) | |
= . . Jl " {
\cob¢ sint 7\ —cost+1sint
_(sint —costY tsint ) (¢
“\cost sint p-tcost) |0
Therefore, the general solution of the non-homogeneous system is

sinf —Ccost t
X=X +X = + +
B "'(wsr] ‘"[ sinr)] [0)

2. Find the general solution for the systems of differential equations.
; {.r'= ~3x-4y+5¢' . {x’=x+4y—2wst

y'=5x+6y—6é'
Solution:
a) First, find the complementary solution X, of Ihe homogeneous system.
x'==3x-4y
y'=5x+6y

y'=x+y=—cost+sint

That is find the solution of {

rgs- A 6“4l|=0;>—(3+4)(6-1)+20=0

= —(18-31+64-4")+20=0
=22 -31+2=0=>(1-1)}4-2)=0
=A4=,4=2

i"i: ?n"‘-{ivt“‘-i
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Review Problems on Chapter-1

1. Determine the order nand degreed (if defined) of ic followmg? DEs.

6 o _ '3' -
a) d“r—s{dzy) =2x7 b)yulz_l_y-:lnyf | C)(%J ?J;G:

dtz

I!! . dZy - _
| d)*y""u""+y)=-F yrepm2gy  NGEE=0

| ) | 3
.[1:1 8)(d3y] "‘005(3}’) 1 h)[d )+oos(3y) 1 f)————ﬂ

Answe'r:a)n=4,d=6"__ b)n-3,Nod_egree c)n la' 18 -
dyn=3,d=38 e)n=2d=8 . f)n=2,Nodegee
g)n=3,d=2  h)n=2Nodegree )n=2,d=1

2*. Show that y = tan™" xis a solution of the DE y"+2sin ycos’ y = 0

3. In each of the following, find the constants kanda.
2

a) Ify=e* is the solutlon of the DE -&t—-ﬁy'+ky 0 then find k
a2

b) Ify=x? is the solution of the I)E 8x%—ay x* then ﬁnd a.

c¢) Ify =x* +kx+1 is the solution of the DE y'"+.1y"—2y = 0, then ﬁm;[ k.
d) Ify=x*is the solution of the DE l_§x’ Y'+24xy'+y =0, then find k.
| Answer:a) k=9 b)a=15 ¢) k=3 d) k__|;4
4%, Verify that the following DEs are homogeneous and solve them.

a)\.w[y=(y+xtanf)dt, ' b) x¢jr=(y+xmt;)dt
i R
d) xsinZ dy = (x+ ysin Z)d e)}dv=(£-+xtm-",l:-)dt LIPS

e
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5. Verify that the following DEs are homogeneous and solve the [VPs.

dy _XtY o= dy y'+2
dr XY 1)=0 Y2y
Ve x=y Yo~ g s

&) ydy = (x> +2y)de,y()=1  d) (x* +y°)de—xpdy =0,y(-1)=0
¢) (3x° +4xy)dx + 2xy+x*)dy =0, y(2)=-3

i) xcos(%)% = ycos[§)+ x,y)=x

Answer :@) 2tan” (y/x) =In(x* +y*)  b) y=

3-2x

dyy' =3l e Cyr+xty=24  f)sin(y/x)=In|x]

6. Verify that the following DES are exact and solve them.

a) (6xy+2y°)dx+(3x" +4x)dy =0 b) xdx + ydy = (x* + y*)dy
¢) ye”ds + xe”dy =0 d) 2xydx +(1+x*)dy=0

e) (e’si1y+3x2)dx+e‘cosyay=0 1) (ye* +2x)dx +e’dy =0
g) (2x+ y*)dx+2xydy =0

Answer : @) 3x’y+2x°=c b) In(x* +y*)-2y=c c)e’ =c
d)xy+y=c e) e’siny-i—x3 =C. _)")ye"’-i-.wc2 =c g) +xpi=c
7. Verfy that the DEs are not exact and solve them.

a) (x*-2y*)dx +2xydy =0 b) (x2y+4xy+2y)dx+(x" +x)dy =0
) (x +xp)y'+3xy+y’ =0 d) (x*y* +y)dx+(x° y =x)dy=0
¢) (f +2x°)dx+xydy =0 ) +y)dx+(y-x)dy =0

g) (v} +2x*)dx - x(1+xy)dy =0 h) 2xpdx +(y* —x")dy =0

i)yl - )~ xpdy =0 j) yde+ (9 +37° +1)dy =0

2 ¥ 2
Amswer :a) x+z?=c b) (x+l)e‘x2y=c c) x’y+—2——=c
x

) y? =2x*-x°

2,2 o4 x* ..x 1
d:x‘ J-3 =cx eﬂ-.l.i-:c —_—t——-—=C
e )12 2y ¥

2

g)zm-zy?” Bx+yi=cy Dw=c je @’ +)=c




R
8. Find the constants @ m,nso that th
gy & +3y+@ +4y)y'=0
c) (_y’+x2y)dx+(ax+l)dy=0
c)a=-2 d)m=5,n-4,a
Answer:a)a=—§- b)m=4,n=3 .
9. Solve the following Bernoulli’s D{ﬂ?zrem‘rai Equations
' = 4 -
a) y‘+3y=e”y:,y(0)=l/4 b) y+y=% ,y(0) 3
c) '+ =y A _x*ytinxy()= l
o' _ 4
e) y=x"+¥ y(0)=1 )y ="%
.c_b’- e (] h "‘-iy—"l' .___-_wz f)y"l'}"-"-yz,}’(O)-"-"l
g, FF=EY ) ot
. e-l'r 3 _ l
woneriaty =t WrgE ) e
: I ! 32 _1
= ————— e L _ce _4
DY T < Inx &) Y=1"x f)ya >
1 1
3_5 2 2 =l h ek . .
g)x’y (ex* +5/ ) ) y=—yaal =g

Methods of Undetermined coefficients
b) y"—4y'+4y = 2¢¥ +4x-12

d) y'-2y'+y=€ sin x |

f) y'-4y'+4y=€"sinx

h) y'-2y'+y=2e"

) y'-3y2y=e

m) y"+y'-2y =2xe’

b)y=c,e” +e,xe +xe¥ +x-2

10. Solve the following DEs using
a) y'-1 y'+10y = 24¢”

c) yHay'Hay = e *sin2x
e) y'-3y—4y= 5e*

g) y'-y=1+2¢

i) y'+2y+y= 2xsinx

k) y'-2y+y = e'+x

e¥ +c,e” +6€”
e -2x 1 -2x oin2x - -

c)y=(c +c,x)e — 7€ sin d) y=(c, +c,x)e" —€"sinx

= Ny=(+ sz)ez’ -e*sinx

h)y= ce” +c,xe” + xle*

Answer :a)y =¢

xe

e) y=ce’ + oyl ~
e* +c.e” +xe”* -1

g)y=¢6




I1. Solve the followmg DEs usmg Variation of Parameters
.'I' 2x

gyAr=E BY-ayays lzTi_ c) 4y"+36y = csc3x

d) y'+y= sinx e) y'-4y'Hy =(x+1)e* f) y"+y=secxtanx

e
w_y=coshx h)y'-d4y=
g)y'-y=¢ )y =y =—

Answer :a) ¥(x)=c,e” +c,xe* —(Infx]+1)e”  b) y(x) =(c, +c,x)e™ + 2x 2

. X | i
0y =_ ¢,c0s3x+c,sin3x - l—i-cos 3x +3—65m 3xln|sm 31']

s X 2 2x 2:+x +
d)y=C.COSI+CZSlﬂI-'2-COSI e)y-c,e +C,xe 6

=¢ COS X + ¢, Sin X + xcos x —sin x In|cos
Ny=q 2

- ¥ 1.
g)y=¢e +c,e” - +('z—-8-)e
12. Fird the value(s) of the constantk for which the DE y'+6y'+ky=0has a
genera solution of the form y =(c, +c,x)e™. Answer :k =9
13*.Eind a and k for which the DE y"+ay'+ky = 0has a general solution of
the fom y = (c, cos2x +c, sin2x)e™. Answer:a=6, k=13
14. Ging the appropriate methods, find the particular solution
a)yty'+y=e"+4  b) y"-y=sinhx c)y"+2y'+y=e"Inx

1
f'+3y' = "2y'+2y=e"tanx "y =
d f43y42y =1 €)y"-2y42y NYy-y=1=
g)/"-2y+y=4x* =3 h) y"+3y+2y=sine”

1 2 . -
Aswer:a) y, =-;Te’ by, =§coshx c)y, =5x2e Inx-=x’e

dy,=e" tan” e --;-[e"’ In(1+€e*)-1] e)y,=-€"cosxin(secx+tanx)
Dy, = -;-[e’ In(1+e™*)-e* In(1+e")~1]

Dy, =4x* +16x+21 h)y,= -e ¥sine
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Laplace Transform and its Applications

2.1 Definition and Examples of Laplace Transform

on defined for all +20. Then, tie Laplace 4

Definition: Suppose [ is 2 functi
F(s) defined by

Transform of f denoted by L{f(1)} 1sa function

F(s)=L{f(1)} = Ie'“ f(r)dt where s is a parameter (real or conplex).

Note: The interval of integration is infinite which is an improper intgral and :

" thus it is evaluated by the rule F(s) = L{f()}= I e™ f(t)dr = lim I e f(rdt.

Examples: Find the Laplace Transform L{f(¢)} of the following functons.

a) fH=11=0 b) f(H)=¢€" c) f(H=t120
_ 1,0<1<2 20<t<4 0,0<r4
d)f(r)_{r-z,zsr /)= { 2,t>4 ﬂf(o:{z;_z,u

Solution: Let’s apply the definition.

a) F(s)= Te"' f(@)dt =lim j‘e"'d: = 1'_::2[“ ‘"*"] & _-_1._,1[‘ e+ '] =3
0 0 S o 5 Ky

b) F(S) = L{ear} = _[e"'e”dt = Iel{a-l)d; = limje"”’d:
0 0 ""‘n

w .
; "‘E'{a-'} . —e"""’) ] mvlf s<a
=lim = lim + ={ 1
S§—a

1

_'_-

Therefore, L{¢’ }—-..l_ s>a.Forinstance, L{e*}=—— Lie™}= }'_
— =
s+]1°

§—a




Dl iy s, s o s

c) Fe)=L{/(0}= I e f(dt = Ie “tdt = Ilm e "rdtx

I=n - - '
St (=™ e NI
ﬁhm[ . =il SPE . € .,._l 1
2 23 3 i

-]

; [ . 2
U0 [ f@dr=[e )i+ |

-

e f(r)dt=[edr+ [(t-D)e "t
. 2 2

i BTN
= +[ = ,J -(l-e"’)+-eT
0 ' r=2

5 “r 4 : u i 4 |8
B Lg(t)‘=j-2e"'dr+|im j Ze-nd,=(2e ), S22 )l

S . . 0 ""'°°' A

) 2 end . =us -43 _ 4 —4s o

5 A\ 5 5

N L= je"' S+ j O [ -2~ -2 550

2.2 Poperties of Laplace Transform

Propety-I: Linearity Property:
If f nd g are functions whose l.aplace Transforms exist, then for a e R
- 1) L{af()}=aL{f (1)}
i) LO+g0} =L} + Lig)
Expnple: Find the Laplace transform of f(r)=2¢" -3r+4
Sjtion: In the above example, we got L{l} = ::-,L{e" }= s—l—-g,L{t} =.‘l2 ;
Thn, using linearity properties, we have
()} =L{2e" ~3t+4) = L{2e*} + L{-3t} + L{4}
2 3 4

=2L{e"}- S3Li+AL{) = =5~
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pla 'éﬂ'Transform of Trigonometric Functions.

The Laplace Transform of f(t
directly by the definition using In
But it can be done easily usmg the
Recall: Euler’s formula: e =cosal+ isinar.
Usmg linearity properties, we have
= cosat +isinat = L{e"'} = L{cosat +isinaf}
= L{e"} = L{cosat} +iL{SINGI} covrrrrrrsines (i)

1 & 1
But as we discussed above, L{e”}=—— =L =—.
-0 s—a

Euler’s formula with lmeantypropemes

S ; :
— using the conjugate of s—ia, wehave
s—ia
s+ia s a . :
1)

1
L{e") = (s+ia)=—5—== + deveeren i
€ (s —ia)(s +ia) s'+a® s'+a’ st+a>

Now rationalizing, L{e"'}=

Equating (i) and (ii), we have L{cosat} +iL{sinat} = a =i~ ' 7
s’+a’®  s'a

But we know that two complex numbers are equal if their correspoding real
parts at the same time imaginary parts are equal. Using this property,

L{cosat}+L{smat},l— zs 4 iy

2
Reu! part Imginuy pant

s+a’ s+’
Realpart lmgin}.y,,m

s
= L{cosat} =——, L{sinat} =
s +a s’ +a?

Therefore, L{cosat}=———,L{sinaf} =———:
{ == Pt {sinat} = +a”s>0

Examples'

L{cost}- L{smt}- o] L{c032t}_.___L{sm3,}_ 3 &b
5*+9°

ootk of Applied. i iathematicsl b):ﬁﬂeggshawﬂ *for your ¢ r comments and suzeesions use (928RER

)=sinaf and f(r)=cosatca be dm.w'
tegration by Parts which is tco deman dlng 1 ,,

i_@_.

= =
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i The Laplace'Tkmnsform o[Hyperbollc Fnllctlon,*' e
. Consider the functions f(r)=sinhat, f(f)=coshat.

(4
,coshat =

' Recall: By definition, we know thatsinhat = =

¢
Then, by linearity property, we have

. _ e - S 1 _ 1 - a
M{smhat}-l'{ 2 } L) —glte = 2s-a) As+a) s -4

2
ﬁ)L{wshar}=L{“"+”"}='5{ s liemet sty

2 2 2s-a) 2s+a) si-a
Examples:
i) L{sinh 2} =-—2-- L{smh3t} =-—— L{smhsﬁt} =-[3—5

i) L{cosh2f} = ~— L{wsh3t}-—— L{coshﬁ: -;-—3-

Property-II: Power property: L{t"} = —ﬁ,- ,n =0,,2,..

Examples: L{r=}=ﬂ-.—— L{r’}-—-= L{t‘}-i=%;3>0
Property-IIL: S-Shifting Properties (First Slnmng Rule)
Suppose L{f(?)} = F(s) . Then,

) L{e" f()}=F(s-a) i) L{e"'f (O}=F(s+a)
Examples: | |
1. Find the following Laplace transforms |
a)Lie"cos2)  b)L{e™sinSt} ) L{e” coshér} d) L{e“r*}
Solution: Identify f and compute L{f(#)}=F(s).Then apply property-lIL.

8) Here, let f(f)=cos2t. Then F(s)=L{f()}= L{wﬂt}*;';j

Therefore, by S-shifting property, L{e* cos2r}=F(s "'3)=( 3-)3..,4

B w36 I AJiT 08 L 0eemd® ALHUY e 0LFE) NS 100



nctlons
Consider the functions f(r) =sinhar , f(H)=coshat .

at =af aft -af

Recall: By definition, we know thatsinhar = &~ ,coshat = e

Then, by iinearity property, we have

1 U 1 ] | a
==__l; My at
} 2 € zL{e = As-a) 2As+a) s -a

u)L hf:Le+e }='1-L at .!_ -ary _ 1 1 __S
ii) L{coshar} { 5 > {e }+2L{e ) T

at -afr

€ =e

-i)L{sinhat} = L{

Examples:

) L{smhzr}-——z—— Lis mh3t}-——3— Lisinh 3y =2

s?=-3

s -—
n
Property-11: Power property L{t" }— ,n=012,..

2 4 n
= L{t}— L{ Y=~ =5is>0

Property-II1: S-Shifting Propertm (F' rst Slnftlng Rule).
Suppose L{f(¢)} = F(s) . Then,
i) L{e” f()}=F(s—-a) i) L{e™ f())}=F(s+a)

Examples:
1. Find the following Laplace transforms

a) L{e" cos2}  b) L{e™ sin5t} ¢) L{e” cosh6r}  d) L{e“t’}
Solution: Identify f and compute L{f(#)}= F(s).Then apply property-lIL.

a) Here, let f(r)=cos2t. Then F(s)=L{f(t)}=L{cos2t}=——

Examples: L{t*} =

+4

-3
Therefore, by S-shifting property, L{e* cos2r} =F(s- ”‘T
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b) Here, let f(r)=sinSt. Then, F(s)=L{f(r)}= L{sin5t) =—

405"
5

Therefore, by S-shifting property, L{e™ sin5f}=F(s+2)= (5127435

c) Let f{t)= coshét, F(s) = L{cosh6t} =

s=36"
s+1
(s+l)3—36'

d) Let fit)=1*, F(s)= L{f*} = sf,-l‘EﬁL{e"r} F(s -4)-(;_:?3)6

Therefore, L{e™ cosh6f} = F(s+1)=

#

2. Find the Laplace Transform of
a) f(t) =sin3tcos 2 b) f(t) = cos4tcos 2t c) f(£)=cos’t
d) f(t)=sin2¢cosh 3t e) f(t)=sin2tcos2t N f(H)=4e"

Solution: Recall: Product to sum formula of trigonometric functions.

sinxcos y = %[sin(x—y)+sin(x + y)],cos xcos y = -;-[cos(x —y)+cos(x+y)

a) L{sin3tcos2s} = %L{sinr} +-1-L{sin St} = 'I*( 1+1 .~ 525)
1 5
4tcos 2} =— —L 6f—-
b) L{cos 4t cos 21} 2L{msilt}+ {cos6r} (_5- T +36)
| 1 s
2 =—Ll+-Lcost e M J
o' 2 {) 2 { } 2s+2(31+4)

e\ '
d)f(f)=sin2rcosh3:=sm74{e ;E )=—e"sm2r+%e"'sin2!. &

cos 2t

LN
¢) cos >

2

| T } : : i
—7lt L{—e" sin2t}= —=ch— |
Then, L{_f(f)] L{ZE Sm2f}+ {23 (3"3)1+4+(S+3)2 +4. j

sin 4t | G i
e)sml'cos?!—i;i:l,{sm?.rmsﬂ} L{ 5 }-EL{sm#}: 2

s> +16
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it LU0} = F(s), then Lit" £(5)) = (=1)" fsi,,-[F(sn

Examples: Find the following Laplace Transforms using t-shifting property.
- a)L{tcos2y  b) L{te"sin3}  ¢) L{r'e™) d) L{t cosh 3t}
Solution:

a) Let f()=cos2t.Then, L{f(f)}=L{cos2s}= zs -
s+

2
Therefore, by t-shifting property, L{tcos2s\ =-— s° -4
Y» Litcos 2} dg(s +4) T
3

b) Using L{sin3¢} = =
(s-2)*+9

Therefore, by t-shifting, L{te* sm 3t} = —E( G '23) ¢ 9) = G f(;): ?9)2

O Here )=, F(9)= Lie ™) =~ = L) = )=

s S A 3 8 s*+9
d)Here,L{cosh3t}—sz -9=>L{f005h3f}—( ]) dS[Sz"gJ (sz _9)2

2.3 Unit-Step (Heaviside) Function and its Laplace Transform

Definition: The unit-step function (also known as Heaviside function), denoted

Lt>a
by U,()=U(r-a) or H,(t)=H(-a) is defined as U, (1) = {0, 0<t<a

y.l

11>a
1 P— ——— Ua(")’ orusfﬂﬂ




Lapluce Transl’nrm o unit-step fu nchon.U (1)

For any unit step function U, (f) = H(t —a), L{U, ()} = L{H(t-a)} = ¢

5
This is obtained using the definition of transform as follow.

LU, (0} = Te"'U, (Ndt = je"’Uﬂ ()dr + Te"’U,(r)dr = j'e"’dr

0 a a

=g
. " » ) _e-n i —8-" e—m e—w
=hmje dt=lim|l——|{ =Ilim + =
e s A S S
“ tma

=23 =11 -

Examples: L{U,(1)} ==, L{H(1~3)} =—, L{H(t- 1)} =—
5 5

Theorem (Second-Shifting Rule): Let L{f(¢)} = F(s). Then,
) L{f(t-a)U,(0)} = L{f(t —a)H(t —a)} =e™“L{f ()} = e F(s)
i) L{S(OU,(0)} = L{S(OH(t - a)} =™ L{f(t + a)}

Examples: Find the following Laplace transforms

a) L{d(r-2)H(t-2)}  b) L{2(t-3)*H(t-3)} ¢) L{r*H(r-4))

d) L{(5t+3)H(t-1)}  e) L{cos2(t-m)H(t-7)} f)L{e*H(t-4)}
Solution: To use the above shifting rule, first identify f(r) from the problem.
& Here, (1~2)=4(1-2)= [0 =4 L 0} = L4} =+

4e-2.l

Therefore, L{4(r -2)H(t-2)} =™ L{f (r)}=

b) Here, f(t-3)=200-3)' > f(0)=2 = L{f () =LY} = 2
5

Therefore, L2t ~3) Bt~} = LU O} =e*Liar'y = 37

c) In this case, let’ use the second property with a=4, f(r) =2,

Here, f(t) =1 = f(t+4)=(t+4)' =1’ +&+16=&L{f(t+4)}=_2?+_35_+16
S 5 5

Therefore, L{t* H(t =4)} =e “L{f(t +4)} =e (:‘ +:_33, _I;G_J




Thﬁfforc,L{(5f+3)H(" -1)}= e_’L{f(f +1)} = e"’L{S‘f +8) = e-;[i +§)
" S

e) Here, f(t =) =008 2(t =) = f(r) = cos 2t = L{f (1)} = L{cos 2} = zs
5 +4

Therefore, L{cos 20 ~MH( = 1)} =€ " L{f (0} = 5 —
S+

el

s=2
4 =43 4—ds

Therefore, Le" H(t-4)} = “L{f (t+ )} =¢ “Lie"e'} = e'e - e :
s-2 s-

) Here,a=4,f(N=€" 2 f(+4) =" =e"e' 2 L{f(1+4)) =

Laplace Transform of Piecewise Functions
First, let’s see how any piecewise function is expressible in terms of step

£,(),0st<a
f[,(0), t>a

functions. Suppose f(f) = { is any piecewise continuous

function. _
Then, f() can be expressed in terms of step function as

10 =£0+H0O-LOU.O=A00-U. 0+ LU, ()
Laplace Transform: '
L) = L0 + L0 - fLOWL0)= LA O} + LLO - AOK.O)
Examples: Express using step functions and find their Laplace Transforms.

3,05¢<l 10<1<2 [G0s1<]
=l - Por t)=¢
a) £() {_ml b) f() {Hlfzz VO (-1, e21
SOl 0,0s¢<1
sin¢ +cos(t-x/2), t2x/2 | 7,128

TS



Solution:

a) f(t)= [(O+[H0 - FOW () =3+[=1- 3Ju, (1) =3 4u,{t)

3 4e™
Therefore, L{f (1)} = L{3 —4u,(t N} =143}~ 4L{u]{r)} s

5

b) £(1) = £+ ()= LW, ()=t +[1+3= = 1]u, (1) = f+3"z(f)

1 3 =21
Therefore, L{f (1)} = L{t +3u,(1)} = L{r} + 3L{u (0} = — + “’s

, .o 2e
&) f()=(-0u, ()= L= L= w0} =e" L'} ==
d) f() = f,(O+[f,()- LU, () =sint+cos(t =7/ 2)u,, ()]
14+se”™

Therefore, L{f(f)} = L{sint} + L{cos(s - ! 2u,,()}= ol
e) £(1)= £,(O[U,()-U, 0]+ L,(OU,(0) - U ()] + £,(0)U5 (1)

=(t=D[U,(O)-Us(N]+ TU(0) = (e =D)U, (1) - (¢ - 8)U4 (1) + TU(1)
Therefore, L{ (1)} = L{(t - 1)U, (1)} - L{(t - 8)U; (1)} = (e”* ™)/’

Laplace Transform of functions of the form —= f )

If L{f(r)} = F(s), then, L{@} = TF (r)dr.

Examples: Find the Laplace Transform of

) - 1 >
a) 302 b) e-l ) 2sin? 2t e
Solution:

Cc e
t t t d) p

i =8

a) Here, f(f) =sin2t = F(s) = L{f ()} = L{sin2r} = %:F(r) i

Then L{s“‘z’} jF( P)dr = j

dr & lim [—2—dr =~ tan
+4 H';[r’+ s

i
m i‘.l?

i i ok of Applied Mathematics 1l by Begashar 1. For your comments and suggestio iﬁ’ié;m:‘@ i
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b) (=€ -1=F(s)=L{f(1)} = L{e' - 1}-—L——lz>F(r)_. 11

— — —

S=1 A r-1 r
r-1
F(r)dr = -—-—-d limln
ThenL{ } I (r) I( )r "Eg(rJL
= lim ln(——_—l)— In(f:-l] - [n(_.s:—_!) = ]n(_s_)
. 2 _2l—cos4t 2] )= F s
¢) f(1)=2sin" 21 = 2( )=2(1-cos4r) = (s)—;-s +l6

Then,L{ZSin-zr}=j(-l—- )druhm[lnr——in(r +16)]
t A 5 2

Vsl +16
= lim[In In
MI \/ +l6 \/s +16 ==

d) f(H)= e"=>F(s) L{e'z'}=-—+—2=>F(r) )

+ 2
=X ® -2 .

L i o f 1 dr =, This means that L{f——}does. not exist.
t *r+ !
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2.4 Inverse Laplace Transform and Their Properties

If L{f(r)} = F(s), then the function f is said to be the inverse Laplace
transform of F(s) and is given by f(r)=L"{F(s)}.

Examples: ) L()=~=L'(}=1 ) Lle*}=—= L' =
5

Properties of Inverse Laplace Transforms

Let L{f(¢)} = F(s), L{g(r)} = G(s) and let a be any constant. Then,
) L {aF (s)} = oL {F(s)} = af (1
i) L {F(s)+G(s)} = L (F(s)}+ L {G(s)} = S (1) + (1)
iii) L {F(s—a)} =e” L' (F(s)} =" f(t), L' {F (s + @)} =€ £ (1)

iv) L™ {?’-} =U(t-a)=H(t-a)

V) L{e™F(s)} =U(t-a)f(t-a)
How to find Inverse Laplace Transforms?

Simple Cases: Using manipulations or rearrangements and then properties of
Laplace Transforms and basic tables of transforms.
Examples-1: Observe the following inverse computations.

S 4+s. . 04 s a s |

LI =Ll + =LI _— e L =dci
a) {sz+l} {s3+l s2+l} {s2+l}+L {s_z+l} 4sint +cost

6 4. 6 2
b) L = —3 e
) a5 {(3-1)’+4} {(3-1)3+4} 3¢ sin2f
3 sS+3

Pt ypty T4 5

R T, (Graieal—c oo

qlte™ a1 €™ 1. e PAnon
d) L''{ K }=L'{F+?}=L'{F}+L'{—sr}= (-2

__-l--———-H(;_Z)
6 6

a| 4s - s 1
o)L {4;%1} {32+(1/2)’} 2

-l s+7 =77 s+l +L! —-——6 =e~ :
e (s’+2:+5J ‘ ((s+l)2+4J (s+D)7+4) ¢ COS2+3e7siny

107
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General Cases: Inverse Laplace Transform by P

. . artial Fractions
The tricky procedures used in the above examples to find inverse transforms are
not useful for many cases. So, let’s see the procedures to find inverse transform.

O(s)

The procedure to find the inverse Laplace Transform of F (s)= )
Step-1: Factorize the denominator Q(s) completely.

P
Step-2: Decompose F(s) = —-E-))-as sum of rational functions.
h)

Step-3: Determine the constants in the decomposition.
Step-4: Take the Laplace Transform of each term separately.
In doing so, we may get different cases based on the factors of 0O(s)
i) For each non-repeated linear factors like s-aof Q(s)assign a rational
A
function of the form —— where A is a constant to be determined.
s-a
it) For each repeated linear factors like (s—a)" assign a rational function of

the form 4 i -+ 4 ~ +...+i.
(s-a)" (s-a)™ (s-a) s—-a
1ii) For each non-repeated quadratic factors like as® +bs +c assign a rational
As+B

as® +bs+c¢

Examples: Find the inverse Laplace Transforms.

25-17 18 i 55% —65+2 8s+10
s?=55+6 s* —65 +9s (s=2)(s*+1) (s+1)(s+2)
Solution:

a) Here, Q(s)=s%-5s+6=(s—-2)(s-3).Then,
25-7 2s-17 4 _ A4 _AG-I)+4(s-2)

function of the form

a)

$-55+6 (s-2)(s-3) s-2 -3  (s-2)s-3)
= A1(3—3)+A:(S_-2) =2.5'-6=>(A| +A2)3"'3A| "2A2'=23_7
3AI +Az ::2‘—3‘4' —2A2 =-7"—":'AI =3 Az =-]




Hmce,L"{————zs_? }:L"{——3 }—L"{——l }=3€2"'33'
s> =55+6  As=2 s-3

b) Here,O(s) = s* 652 + 95 = s(s = 3)*.Then,
18 A4 B B, A(s-3)s-3)+Bs(s=3)+B;s

SG-3)s-3) 5 s-3 -3 s(s-3s-3)

= A (s-3)s-3)+Bs(s-3)+B,s=18
=4,=2,B=-2, B,=6 :

sraf 18 N caf2) af 2] pal 6 o g ey
P P e )

c) Here, we have mixed factors. So the partlal fraction decomposition is of the form

552 —65+2 A +B§+C A=2.B=3,C=0
(s=2Xs? +l) §s=2 57 +1 :

552 —65+2 2 3s |
Hence, L’ 5 (I B =2 +3cost
nes {(5—2)(32+1)} {3—2}_ {sz+l} |

8+10 _ 4 B B B,

d)H =
) tEm’(.wl)(s+2)"" s+l s+2 (s+2)° +(s+2)’ o
| =4,=2,B,=-2,8,=-2,B,=6,

L"{ Sr310 ;} = L"{i}-L"{—z—-}—L"{———-z }-l- L"{——-—-6 }
(s+1)(s+2°]  ls+1 s+2 (s +2)? (s+2)°
=2e™ =27 ~2e™¥ + 3% T
Inverse using Second —Shfting Rule: Suppose L{f(r)} = F(s).
Then, L{f (¢~ a)u, ()} =™ F(s) & L™ F()} = f(t - a)u(t—a) . We use
this property to compute inerse Laplace Transforms of the form ! {e™F(s))
.To use this rule, first identify F(s)and ™ from the given pmb]m second
find f(H)using f(t)=L"{F(s)}, finally use the rule,
Examples: Find the inverse Laplace Transform of
e e —e e 45 +3e720

lIw).s'(.sr"'-|-':4t:.r+2) b).r’-4s+3 M d)_ =
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Henc&,l_,‘l{i_u?_ =L‘T 3 _L-l[ E }:3611’_63:
y — 2 15—3 ;

s°—5s+6 s—2
b)Here,O(s) =5> —6s° +9s = s(s —3)*.Then,
13 A B B, A(s-3)s=3)+Bs(s=3)+B,s

3(5“3)(5—3)=F+S—3+($—3)2 B s(s=3)s-3)
= A(s-3)s-3)+Bs(s-3)+B,s=18

— A =2, B =-2, B,=6

.'.L“{ : 6]8; 9}=L“{%-L"{—%}+L"{( 63),}=2~—2€”+6:e"
§ =08 +75 S 5 - s—=23)°

factors. So, the partial fraction decomposition is of the form

¢) Here, we have mixed

2
5s 632+2 _ A +B§+C:>A=2,B=3,C=G
(s=2Xs*+1) s-2 s +1

Hence, L 55" ~6s+2 =L {i-} L"{ o e 2¢* +3cost
T (s-2)(s* +1) 5-2 s?+1
B3

gs+10 A . B . B
d)Hm, 3 — + + 3 +
(s+1)(s+2)° s+l s+2 (s+2)° (s+2)

= 4,=2,B,=-2,B,=-2,8,=6

_._L-i{ 8s+10 3}=L'1{—~2—'}"]-:]{—2—}—L"{ 2 L 6
(s+1)(s+2) s+1 5+2 (s +2)° (s+2)° ?

At e e Y w3 e
Inverse using Second —Shfting Rule: Suppose L{f(1)}=F(s).
Then, L{f(t —au, ()} =€ “F(s) & L {e"F($)} = f(t -a)u(t —a) We use
this property to compute inerse Laplace Transforms of the form L™ {e™*F(s)}
To use this rule, first identify F(s)and ™ from the given problem, second
find f()using f(*)= L {F(s)}, finally use the rule.

Find the inverse Laplace Transform of

=23 ~3s ~Ts ~3s
e e —¢€ e 4s +3e7*"
9) s(sz+3.s+2 ) s*—4s+3 (s+1)’+1 % s2 -9

: 1
A

Examples:




\

¥ P =€ :J' = _:jF
R) Here s(s°+3s+2) s(s? +35+2) = Gl where
] A B & ] ]
— =—+ + :A:—}B:—I’C=—
Fs) s(s+D(s+2) 5 s41 542 2 2

l al 1 1/2 ] -
hus, f(H)=L" ;8 L =——e +—¢™
Thus, /(1) { s } {s-}-l} {3-&-2} 2 ¢ 2€

Thus, L™ Fls)) = /0= Du(r=2) = (G- + e -

*Jx_e—?s ] l
b) Here, = ——— ¢ =e F(s)-e " F(s
) s'=45+3  s'—4s+3 5" —45+3 (8)=€FGs)
o)y — L A B 4=t
5°-45+3 (3—3)(3—1) s-—3 s—1 2

= /)= L“{ 1 } L_.{lfz} L_.{ 1!2} 1a_1,
s —4s+3 §-3 s~1) 2 2

Thus, L™ (e™ F(s)-e " F(s)} = L {e ™ F(s)} - [ (e ™ F (5))
=f(t=-3)Ut-3)- f(t-Tu(t-7)
e _ I
(s+1)* +1 (s+1)? +1

1
F — — — Ny =t o1
(s)=L{f(t)} = G 1) :>f() {(s+1)2+1} e” sin¢

¢) Here, =e ™ F(s) where

- Thus, LYe™ F(s)} = f(t-3)u(t -3) = > sin(t - 3)u(t -3)

=20s
d) Hﬁ'ﬂ, 4S+38 - 4s +e-2ﬂ;'_§___ =4G(5)+E-ZU‘F(3) where

=9  §'-9 s’ =9

g(r) = L{ } cosh3t, f(r)= L"{ - } sinh 3t
s'=9 s?-9

j-' | Thus, L{4G(s) + e F(5)} = 4L {G(s)} + L™ (™ F (s))

= 4cosh 3¢ + sinh 3(¢ - 20)u(z - 20)

e T i e R



Defini tion: Suppose / and g are continuous functions on [a,b].
Then tor ¢ €[a,b), the convolution product of fand g, denoted by f*g i

defined 1ss (/*g)0) = [ £t~ D)g ().

Example. |
Let £(1)=3,8()=¢. Then, (*g)0) = [ /(1 )g(a)s = [3e"dkr =3¢ -3
Properties of ceavolution pmduct

Dfg=g*f it g+h)=rg+ *h @)[*@*N=("*8"h
Convelution Theorem: If L{/(?)} = F(s)and L{g(1)} = G(s),then
DL * )0} = LUOILig()} = F(s)G(s) i) L {F()G(s)} = (/*8))

Essmples:
Find LIS *2X0)} using Convolution 'l_‘heomm where

a) f()=hgO)=t* b) f()=1'.8(t)=0 ©) J(O)=€",g()=sin2
| Sebution: Fiest find L{/ (1)} and L{g(s)} so as to apply Convolution Theorem.

DL O= L= Lls0}= 1§ }= 3
- =Ly ‘gxi)}=-L{/(:)}_1.{g(,)}= Lhe ,‘}= Ly )=
BLy@)=L 2 s}l -
= LU sXi= - o) Lfjute }=}""(sjl)’ =S’(.:2-l)z
L)t} e} Loz}
= L/ ‘8Xt)}¥5{¢” ‘siﬂzdé L }L{sinZ:}=(,_3 )(2‘ o

111




2.6.1 Laplace Transform ef Derivatives

If F(s) is the Laplace transform of f and if / has a value J(0), when t=0,
then LY ()} =F(s)= £ (0), L{™(0)}=5F(s)-s(0) 1 (0).
In general, L[f""(')] =s"Llf())-5" £(0)-s"2f 0)~...~ /*(0) where
S (0)is the value of the n® derivative of f(®)at r=0.
Example: Given f with f*(1)-6/"())+5£(r)=0, £(0)=3,/°(0) = 7. Find
the Laplace Transform of f and deduce f(s)itself.
Solution: Take transform both sides.
L' 0-6,0)+51()} =0
= L O} - 6L, (0} + SL{f (1)} =0
= s’L{f (1)} ~ 3/ (0) - £*(0) - HsL{f (1)) - J(O))+SL{f(1)} =0
= S LU0} =35 = T-6sL{f(1)} +18+ SL{S(1)} = 0
= (s’ -6s +S)L{f ()} =3s - 11
- 3s-11
:*L{.f(f)}*,z_&*,s |
Now let’s deduce f(7)itself by using inverse transform. That is

Luoy= 313-“-;.: :-5

AP I Ll L I P I _%_}
='f(’)_l' {’ -‘63"'5} L |.'-..-i-,“'-,lh--l
1

2
=L"{-—-s- +L"{—2—-1~-¢"+2¢' |
s

1 ~
-
$=1

R NSRRI ot 1
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2.6.2 Laplace Transform of Integrals

Suppose f(¢)is piece wise continuous for all 1>0and L{f (r)} =E($).
Then, L“f(x)dx}=—l,{f(t)} &) and thus L"{FE )} jf( x)dx.

Examples:
1. Find the following Laplace Transforms

a) L{Icos 3xdt} b) L{Ixzehdx} c) L{jxsin xdx} J)L{j‘e’ cosxdr}
Soluti;n: 0 |

1
a)L\Icos3xdx} L{cos3t}-;s+9 a9
0

¢ 2 g 2t 2
by L} [ e } L1 o=t -

(o s

C)L{IXSiDth}:—l-L{tsint}=_l =25 = 2
S
0

s (s*+1)° % (s* +1)?

' x _l ! __1_ s~1 . s—1
d”‘{!e mm}'sl‘{e oS} = L o A sl —) +1]

2*_Find the Laplace Transform of the following functions. |
a) f(t)=¢e™ Ix’e""dx b) f(t) = 3tjx sin2xdc  ¢) f(t) I sin il 1
0 0 |

Solution: Transform step by step.

a) First using t-shifting, L{’ }— .ﬁdi(L{e” })= 3:2 (s 1 2) ¥ ( 22)3
- o

1
Second, using Laplace Transform of integrals, find L{Ixzez’dx :
\\\ 0
y : :

\:\ i . =_1- _1
That is F(‘&)\fl'{jxe dt} SL{I ¢’} s(s 2) s(s—2)3
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I

Then, by S-shifting, I_{e'f” [.r‘}ez":ir] =F(s+6)= e
4 f (s+ 6‘1{5 +4)’

b) Using t-shifting, L{tsin 2t} = —~—(L{51n 2t}) = ~—( - = ;
ds s° +4 (5‘ +4)°

Second, using Laplace Transform of integrals, find L{_[x sin 2xdx} .

Thatis F(s) = L{j xstxdr}-—L{rSmQ;}__l 4s ¥
s (s* +4)° (s‘+4)2
Finally, by r-.sh{ﬁfng,
d 4 48s
L{f (1)} = L{3t]| xsin 2xdx} = -3 —
(/) =L{ j ) ds((s -~ J T
¢) First find the transform of = = Thatis L{s'm'ﬁIr IF (r)dr where
X
F(r)=L{sinax} = 2" =,
r‘+a
Lz dr-luntan al _fapt i
_r +a n=pxm arq a
Therefore, L{f(t)}= L{J-smm: =_1_L{smar}=£_ltan_]_{
s x 2s s a
3. GwenL{f(r)}- j F)dx =8, g(t) = _[ f(x)dx. Find L{g(r)}.
Solution:

L) - L{jf(x)dr} - L[ e~ [ e

= L{j Sf(x)dx} - L{f J(x)dx}

g™ 8

=2 L(/0)) - L{S}—~—L{_f(r)}—;= _8

s+25°+1 s
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2.6 Applcation e Transform

Laplace Transform is widely applicable to solve many real life problemg
Especially it is useful to solve Initial Value Problems, Integrai-Equations,
System of Differential Equations. Here, let’s see some applications.

I) Initial value problems: Here, let’s see how Laplace transform can be
used to solve initial value problems for linear differential equations.
Procedures to solve [VPs using Laplace Transform:
Given the [VP: ay"+by'+cy = f(x),(0)=m,y'(0)=n.
Then, to find y(7) satisfying the IVP, we use the following procedures.
Step-1: Take Laplace Transform of the DE both sides.

That is L{ay"+by'+¢y} = L{f (x)} = al{y"}+bL{y'} +cL{y} = V)

At this step use Laplace transform of derivatives and solve for y(s) by

substituting the given initial conditions y(0)=m, y'(0)=n.
Step-2: Solve for y(r) by taking inverse Laplace Transform of Y(s)

Take inverse Laplace Transform of Y(s). Thatis y() =L {¥(s)}

At this step, apply inverse finding techniques to solve L™ {Y(s)} for »(r)

Examples:
1. Solve the following initial value problem using Laplace Transforms.

a) y'+3y=¢', y(0)=1

b) y'-2y'-3y=3e", y(0)=0,y'(0)=5
¢) y'+4y=24¢" , y(0)=0,y'(0)=0

d) y'+y'-2y=9e" , y(0)=y'(0)=0

e) y'-3y'+2y=6¢e”, ¥(0)=0,y'(0)=0
£) y'+2y'+5y=e"sint, y(0)=0,y'(0) =1
g) "+ y'+Sy=25t", y(0)=0,y'(0) =1
h) y'-2y'+y = e, y(0)=0, y'(0)=0

) yu2yey=ie yO =L Y O)=!

T R R R A T e T R e e e ——
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2) Step-1: Determine the Laplace Transform Y(s) of ). That is take Laplace

Transform both sides and solve for Y(s) by substituting initial conditions.

L {y+3y} = L{e'} = L{y'} + LBy} = sp(s) - y(0) +3)(s) = —-I-l-
’-
| =>_sy(s)—l+3y(s)=L_}::»sy(s)-i—By'(s):——l-TH

=~‘*J’(S)(S+3)-——=>}'( )=

(s +3)(s 1)
Step-2: Solve for y(:) from inverse Laplace Transform of Y(s).

-1 -1 5
That is y(t) L {y(s)} L [(s+3)(s I)]

Apply inverse ﬁndmg techniques to solve L {Y(s)} for y(f)

That is find the inverse transform L’ [ ~ ]

(s+3)s-D
To determine the inverse, let’s use Partial Fraction Decomposition. -
Here, y(s)= 3 oo it B mddetemuneA,BandC

(+3)(s 1) s+3 s-l
Now, determine thé constants A, B and C.
3 : 1
By using Cover-Up Method, at s =-3, we have A=.‘—‘- andats=1, B=I.
Sl l = % -l-—JL".
(s+3)s-1) s+3 s-1
Therefore, the function y(r) is determined as

So, the decomposition is y(s) =
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3 | 2
- § = . 4
N=L" = 2=+ —r—]
& [(mxs—n] [s+3 s—]

3 1 1 1 s T
==L" +=L ]:-—e' +—e
4 [Hs] 4 [3-1 4 4

b) Step-1: Determine the Laplace Transform Y(s) of y(¢). That is take Lap|sc,

Transform both sides and solve for Y(s) by substituting initial conditions,

3

L{y"-2y-3y}=L{3e"} = L{y" - L2y} + L3y =5
3
= s2y(s)—sy(0) — ¥'(0) - 2Asy(s) - (O] =3y(s) = ——

2 3
= 57 y(s)—5-2sy(s)=3y(s) = ;iz-::ﬁ (s*=2s-3)y(s)= — +5

S5s—17 » 5s=17
(s =25-3)(s-2) (s+1)(s-3)(s-2)

Ss-7
Hence, the transf f y(t) is foundto b =
ence, the transform o y() is found to be y(s)= GG -2)

= y(s) =

Step-2: Solve for y(r) by inverse Laplace Transform of Y(s).

. = - 551
Thatis y()=L"{y(s)}=L 1[

Y W=\ o662

To evaluate the inverse let’s use Partial Fraction Decomposition.

5s-17 A B C

= —— 2

(s-3)(s+1)(s-2) s-3 s+1 s5s-2

Here, y(s)=

By using cover-up method, at s=3,wehave A=——=—=2.

-5-7 12
At s=-1, B=——=-—=- - 10-7 _
s “33) 12 landat s=2, we have C= T ke

So, the decomposition is y(s)= - ind __2 1 1

(s=3)s+1)s-2) s-3 s+l s-2
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Therefore, y(f) = L [ i } L"[ 2 __1_*

) 1
(5=3)s+1)(s-2) ) = {523 31 s_fi]

af 1 4 1
=2L'[——-)~L'{~—— o
§=3 s+1 =

s=2

- 2831' _e-r __e.'.'r

o) L{y"+4y} =L{24e™} = L{y"}+ L{dy}=24L(e™)

= 5)(5) - 5/(0) ~ y(0)+4y(s)-——2=:sy(s)+4y(s) 14

5—2
24
= (67 +4(5) =2 y(5) =22

(s* + 4)(s-2)

24 _As+B C
+ = A4=-3,B=-6,C=
(s +4)(s - 2) s’+4  5-2 B

-35- 6 3 3s 6 3
So, w = = = +
SELI)= s?+4 s—-2 s'+4 s'+4 5-2

Therefore, y(t) = L'{ = }H'f'{-' 26 }+L'l{‘—3 }
s’ +4 s +4 §-2
2 1

=-3r¥. 2~ —3L“{ }+3L“{—}

{sz+4} s*+4 s=2

=-3co0s 2t - 3sin 2t + 3e¥
d) L{y"+y'-2y } = L{8te*}

= L{y"}+ L{y'}-2L{y}=8L{te}
= 5 y(5) - sy(0) - y' (0) +sy(s) - (0) - 2)(s) =

(s 2)"’

8
= y(s)=

=>(32+S-2)y(3)=(s_2) (5 2) (s +5-2)

Gl B T sz

B
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Now, usingpartal ﬁ-acnondecompos e
a_ — +
: im==g +3-l s+2

J’(")"(, 2) (3-!)(34-2) s-2 (3"2)

"’"_"""i’b" 3
e g 1)1
5 1 4] ] L—'(__).....
T“‘d“""'(')g"'iﬁ(ﬁ)*'u ((3—2)’]+3 s-1) 6
3-23” +mﬂ+§ef __;_e-”

°) Step-l' Determine the Laplace Transform y(s)

L{y"- 3f+2y}=-L{6e }=>L{y' }—SL{y'}-l-ZL{y} 6L{e"}
- =>s*y(s)-mo> -y @~ Asy(6)- y(0)1+2y(s) =-——-

6

6

| -'-?y(s)-
Step-z. Solve for y(t) from y(:)=L"{y(s)}

(' T3s+2)(s+1) (3-2)(3 “IXs+D)

::»s’y(s) 3.sy(s}+2y(s)=-—-—=:(s 3c+2))(s)=——-

To evaluate the inverse let’s mPamalquoannposltIm |

6 A B  C
g b
Hmf(s-Z)(:-l)(Hl) s-2 s-1 s+l

Mbymmﬂlpmeﬂiod.mdﬁnmmua.amc.
‘At s=2,wehave 4=2 ,at s=1,B=-3 andat s=~1,C=1.

6

2 3

Ao A sy@)g(s-ZXs--lj(s-l-l)=:—2_-,-1+;ﬁ'

3 1

” WJ(')E.L-I'I’_Z)(’_IX".‘.I)}-L-l{:i-';?.'.m}
~=-2L4 "':"'"

1

h‘.
N-
|
S
L
P i
1
":v—"'
q
&
R
:)
b
i
&
&
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} Lie”

2
= (5° + 25 +5)y(s) =~ 252'*'3:;“): s?+25+3
- (s+1)* +1 (T+25+5Ks7 +2542)
By partial fraction, - :
s2+25+3 __4s+B . Cs+D 5 1
(S +25+5)s’ +25+2) 5242545 s el =SD=z

e Loal "

B )=20"5" {(.,+n=+4}+3’* {z—rl}s (smaresim)

g) L{y"+4y'+5y} = L{250'} = L{y"}+ 4L{y'}+5L{y}=25L{s*)
=556)-9(0)-Y O+ () -y O1+336) =3

30 50 1
:(32+43+ S)=—+1=2 ¥(s)=
s)y( ) s]. y( ) 33(:2+4£+5)+52+4s+5
But by partial fraction decomposition, we have
50 4 B C Ds+E

PP +45+45) 5° 8 5 s 44545

=}A=10,B=-8,C=252-,D=—22-’E=—13-

| 3 >
( |
Soyn=L"  s°(s? :Zs+5)]+rl(s’ +:ls+5)
=10L"(;lj-: -8L™ :: ] -2535"(;)_"253[‘ [sz+:s+5: 4'53}:I Lt’+;s+5]
=IOL"G,-:—8L"::J _2531:'(: 2521'_!_&(::22):42-1]_%L{(HZI)’H

sty 2 B m;-ze'”sm:)—f;e"' sint (How?)
5155
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K fand Baokof Applied Mlathematics I
h) L {y”-Qy'+y} = L{rje' L =s Ly = 2L{y'}+ Liyy=Lit'e

= 52y(s)-sY(0) = ¥'(0) ~ 2sy(s) ¥ (O + y(5) = (_g-it)T

225+l e T = — -
= (5" =240 = e = YO (T s -

(s=1)
6 6
= y(S) = - = —
(s-1)*(s=D* (-1
Therefore, using s-shifting and power properties of Laplace

S 6 1 6 1
have y(f)=L" =6L" — 2 e =—t¢
) ((s-—l)ﬁ] [(5#1)6) 120 20

i) L{y"+2y'+y} = L{te™}y=> LY "H+ 2L{y'}+ L{y}= L{te™}

transform, we

s 57y(s) - sy(0)~y'(0) + 2sy(s) = YO+ ¥(5) = =
(s+2)

k 2
: +s+3:>y(s)=3 +7s 2+l(:is+112
(s+1)°(s+2)

2 =
= (s +2s +1)y(s) = G2

Continue with partial fraction and complete it.
2. Using Method of Laplace Transform, solve
a) y"-y=te', y0)=y'0)=1 b) y'-3y—4y=1,y(0)=2,y'(0)=1
o)y +ay+3y=e",y(0)=y(0)=1 d)y"+9y =sin2t,y(0)=7,y'(0) =3
e)y+y-2y=te”,y(0) = 0,'(0)=0 f)y'-2y-3y= e™,y(0)=0,y'(0)=0
Splution;

a) aking Laplace u:amsfonn on both sides,

we get

Liy'y) = Lite'} = 896 =70y O Y= s

= (S)-—_S_-{:—l-.q-._ l = l + 1
YO =T - P -D sl s+ s

But by Partial F raction decomposition,
B C +_D_‘:A=_l'3=%rc=""l-_,ﬂ=-l-

8 4 8

)’ s+l -1y (s-D" s-



4

3
4]

3
W

t

) L{y.._3y-—4y}=L{:=}:bs=y(s) ~51(0)~ ¥'(0)-3[s(s) - ~YO)-dy(s) = %

=>(s ~3s-4)y(s)=2s- 5"‘2‘:’)’(")"‘ 329 2
(s~ 4)(.s+1) 5 (s =4)(s+1)

But by Partial Fraction decomposition,

- A
o BN WP >4=3p.1
5

-+ s-4 s+l 5

2 C " D E+F+_(_}'_
$(s- 4)(s+l) s—-4 s+l s’ s s

=>C--l— D--2- E=...1_ F_E G__B

160" 5’ 27 8 )

Thusy(t)=%e +§e —-%rz-l-%t--;—z-

¢) Taking Laplace transform both sides, we get -
Ly™4y+3yt=Lie™} = L{y"}+ L{ay'}+ L3y} = L{e"‘}

s2+65+6 s +65+6
=>(s"+45+3 S—_— = '
SR ¥(s)= s+l 'V()_ (s+l)2(s +3) ]
Byt S t6s+6 4 B c ,.71 g=leo3

= + + .
(+D*(s+3) s+1 (s+1)? s+3°° 4 2 4

7.01)1 1 ) 3.4(1) 7.3 .
S0, y=—L +=L" L’(—J- —e” - +—te
Y 4 (.H]J 2 ((.HI)J s+3) 4 4 2

2 Ts-3
2 + 2
(s +4)s*+9) s°49
2/5 2/5 7s-3_ 2/5 . ms+ Ts
=$y(s)_s +4 s +9+.s' +9 s2+4 P49 s 249
1

=>J’(l‘)=§sm2:—g-sm 3t+7cos3t

9) L{y"+9y} = L{sin2¢} = y(s) =

w(‘r‘c:’_& fh:,.;?ﬁ 122
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. Epll)y JTUV I TR R - ; ;o -{3".{.’ W& T sy

0t B g€

B ==t +— .
(s-2)'(s* +s-2) -2 (s-2)" s-1 s+2

L obida ke S
9""’5'““5“_4“._ 16 ?. e B
E 5116 14 1/3 1148 Seu te +_e:__ -

Thus,y=L[’ 2 (3-2)1+"“ 3"'2 367074007 3. 4

3, Ummnfmm Transform, solvetlwfollowmglVPs. |

- 1,0<r<1
a)f’-}“’f(f).y(o)“l y(O)-*Owhm f(’) {0,::-!

: 0$1<2°
by 4y=100- o.m) 0 whuef(f)-* - z';

1,08t<w
€) f+y=f(f)ﬂ0)=&f(0)=0m f(f) o>k

) y-zy-——- y(0)=1
)F’nﬁobwvcﬂutumgmmpﬁmw f(r)=1 u(t~-1).

L0} LA-wtr- )= L)~ LM"”}""T

el

Thun.f-{y‘ -y}= I-U(f)}=>f-b'“} L{J'}‘L{f(f)}=---;-

m’y(a) —s/0)- y'(o)-uy)a--—

1 .g"

* -1 .t(s -l) s(s? -—l)
:y(f):L (s:_l]"'.l- (S(-’: -l)] L [3(81 _1)] ,

o -1),-(:)—:-%-5—=> Hs)=
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- = l &
N=L L 3
Hence, ¥(1) = [ _J [5(3 —l)) . \5(52-1)}

e +e’ -1,0<r<]

-

- l 1=1 l 1-¢
=e' +¢ —l-(ze " +=e" -DH(-1)=
e+e —l-(etye ~DHU-) =)

e +e’ - -};(e"‘ +e ") 1>1
b) First observe that

2 2 i3

€

L{f(0}= j e’ f(ndt = I £ (f)dt + je‘" f(0dt = I G

0 A s S

Then, L{y"+9y} = L{f (1)} = L") + LOY} = LS (1)} =£_": i

e
s
dine 1-e™

= 57 y(s) - sy(0) = y'(0) +9L(y) ZT::_ es = s y(s)+9y(s) =

-5

==~(sz+9)y(3)=%—es

s
™ ] e

s(s*+9)  s(s*+9) ~ s(s*+9)

2= s(s*+9) s(s’+9) s(s* +9) s(s* +9)

1 [ A BC . ]
(s’+9) s T IR 9

J 1 ,1(1;'9) (sfz:;)=_1___1_ms3Ir
'Iﬁus,L [s(sz+9)] : 5 ss+9) 9 9

= y(s)=

Now, by partial fraction,

1 1 171 N
et - '—--‘00531'—2) (f 2)
Therefore, y(f)= " cos 3t (9 5 ( lu

¢) First observe that using unti step function f(f)=¢—tu(t

d
shifting propety that L{tf (t)}= _E[L{f ()}] we have
L{f(0)} = L{t - tu(t - ©)} = L{O)} - Lim(t =)}

1 d . ___1__ -n[£ .1_)
=£;+%[L{u(r-:r)}]=';§'+z;[";‘}-sz s P

— 7r) and using the t-




- iy SR

Then, L {"*+y} = LI/ @}y = LU "} + Ly} =L/} =7 " e-,(_:_{ ‘?]
.
= (s* +)y(s) = —17 —e"’[£ +-17)
- A 5 S

IS U (R A .
= y(s) si(s?+1) ‘ (S(Sz+1)+52(32+1)]
(L) ples 2= T
=y =L (32(52+I)J L[E (3(32+1)+53(52+I)H

] |
4,8 ,G+D_, 4-0B=1,=0D="1

s(s*+1) s s?+1
NE _.(1).,_,(3- =~ 1 1)
= |-r'\5—|-L r -
(") L[sz) S +1 €T T+ s s+l
=t—sint-—(t—:rcos(r—fr)u(r-:r)-sin(r—yr))

: (t—sint,0<t<7
=r—-sinr—(t+:rcosr+smt)1(r-—:r)= =
: —2sinf—mwCOSLI>T

dy L{y'-2¥} =L{fi:‘—5}==>sy(s)—y(0)-2y(s) =2 —tans
/4 tan” s ]

———

P i
PS)=| 52 2(s-2) s—2

- 1 EL_I( 1 ]_L._] tan_ls
ﬂy(t)—L [5—2)+2 s—2 s—2

on that involves an integral and derivative of a function is known as

An equati . :
integral (intcgro) DE. Such equations are also solved easily by using Laplace
at the same time. e =

f derivatives and in
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E!amples Solve the mtegral -DEs of IVPs using Laplace Transform?

a) y‘-J'y(x)dxﬂ , y(0)=1 b) y(r)=t+_[sin(r—x)y(x)dx

o) y)=cost+ [ (= Dy(Mx  d) [y =sint

Solution: a) Using Laplace Transform of derivatives and integrals,

Liy- jy(x)dx} L) = sY(0) -0 -2 =2

2 s*+2
=Y s-=]l==+1=2Y(s)=
o S] s’ (s) s*(s*-1)
Then, »(0)= 1" () = 1| <22
7 st -1))
’ k]
But by Partial Fraction zs g2 .20 e —-%.'I'lmefore,

s(sz-—l) s—1 s+l s

3
- 222 ) (22) {22 2)
s'(s*-1) 1 s+l s

b) Using the definition of convolution the given equation is transformed into
J(f) =1 +sint* y(f). Now, by taking the Laplace transform both sides, we get

i

1 1 L5 L . 2
y(s)=3—2+ly: ) :>y(s)(1————)=—=>J’(S)- _?+sz g

Finally, taking inverse Laplace transform gives us |
3

4 Ld o
W?=L“£yts)}=f’{;17+;1‘2}=”{§1"}” {F}ﬁ.‘ e
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CHAPTER-
CALCULUS OF VECTOR VALUED FUNCTIONS

3.1 Definition and Examples of VVF

A function F:R—>R® of the form F(f)= £ ()i +f,(O0j+ f;(0k,t €R is called
Vectqr Valued Function. Here each fu frsf; are cal!e_d component functions.
Why we need Vector Valued Functions (VVF)? . :

Think about an object traveling in space along a curvé C , particularly, in R’.
Then, its x,y,z coordinates are changing through time as it changes position.
So, if we denote its coordinates as a function of time to be .

x=f,(),y = f2(),z= f,(1), then its position will be given by
(x,y,2)= FAGYAOH f;(t))at any time ¢ as shown in the diagram below.

1

0

Position : P(x,9,2) = (/,(), £, ,(O)

r(0)= fii+ 0+ £k

M——

y

Theposltlonofan'obiectmoﬁnginspmat
any time t.

In vector notation, the position vector of the object from the origin to its
position is written as r(f)=£,(0i+ £,O)j+ £,()k . But this is really what we
mean by a vector valued function. This means that to describe the motion of an

object in space, to know its velocity, speed, acceleration, distance moved and
other motion related concepts we need the concepts of vector valued functions

P A - O T3 = & T B -
e om0 ) GG RN D AU e AAS
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3.2 Limit and Continuity of Vector Valued Fuhcnons |

3.2.1 Limit of Vector-Valued Functions

Let FR—)R3 defined by F(I):f(f)i+f;(t)j+f3(r)k teR.
Then, F has a limit given by lim F(f) = L = ai+bj +ck at 1,if and only if the

-1,

coordinate functions f,, f,, f;have limits att, .

That means
lim F(f) = ai+bj +ck < lim £,(t) = alim £, () =b, lim £,(r) = ¢

e lim F () = (lim /,(0)}i+[lim £, ()]j+[1im 7,())k

Examples: Evaluate lim F(f) where

1=,

-JS tkatt,=

a) F(t)=

JrTl e
b) F(f)=Injr —1fi +-

6;+ k at t,=1

2t+1)i+(2t-1)j+8k,t <3
o) F(t -{( ) ( ) at 1,=3

0=0i+@-1)j+(* -k, 123

Solution:

~

a) lim . =6, lim— - =3, lim V5 - —1=>hmF(t) 6i+3j-k
-1 ,h 1 -2 f—1] -2

b) lim In|r — 1| does not exist. Hence, lim F(t)does not exist

c) lim(2¢ +1) =7, lim(2r 1) =5, lh;18=8=> liT_F(t)=7i+5j+8k
=3 -3 -3 -

im(10-1) =7, lim(8 1) = 5, lim(r* ~1)=8=> lim F(1)=7i+5j+8k
r--b3" ’ f-'j. ’ r_)J"' '-.r
Here, lim F(r) = lim F (7). Hence, lim F(t)=7i+5j+8k.

=3 1-3* s
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e CHAPTER-3 e
CALCULUS OF VECTOR VALUED FUNCTIONS
3.1 Definition and Examples of VVF

A function F:R— R® of the form F(1) = f,(0)i+ f,()i+ /(K. € R is calleg
Vectar Valued Function. Here each f, f;, f; are callefi component functions,
Why we need Vector Valued Functions (VVF)?

Think about an object traveling in space along a curve C pamcularly, in R’
Then, its x,y,zcoordinates are changing through time as it changes position.
So, if we denote its coordinates as a function of time to be .

x=£i().y = £,(0).2= £,(f), then its position will be given by |
(x3.20)={0,£40, f,(r))’at any time ¢ as shown in the diagram below.

oy

Position : P(x,,2) = (fit). /(). /1))

()= £+ £,Oi+ /0 |

Theposiﬂonofanobiectmng iﬂ#;deat' o
any time t. ; ' |

In vector notation, the position vector of the object from the origin to its
position is written as r(f)=£,(i+f,()j+ f,(r)k. But this is really what we
mean by a vector valued function. This means that to describe the motion of an

object in space, to know its velocity, speed, acceleration, distance moved and
other motion related concepts we need the concepts of vector valued functions.
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Basic Properties of Limits of VVF
Suppose F and G are vector valued functions whose limit exits. Then,

a) lim{F(t f)+G(r)] =lim F(f)+1imG(7)
¢) lim[F ()G (f)]-El_l;I: F(r).lruﬂ G(*)
) lrim[F(r)xG(t)]= HF(:)XEGU)

Notice that since the functions are vector valued, the operation in F(£).G(f)is
the usual dot product of vectors and the operation in F(#)x G(f)is the usual
cross product of vectors.

Examples:

2 . fz" p 2
Let F(r)=t7i+(2t-1) j+(:—n—!i)k, G(t) =r‘:+(TT1) J+@ = +1)k.

Evaluate _
i) lim{F(£)+G()] i) lim[F(£).G(1)]
ii) Tm[F()xG()] ) Im[3G@)]

Solution: Here, linl1F(r) =i+j+k,]i£ G(t)=i+2j+3k.
1 ’ r

Then, by the above properties,
i) lm[F(1)+ G(]= lim F(1)+ Em G()= 2i+3]+ 4k

i) lm{F(1)G()] = im F (1) lim G(1) =6

if) lim [F()xG(N)= ll'iii} F(0)xlim G(r)=

S | — o,
[ o I
Cad ik

=i-2j+k

iv) lm[3G()]=3i+6;+9%




A vector valued function F is saldtobecontmuousat aif and only if
hmF(l') F(a)= £/(@)i+ f;(a)i+ fy(a)k.

Thls means, a vector valued function is contmuous if and only if all of its
component functions are continuous.
Examples:

1. Check the continuity of the followmg VVFs at the md:cted point.
a) F(f) = (cos )i +(sinf) +(tan?)k at t =3 and r=2 |

b Ft)= {2d+JnT, t<2

(5t-6)i + (s +l)j.rzz
Solution: =

. 1. J3 . | L
.a)m;}p(:)=-2-s+-.—"2:;+ﬁk=ﬁ(§-). Hmoe,Fisoomhuomn-:’-;-.
T = ; i rf : . '
But at r=-—, j;(t)=tant mnotconthuousand thusF is not continuous.

b)l:mZt-4 l:mJH =3=3>1lm F(f)=4i+3j

1=»2"

lim (5t ~6) = 4, lim(¢” +1) =5=> i F(r) =4i+5

Here, 'lgg F(r)aemF(:). Hmoe,l‘l_r.g F(t) does not exist

Therefore, the function is not continuousat ¢ =2.

2.1 F(r)= {JIT:+(2a’+t)j+2nk 1<3 |
be'i+(4-1)j+(* ~1)k,t23

Solution: To be continuous at? =3, we have Iim F()= Eg F()=FQ).

is continuous atf =3, find a and b.

2
Twmﬂ(«ln )=lim bt’ =:»95=2=:b-9

fi'!",.(zf-"ﬂ) hm(d.r 1)=2a=+3=11=»a=t2
T e Tannsa 130
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3.3 Derwatwes and 'lntegrals ef Vector Valued F unctlens

3.3.1 Derivatives of Vector Valued Functions

Let F(t)= f,(Di+ fz(t)j + f,(0k, te Rbe any vector valued function.
3 Then, the derivative of F denoted by F'(f) or D, 7 (f)] is def'ned by

DIF(@)= =F()=lim® "*"’ md) AT

Examples Find F '(t)and eempute F'(2)where
a) F(t)= (3r’+5)- 5:;+(: +:)k ~b) F(r) 3:i+|:-2|j+r=k

f

Solution: c
a) F()=9%- Sj+(2t+l)k F'(2) 361-5j+5k
b) Since f,()=|t—2|is not differentiable at # =2, F itself is not differentiable.
Properties: Suppose Fand G are vector valued functions whose derivative
exits and let f* be differentiable scalar function. Then,

i) Dot-Product Rule: D,[F().G(1)]=D,[F (N).G()+ F().D,[G(1)]

if) Cross-Product Rule: D, [F(t)xG())=D,[FOIx GO+ F(t)x D,[G(")]
iii) Chain -Rule: D,[F(f(")]= f ()F'(f(1)) R
Examples: If £(1)=F().G(@®),H{#)=F({)xG(0), find £ (1), H'(1) .Given that
- F@)= (2t+l):+j+(r -4}k F‘(l) 3f+5k G{r) a+r j- r’k

Solution: . Bz
J{) Here, F(t)= (2t+l)1+.i+(f'-4)k=&F(l) 3:+;-3k F(I)=2i+5k and
G =ti+’j-rk=>GM)=i+j-k,GW)=i+2j-3k |
C LO=FOGO+FOGO=LO=FNHGO+FDG®)
= f(1)=Qi+5k).G+j-k)+@i+j-3k).(+2j-3k)=11

i j ok
2 1 ‘§|=—2i+llj+6k
1 2 -3 -

; . ik
i) H'(l) = F'(l}xG(l)+ F)xG'(1)= I: 0 5l+

I




Vi dookefApped alhemalics I by Begosho M ot i
-3321ntegl‘3m“ of Vector Valued Functlns S
Let F(r)=f.(f)i+fz(f)l+f3(f)k Where f,| /1 fiare continuous on [a,b].

ndefinite integral: | F(dt = [ £,(0)dti+ [ £, (et j+ [ £y

petnit gl [ FO=(] f0ckie | Fout i | 0]

Examples:

. . p)
1. Let F()=10r"i+26+(3r* —4r)k . Find jF(r)d: and compute [F(r)d: .
1
Solution:

) [F(dr =] £, +[ £yt j+ [ f(00dik
. = [10¢*dri+ [21dj+ [ 3 - r)dr
=261+ + (- 2k

) i F(f)dt = (j fidti+ I f(dt.j+ Ifx(‘ at k]:?

= Ulﬂr"dri + | 2dtj+ 1(3‘ el )d“k]::

i =i+ - 20K =62i+3j+k
2. Let F'(t) = 21i+5j+ 3k, F(1)=2i+5+3K.Find F().
Solution:

# F()=[F()de= ([ 20a)i+([ Sai+([3r'dk
=540k +C, (C=cji+erj +65k)

* ButF(l)=2i+5j+3k =i+5j+k+C=2i+5j+3k=>C=i+Zk.
* Thus, Fs) =%+ 51+ Pk +C= (1 +Di+ 5+ +K
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3.4 Space Curvesd Length of Space Curves

d function r(r) on g g i
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Curves: The graph of any continuous vector value

interval [a,b]is said to be a curve. 3
ellipses are curves. '

For instance, line segments, circles, rectangles,
urve and r(r)to dengte

From now onwards, we use the notation Cto denote a €
2 vector valued function whose graph is the curve C. In such cases, we say hat
r(¢) is the parameterization of C on [a,b] . We write as C:r(t),ast<b.
i) Closed curve: A curveC is said to be closed curve if it has a |
parameterization r(r) on the closed interval[a,b] such thatr(a) =r(b). In other
words, a curve C is said to be closed if its initial and terminal points concides.

Examples:
a) The curve parameterized by C:

because r(0)=r(l).
b) The curve C:r()=ti+t*j,—1 <t <1is not closed because r(-1)=r(l).

ii) Smooth curve: A vector valued function r(f)is said to be smooth on a given
- terval Iif r'is continuous on /and r'(f)=0for all ponts in 1 (with the

r(7) — cos(2)i +sin(2m)j, 0S¢t <lis cloﬂ

possible exception at the end points of [ ). |
Furthermore, r(#)is said to be piecewise smooth on the interval [if Iis
expressible as the union of finite number of sub intervals such that r()is

smooth on each of the sub intervals and the one sided derivatives r'@.r'0
exists at each interior points of ] . ' g b
A curveC is said to be smooth if its parameterization r(f) is smooth and it is

said to be piecewise smooth if its parameterization r(?) is piecewise smooth.

Examples: |
a) Consider the curve parameterized by C:r()=Li+2+%. 2 i o
Here, r'()=2i+2J +3rkis continuous. Besides, r'(f)# Ofor any ¢bec
the j-componcnt of r'(¢) can never be zero. Hence, the curve t‘f‘is 0% 3 '
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; (e +0)j+1'k.

e curve parameterized by C:r(f)= 2;
)=0at ¢=0and thus

b) Consider th
si+(1-€™) j+3f*k is continuous but, r'(s

Here, T'(D=
th. Thus, the curve C itself is not smooth.

OLS not SMOO
¢) Verify that the curve parameterized by

cox(n =311+ (¥ —2)j +[(¢+DIn(t +1)—1]k on 0<t<1 is not smooth.
Here, r'() =60+ (2¢* —2)j+In(t + Dk but, r'(r)=0at £=0 and thus r(¢)is
not smooth. Hence, the curve C itself is not smooth.
d) Consider the curve C:r(t) =2(1—cos?)i+2(t —sin?) Jj, I =[-27,27]- Here,

‘is continuous yet r(¢)is not smooth because

r(f)=2sint +2(1—cos?)j
r(-27)=r'(0) =¢'(27)=0and thus Citself is not smooth. But if we break the

interval as [ = [-27,27] =[-27,0]U[0,27],we get r'(f) # 0 for any

_9z<t<0, 0<t<2z. This means r(¢)is smooth on [-27,0]and [0,27].

27]. Therefore, C is piecewise smooth.
2

¢) Consider the curve parameterized by C:r(f)=1’i+§+ t’k .

So, r()is piecewise smooth on[-27,

Here, r'(r)= —2—,:' + j + 2tk is not continuous at /= 0 and thus r(f)is not
3
smooth. Thus, the curve C itself is not smooth.

Common Parameterizations: If you remember, we have seen in Applied I,
how to give the parametric equations of a line in space. Likewise, it is also
possible to express different curves using parameter. Here, under let’s see
parametric equations of important figures which we will use frequently.

i) Parametric equations of a line segment:

Suppose L is a line segment connecting the points A(xy,0,2,) and

B(x,,y,,z,) .Then, its parametric equation is given by

(x=x, +at
L:X=4+tAB=>L:{y=y,+bt for0<t <1 whereai+bj+ck =AB

z=2z,+ct

.
In short, the parametrization is r(f) = A+tAB=(1-0)A+B.
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iii) Parametric equations of an Ellipse:

LHiand Book of Applied Mathematics-TN by Begashaie M. For your comments and sugzestions use g3 o .
Example: Find the parametric equations of a line segment Connecting lhe
points A(2,-11) and B(l1,3,-2).

Solution: Here, ai+bj+ck = AB= B~ A=-i+4j-3k.
x=2-t

| Hence, using (x,,¥,,2,) = (2,-1,1), we have L:qy=-1+4t for 0<¢<)

z=1-3¢

ii) Parametric equations of a circle:
Suppose C is a circle given by C: x* + y* = r*.Then, its parametric equation is
givenby C: x=rcost, y=rsint,for 0S¢t <2r .
Similarly, if the center is not the origin like C:(x—a)* +(y-b)* =r?,
C: {x=a+ro?sr, for0<t<27x .
y=b+rsint,
Example: Find the parametric equations of a circle given by
a)C:x*+y*=4 . b C:(x-2)*+(y+3)* =16.
Solution:
a) Here, r =2. Hence, C: x=2cost, y=2sint,for 0<¢t <2x
b) Here, r =4 and the center is (2,-3). ;
Hence, C: x=2+4cost, y=-3+4sint,for 0<¢<27

2 -2
Suppose E is an ellipse given by E :'-353-+i-5- = 1.Then, its parametric equation
¥ | a .

is given by E:{x=amsr, for0<t<2r .

y=bsint,

Example: Find the parametrization of the ellipse E : 9x* +4y* =36,
2 2

‘ . . x
Solution: Here, first write in standard form as E': ;—;+§? =1 and identify a

2 2

and b. Thatis E:9x* +4y’ =36=>E:-'%-+y?=1:>a=2,b=3

Hence, E:x=2cost, y=3sint,for 0<t<2x.
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jv) Para metric equations of functions:

suppose C: y = g(x), a<x <b .Then, its parametric equation is given by
x=t,y=8(f),ast<b=>C: r(r) =ti+g(t)j, a<t<bh.

Example: Find the parametnzatlon of C:y=x*-2xfrom (0,0) to (é 3).
Solution: Here, x=t y=t"-21,0<r<2=C: r(t)= n+(r -20)j,0<t<2
Oriented curves and types of orientations:

Suppose C'is a curve parameterized by C:x = £(t), y=g)a <t 4 b us
shown in the diagram below.

sugeslmns m 99%-83-69.@

(Positive orientation) B

' Types of orientations:
A — Positive oprientation
o ’ | . L Negative orientation
a

b
B

¢ o egaﬁve orientation)

If we move from point A to point B along the curve C (in the direction of the
arrow), the value of the parameter ¢ is increasing from a to b. Such type of
direction in which we move or trace out the curve in the increasing order of the
parameter values is said to be positive orientation. On the other hand, if we
move from point B to point A, the value of the parameter ! is decreasing from
b to aas shown in the lower diagram. Such type of direction in which we
Move or trace out the curve in the decreasing order of the parameter values is
said to be negative orientation. A curve C with either types of orientations

(POSthe OF neoative) ic caid tn he nriented curve.
“



A Hand Book of Applied Mathematics-JII by Begashaw ). For your comments and sugaestions use 99.3’3-33-626"
jv) Parametric equations of functions:

Suppose C: y = g(x), a < x < b .Then, its parametric equation is given by
x=t,y=8(),ast<b=>Cir(t)=ti+g(1)j, a<t<b.

Example: Find the parametrization of C: y = x* - 2xfrom (0,0) to (é,s),
Solution: Here, x=1,y=1"-21,0<r<? >Cir(t)=ti+( -2)j,0<1<2
Oriented curves and types of orientations:

Suppose C'is a curve parameterized by C: x = f(r),y = g(t),a<t<b as

shown in the diagram below,

(Positive orientation) B
e ‘
C/‘/ Types of orientations:
fi | [ Positive oprientation
. | ___ Negative orientation
a h f
B
P il st ]

c (Negative orientation)
A
If we move from point A to point B along the curve C (in the direction of the

arrow), the value of the parameter f is increasing from a to b. Such type of
direction in which we move or trace out the curve in the increasing order of the

parameter values is said to be positive orientation. On the other hand, if we
move from point B to point A, the value of the parameter 7 15 decreasing from
b to aas shown in the lower diagram. Such type of direction in which we

. Move or trace out the curve in the decreasing order of the parameter values is

said to be negative orientation. A curve C with either types of orientations
 (positive or negative) is said to be oriented curve.



Lengths of Space :

Just think How to find the total length of the curve below?

Suppose a particle moves from A to B along a circular helix

C:x(f) =costi +singj +tk for 0 <t < 2mas shown in the diagram below,
24

Path: C:r(f)=costi+sintf + tk
~ r(t)

y

What idea do you have to compute this length?
Arc Length: Let C be a curve having a piecewise smooth parameterization

(1) on [a,5]. Then the length L of C is defined by L = 14072

Particularly, if r(f) = x(t)i + y(0)j + 2(Ok,[r' (O] = yX' (©)* + ' () +2'(1)? , the
b b :
arc length is given by L= [Jr (0t =[x (1) + Y () + 2(1)ak.
Examples: Find the arc le::gth Lofa c:‘me Con the given interval.
| J6

a) r(t)=tl+-?ﬁt’j+t’k;-l$:ﬂ | _
b) r(f)=cos4fi +sindfj-3rk;0<t <

or()= -;:(l +r)”’i+%(l-r)’” j-l-%lk;-l <t£1
d)r(f)=ei+e”j+J2uk;051<]

3
) c:r(:)=msn+smzj+:=k;05:523—°

) r(r)=4n+J§:’j+5;-k;os:§3
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solntion'

)r*(r)—-!+J3'J+3f k

Then, L = Iﬂl‘(l‘)udf-IJx(f) +y ') +2'(r) dt

b L

=£J1+6:z +9'dt = £ (1+3%) dt = .I. 1+3)dt =1+ =

- b) r'(f)=—4sin4fi+4cosdfj— 3k

| Then,L = ﬂl'(f)lkft I\’lécos 4r+lﬁsm 4t +9dt

j Jl6(oos 4t +sin’ 41)+9dt = ]J_ 25dt = j.ia'r Sx

0 =l

c) l"(f)--JlTl--J_ﬁ-k

'l'hen,L j&'(:) +y(0)} +2(0) dt = I]f— -} -}dr j‘J_ dt=3
d)L=IJE”+3""+2¢:‘!=‘N(&'+e")"dr=‘|'_(e‘+e )dt=e-;
o 0 -

0 | y
W e 2 - et
i O CORPE TLIRY .
e) L= i{ms t+sin t+zra? -zr-!-l —27(414-! -
.0 ol 0 % . -

1) r@) =4i+2J2j+k 3
Then, L = iﬂr'(r)ﬂa‘t = i&'(r)’ +y(0) +2'(0) dt = IJ 16+8 +1*dt

H 4+1%) i’4+r’)dt 4:+—Ty =21
0 =l

-



parainetmzatlon r(f) onan open interval [ .

Let C be a smooth curve with

Then, we have

i) Unit Tangent Vecto 0, the unit tangent

r: For any point fin | wherer'(?t) #
re
_. vecfar T(f) to the curve C is defined by T(?) = i’ 7 )I

ooth and () #0, the unit normal

vector N(f) to the curve Cis defined by N(1) = IT‘&

ii) Unit Normal Vector: If r(f)is sm

. iif) Curvature and radius of Cm_*vatnre.
“T )i Furthermore, the radius of

‘Ihe’cm-vature'-x of Cis defined byx(f)"m
| | 1
curvature, p ata given pomt tis gwen by p(t) = x(t)

Examples: Find the unit tangent, unit normal, curvature and give the radius of
 curvature at the point # =1, for the curves whose parameterization is given .

a)r(r)=w531i-4tj+sm3:k,rﬁ- b) r(f) =sine'i+cose’ j—5k;f, =0
c)r(:)=2ﬁ'+:=j+-'-r’k;:o.—.'o’  dyr@)=2i+rj+ Ikl =1
()= e'i+e"j+J'z:k w=0 f)r(:)=(i=+4)i+2:j;:n=1
" Solution: |

a) r'(t) =-3sin3i- 4,+3cos3:k,ur(:)u =V9cos? 3t +9sin? 3 +16 =5
r'(:) -3sin3r, 4 30053!

ence, I'(f) = i—— —_
. _ 900331' 9sin3¢
?m T'()=——1i- s';‘ k;ﬁT‘(r)ﬂ-_-._.
T'(9)
SO.N(f)"—---msSri sin 3rk; k(1 _ﬂT‘(r)L 2t 2D
0 e Ty

.-‘IE"-TQ'H'_,. nir:l‘tw JL
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Let C be a smooth curve with pm'amctenzanon r(f) onanopen interval [ .

Then, we have
’) Unit Tangent Vector:

For any point tin [ wherer'(t)# 0, the unit tangent

wctor T(t) to the curve C is defined by T(f) = H 8'

ii) Unit Normal Vector: If r'()is smooth and T'(r)an, the unit normal

- T(r
vector N(f) to the curve Cis defined by N "= nri‘;ﬂ

. iii) Curvature and radius of Curvature:
T'(t
The curvature K of C is deﬁned byx(!) -'{ ((!))n. Furthermore, the radius of

curvature, p atagwenpomtr lsglven by p(t)—x:) |

Examples: Find the unit tangent, umt normal, curvature and gwe the radius of
 curvature at the point ¢ =1, for the curves whose parameterization is given .

a) r(f) =cos3fi—4fj+sin3k;t, =7 .b)r(r)-sme'ifl-oosej 5k;t, =0

_c)l‘(f)=2ﬁ+fz.l+%fak;fa=0 A=+ j+ kst =1
e)l‘(f)"e’i+e"i+f2fk;l'¢'=0 f)r(r)=(:‘+4)i+2:j;:n=1
Solution:

ayr (r)--33m3ﬁ-43+3cos3:k |y(:)|| J9oos 3t+9sin?3t+16 =5
r'@@ -3sin3t, 4, 3cosdt

H“'@'T(‘#Ir,()l : lsl 5 —k.
- .
Agiin, T'(1)= ?53’ 95‘“3' le‘()i_

() _ T *x
So,N(f)-m =—c0s 3fi —-sin 3rk; x(r)_i (r)l-;g;p(,;):.?_s.
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i (:)11*:/4‘ (cos' e +sin'¢) =

¢'sine’ s ks
re _ ' coseli- J_ cose'i-sine'j

Hence, T(I) “ !(t)“ ei
(1)=—¢ sine'i-¢€ ‘sine' ;[T (1)] = \F'(cos ¢ +sin’e’) =¢

b) ]"(r) m r(fj =e' cose l-'é’ sme _',

Here, T'
e _ ~¢'sine'i—e'sine’j _ _sine'i—sin€'j
S 0
_“__T:.(i)ﬂ—_e.r—_l' 0 _—_—l-zl
KO= 0| e 0=

o r(f)=2i+2j+1’k |r )= Jar 20 +1* = J@+11) =241

r'@) _ 2 " 2 j+ t K
'O T2+ 2487 2+t

Hence, T'(f) = ”

s . = 4-21* i+ .
Here,T(t)—(h_ﬁ)2 l+(2+t2)2 (2_” 7 k;|T" ()] =

™G -2, 2-£. 2 2
).- L jt——=kx()=——=7:P0 )=2.

241

So, N(f) =

[Fo] 2+¢ 2487 2+t 2+1)
d)yr'()= 2|+2t3+-k 'Ol= —T(f) = . .
r “ (= +l' AL

(2I2+1) (2{2 +]) (2 +l)2 11
T'(f) 1 2’2 2t 2%
N(‘) + . =t . -y 1 : 9
"T'(f)“ 2‘2 +1 2’2 +l, 2{2 +lk: p(l)— K(l_) —""2-,

Ol (< LI S L
FOl=¢'+e™. Henee, 7()= Ir(t)||=e2'+ll-e”+ll+filk

(f) T(‘) J_e Jig J_
Ire]™ & +1‘ 9% +1 x()-(,, 7P = 242,
Nrp=2+2 ¢ | AR
l_

i+2_j,N(f) =

-
AR SR (ot d SR/ SR8 Fel dPal
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Scalar and ector Fields

3.6.1 Divergence and Curl of Vector Fields

A function that assigns a vector to each point Pin a region R (in a plane or in
space) is called a vector field and usually denoted by F = Mi+Nj+Pk.

a) F(x,y)=2x+ y'jisa vector field in a plane

b) F(x,y,2)=x1+ y*j+2'kis a vector field in space. |
Note that a vector field F formed by the grz;dient of a scalar function f is said
to be gradient vector field and denoted by F=V.f = fi+f,i+fk-
Definition: Let F =M.i+_N.j+P.k be a vector field such that all the partial

x'dy
i) Divergence of Vector Fields:’
The divergence of F denoted by divF or V.F is the scalar

divF=V,F=-@-d—+-qN—+£=,M,+N,+P,. n
ax oy Oz

where F =Mi+NJ, dvF=VF

function defined by

In a plane, =M, +N,.

ii) The Curl of Vector Fields: -\ ﬂ
The curl of F which is denoted by curlF or VxF is a vector function defined

oN

=VxF= N (—" +(—-—)k

by curlF ( ) (a“1 at).l (ac )
e ' § j k
. IR 9 o @
We can curlF in com formas curlF =VxF=[— == =
e can express, pact > o &
M N P

lnaplane,whcrerl\ﬁ-t-Nj arlF =(N, -M, )k

s said to be divergence free or solenoidal.

i) If divF =0, then the field Fi
field F is said to be irrotational.

i) If an']F=VxF=0, then the

Iz oA NSO 141
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a)F (I,.V) 5'i+5xy'] b) F(x,y,2)=x%i+(3x+yz%)j- Zz’k
o) Fxy,2)=2'i=30J+y’2k  d) F(x,y,2)=e" cos yi-¢* sin yj+ x5’k

&) Fx,3,2) =35I+ 0j-y’2k  f) F(x,y,2) = i+ *j+ 02k
Solution:
a) Here, M =xp° ,N =5x"y* Then,

:)divF=V.F—-é;- E"?a;( )+ay(5x2y )=y +10x*

if) curlF =(N,-M,)k =(10x* -3xy" )k =Txy’k

b){)divF =M, +N, +P, =2x+z* -6z’ =2x-5z°

i j k
0 0 0
i IF=}— — — |==2yzi+3k
e~ % &
x* 3x+yt =22

| c)i)divF =M, +N, +P, =-3x+y* |

io§ k|
; 9 o 0 . a2
L 2 Do2yi+32%-3
u)ésrlF 5 o & yi+3z°j-3yk
B A
d)i)divF=V.F =M, +N +P, =€ cosy-e cosy=0
i j 15
0 0 2
IF=| — = T|=i-y)
Werlf= % &% &
le*cosy —-e'siny o'
e)i)divF =M, +N +P, =7x-y’ ii) curlF =-2)zi+ yk

2.Find a if F(x,y,2)= e‘smyi+(2ay+e’oosy)j — 62k is divergence free.
Solution:

dr‘vF=0=>%(e' sin y)+%(2ay+e’eos y)+5(—6z)=20-6=0=>a=3

I e i (e e A TG Ol LIS/ 142




to be conservarive if there exists 5

Definition: A vector field Fis said
differentiable function f such that F = v/ . The function

is called potential function for F'.
Example: The function F(x,),2)= =3x%i+3y%j+3z

there exists a potential function f (.r,y. z)=x" +y’+z

2K is conservative because
3 for F such that F=Vf

Test of Conservativeness:
A vectror field F(x,y,z)= M.1+N j+Pk is conservative vector field if and
i § k] |
\ | . o o0 0O ' :
i 1F(x, y =V><F=0<:-—- L. e lml - -
onlyllfcur (x,y,z) iy > & o | |
e e IM N P )
Test of Conservative in the plane: _- o o
oM _oN
oy o

In a plane, (x, y)=Mi +N.j is conservatwe only if curlF =0<>

Procedures for Finding potential Function:
If a vector field F(x, y,z) = = Mi+ N.j+PXkis conservative, we can find its

- “potential function f such that F = Vf =fd+ [, j+ . k= Mi+N.j+Pk.
That means f i+ f,.j+ /. k= Mi+N.j+P.k=>f Mf N, f, =P
Step-1: Variable separation: That means express the function f as a sum of
three functions in the from f(x, y,z) = k(x, y,z) + g(¥, 2) + h(z)

Theﬂ, /.; = x’j; =kr +g)'l’ -f; =kx +g: +h‘(2).

Notice about the functions £, g,/ in the decomposition!
The functions are separated in such a way that £ is the function of all the three

variables x,y,z ,the function g is the function of two of variables y, z and thus
g, =0. Again, Ais a function of only variable z and thus s, =0,/ =0
» » .
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Step-2 lntegrate f k = M wnth respect to x

Thatis k, =M => [k dc= [Mdx = k(x, y, z) = jMdr
Step-3: Integrate f =k + 8, =Nwith respect to y . That is
fy=k,+8,=N=g,=N-k = [g dy=[(N-k )y
=g(2)= [(N-k)dy
Step-4: Integrate f, =k, +g_+h'(z) = Pwith respect to z . That is
k+8, +H(@)=P=H()=P-k -g, = [K(2)d = [(P-k, -g,)a:
= h2)=[(P~k, - g,)d:

Finally: Write f(x,y,2) =k(x,y,z)+g(y,2) + h(z) using the above results.

Examples:
1. Determine whether the following vector fields are conservative or not for
these which are conservative, find the potential function.

a) F(x,y,z) = 4xe’i— 6yj+(2x’e* -9)k

b) F(x, y,z) =2xcos yi+(6yz — x* sin y)j+ (3y* - 4z)k
¢) F(x,y,2)=(2xy + 2*)i + x*j+ (2xz — 6 cos 32)k

d) F(x,y,z) = (2xy + €° )i+ (x* + 2yz)j+ (* + xe*)k
e) F(x,y)=€"i+(xe” + y)j

f) F(x,y,2)=x7°2% + x*)z*j+ x*y*zk

L, X2, X
8 F(x,y,z)==i-=j+=k
- y-»

y
Solution:
R)Here, M=4.m:,N=_6y!P=2x2ez _.9
ikl Ll k
3 : : 0 0 O - _?_ _a_ _a_ =0.
est Conservativeness: curl F= o 'éy_ ol | ax oy 262
M N P| i’ -6y 26 -9)




Theref the vector ﬁeld is conservtwc |
Determine Potential Function: |
Variable separat:on Suppose f(x,y,2)=k(x,, 2)+g O’, 2)+h(z).

First: Evaluate k(x, y,z)-. [ Mdx. | _

That s k(x,y,2) = [Mdx = [4xe*de=2x"¢".

Second: Evaluate g(y,z)=:(N -k, )dy |
‘That is g@ z)=I(N--k )'a)’=j(—;‘.5y—0)¢?fv=f—6}dy=-3y2.

Third: Evaluate h(z) = (P~ . ~g.)d. | |

Thatis h(z)= [(P-k, - g,)de = [ (2x’e‘ ~9-2x% ‘)dz j’ ~9dz =9z,

 Finally: Express S5 3,2) =k(x,y,2)+ g(3,2) + h(z) using the results.
Therefore, f(x,y,z)=2x"¢e* -3y*-9z. : .
b) Test Conservativeness: Here, M =2xcos y,N =6z~ x*sin y, P= 3y -4z

i j k i i k
Then curlF=}> 2. 8]} 2 _‘3‘_" 2 |,

x y o | & - &y - g |

M N P| [2xcosy 6)z~x*siny 3y -4z

‘Therefore, the vector field is conservative, .
Determine Potential function: g

Variable separation: Suppose f(x, »2)=k(x,y,z)+ 800, 2)+ h(z).
First: Evaluate k(x,y,z)= IMdr

That is k(x,y,z)=IMdc=_[2xoosydr=x’oosy.

Second: Evaluate g(y,2)= [(N~k )dy

That is g(y,2)= I(N -k,)dy= I(Gw-x smy+x CoS y)dy =
Third: Evaluate h(z) = [(P-, - g,)c&.

Thatis h(z)= (P—k, -g,)ds = I 3y --4:—3y W= [~4zdp = ;2.

'k ’ E'F e *'.lﬁ_t_':':ffl_'."?.:f;'f‘. A T i =

Iﬁﬁdy =3)’z.
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Fmally Express f (x s z) k(x,}’, z) +g(y, z) + h(z) usmg thresilts.
Therefore, f(x,¥,2)=x"cos y +3y°z 22,

: j k
9 a8 3 )
x % a |
29+2° x* 2xz-6cos3z
Therefore, the vector field is conservative. |

Determine Potential Function: |
Variable separation: Suppose f(x, y, 2)=k(x,y,2) +g(y,2) + h(z).
First: Evaluate k(x,y,2) = [Mdx. |
Thatis k(x,y,2)=[Mdx = j’(zxy+z5)dx =x'y+xz’.
Second: Evaluate g(y,2)= [(N—k,)dy
Thatis g(y,2)= [(N—k,)dy = [(x* —x*)dy = [0dy=c.
Third: Evaluate (z) = j‘ (P-k,-g ).
Thatis h(z)= [(P-k, - g,)dz = [ (2 ~6cos3z~2:2)ds
=I—6(:os3zdz =-2sin3z
Finally: Express f(x,y,z) = k(x,y,z)+ g(,z) + h(z) using the results.
Therefore, f(x,y,2)=x’y+xz’ —2sin3z.
d) Test Conservativeness: Here, M = =2y +e’,N=x'+2)z,P=y" +xe’

Then, 6P oN 3P oM aN oM .Hence, Fis conservatwe
'Yy ax @ o O

Potential function:
Variable separation: Suppose f(x,,2) = "(*"J" 2)+ g(y 2)+hz).

m‘t‘ Evaluate k(x,y,z)= Ide
Thltis k(x.y.z)=Ide=I(2;y+e‘)dr=x’y+”z"

T——— ¥

¢) Test Conservativeness: curl F =




A land Book of Appled Mathematics1by Begashaw J . For
Second: Evaluate g(y,z)= J(N -k, )dy
Thatis g(r,2)= [(N-k, )y = [ (2" +202 —x")dy = [2yzdy = 2
Third: Evaluate i(z) = I(P ~k, —g,)dz.

Thatis h(z)=[(P-k,—g.)dz = [ 43" —xe -y )t = [0dz=0.
Finally: Express f(x,,2)= k(x,y,z)+ gy, z)+ h(z) using the results.

Therefore, f(x,y,z)=x"+xe’ + y’z.
oN oM

e)Here M=¢’ ,N=xe’ +y=>—= ¢’ =— . Hence, its is conservative.

2

%=M=e" =>f(x,,v)=xe”+g(y).%=N:>g'(y):y=>gtv)=y?+c

2

Henoe,f(x,y)=xe"+y?+c.

f) First: Evaluate k(x,y,z)= [Mdx.
Izyzzz
2
Second: g(1,2)=[(N-k,)dy = [(*)z* -x"yz")dy =[0dy=c.

Third: h(z) = I (P-k.-g.)dz= j(xi y*z-x*y*z)dz = I(]dz =(.

That is k(x,y,z)= Ide = J.xyzzzdx =

1
Therefore, f(x,y,2)= Exz y'z' +c.

¢) Similarly, we get Fis conservative and f{x, y,z) = — +c.
y

YOUur comments and syomacis ™ .

o SR e

2. Find a so that F(x,y,z) = 2xi+(x’ -3a@z)j+(y* -3a)k is conservative.

Solution: To be conservative, we have curlF =0.

i ) k

0 0 0
HEHCC,CUI']F'—"O:?E; Ey“ E =(2y+3ay)i=0

2y x*-3az y'-3a

= yGa+2)=0=>a=-1
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3.7 Line Integrals of Scalar and Vector Fields

3.7.1 Line Integrals of Scalar Fields

Definition: If fis a continuous scalar field on, 4 smooth curve C parameterized

by r(f)on [a,b], then the integral L f(x,,2)ds is said to be the line integral of

fon C.Itis defined as_L f(x,,2)ds = I S W), y(0), () | ()]t

As we see from this formula, to evaluate Jine integrals;

First: Compute ds =" ()d where |r'(1)] = X' ()" + y (1) + 2 (1)’

Second: Use the formula: IC S(x,p,2)ds = I f(x(0), y(r),z(t)).”r'(r)ﬂd! by

replacing x,y,z in the function f with their parametric expressions.

Examples:
1. Evaluate the following line integrals

a) L(syz-s)z—x’z)ds where C:r(f)=2f+£+2k,1<r<2.
b) L,/nyds where C:r(f)=2fi+12j,0<¢<1.

.
c) _L3x2}zds where C:r(t)=ti+t’1+-3-r3k,05151.

Q) [ =

J
) J;(SHJ’)dS where C:r(t)=4costi+4sinfj+3k,0<r<7.
D .L(“‘)’)df where C: r(f) = (€' +l)x+(e -1)j,0<t<In2

Solution:
 First: Compute ds = |r'(r)jdt : Here, r(f)=21i+fj+2%k.

Then, £'(r) = 21 + 4 2k > @O)=v4+1+4=32ds = (et =3a.

RO T S

ds where C:r(f)=2costi+2sintj+tk,0<1<27.




]1l by, fepushma B 2525

nctlon of r and apply the fonnula_
we have x=2,y=t,z=2.

"'*.‘.r.-"‘."""" Mol W:

J ’ ‘F‘) Wl |

-SecondExp the mtegrand f asa

From the parametrization )= 21i+t]+2tk
3 3

Then, f(x,5,2)=8%"-3yz-x"z=> f(1)= =16 -6 -& =8 -6

Thmfore.Lf(x,y,z)dw= I 110 40 & =f X8 -6r)r =320 -2 =ap
b) Here,r‘(r)-2i+2rj=>|r'(r)l—J4+4t3 2J1+: |
HmLf(x,y.z)dr f f(x(r), y(r) z(r))!r (rﬁd: _[Jl +1 (V141 )d:

‘ -Zf(l+t’)dt 2(:4--—:4 2(1+-')-

() =i+2§+ 2k =>|r'(:)g =V1+46 +4r -J(1+2r=)= =1+21*

 Hence, [ f(x,y,2)ds = [ f(xa),y(r).z(r»ar o= 2 (1420

! A2 12
=[O +4t =(=+2°) =—+2=—
Jor +aryt = s-,_{ﬁ 5720

d)r'(.') -2mﬁ+2mstj+k=>lr’(r]=\ﬁlsm ;+4m t+]= J'

a5 5
HmLf(x’y’.z)&=f!4ms;'+4sﬁ:: I d-_(]* )

&) x(¢) = oost, y(r) = sint, 2(r) =3t (1) =—dsini + dcosrj+ 3k,
Irol= J_ﬁsm t+160s r+9=J16(sm, £+c0s r)+9 =V25=5

Hence, [ /(% y,2)ds = j ($+lﬁeosrsm£)5d‘=253
nrm= e’l+e’j=>|r'(r)| Je"u =42¢=r =3
[ e+ yds = j‘(e'+1+'e' I)Jie’dhf jze’*d: J‘ze"[:" 33

r| .r f *‘: H‘ﬁ;-ﬁn L..u:n—tf A e
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2, Evaluate the followmg lme intes gr als ‘ HE For

L...--ds where C:x= ty-zr”’ 0<r<3.
) l+x ) 3

b) .[:(xy”)dg where C: smﬂ+smrj+smrk 0<;5_

6
) [ (1 -2yz +:2)ds where C:r(t)=ri+fj+mkI<r <2,
d) L(f-py’)df where C:m@’ﬂ+si:1’tj,0$tsg—.

Solution:

a)r'(f)= 1+f1=>|r(t)ﬂ Jﬁ

. ; ’ﬁdr_
Hence, Lf(x,y)dvf!f(x(r),y(f))llr'(_t)lldt:j; = ] =2
b)r'(r) = costi + cosj +costk = r'(r)] = V3cos’t =3 3|cos |

~ Since cost 20 on 05!5£,Ir'(t)|]=ﬁ|eosr|=ﬁoos:.

i

o, Lf(x,y,Z)ds' f 'ﬁsm t+snr)cosrc#-J§[sm L 'I V3
c)r'(t)-i+1+k=>|]r(r)||-m =Band (=77 -27 +F =6,
Therefore, Lf(x, y,z)ds=j f(r)ﬁr'(r)ﬂdmﬁj 6r'dt =243 =143 -
9 lr'(r)n¥3Jcos=:sin%(c::.s%;sm’ f) m@mm = Joostsind

Since cost > 0, sinf > 0 onos:siz'-,lr'(r)|=3|eos:sm:|=3cosrsmr

x/2 x/2

Hence, Lf (xy,2)ds =3 Ioos"’rsm tdt +3 jsm"rcostdf
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3. Think About: Suppose¢ L(S + y)ds =30;rr where Cis a circle ceﬂtered
the origin. Find the radius of this circle.

it is parameterized by

Solution: Since Cis a circle centered at the origin,
- 2z

<27 Hence, [ (5+y)ds = [(+rsiniidt=10p
: - v .

=307 => r =3 units.

r(r) = rcosti +rsing, 0<t

Then, using the given value we have 1077
Remark: In each of the above examples, we arc given the curve Cwith s

parametric equations. But in many cases, we may need to evaluate a line
 integral in which the curveC is not given in parametric form. In such cases, we
use the basic parameterization techniques that we discusscd in Section 3.4.

Examples: Evaluate the following line integrals. .
a)- L(x-i- y+2)ds where Cis the line segment from OLD)t0 (223).

b) Lw where Cis the circle x* +y’ =4
c) L(x+y)ds where Cis the upper half of the circle x*+y* =25 in CCW
direction. o '

d) L,Il+91yd9 where Cis the graph ofy=x" for 0<x<1

) [ (2y-5yz)ds where Cis the line segment from (1,0,)to (0,3,2).
Solution: In each of the problems, the curve C is not given in parametric form.
So, our first task is to find the parametric representation of the curves.

a) Using the parametric equations for line segment, the line segment from
(0,1,1)to (2,2,3)is parameterized by
x=2t,y=1+1,2=1+2,0515], r)=2i+j+2%k =[r@]=v9=3

1 ' 1
Hence, L f(x,y,2)ds = If (I(f),y(f),z(f))ﬂr'(f)ﬂd! =3_[ (2+5¢)dr = %Z
0 S0,
b) The circle x’ +y* =4is parameterized by x=2c0sf,y =2sint,0<¢ <27

and thenr'(¥) = _2sinfi+2c0sfj =] r'(f)f=2

RIS (R T L R S B
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Hm@ L*”d’ 2j4cosrsmrdr 4jsm2:d:=-zeos"- -

)Theupperhalrofthe circle x? +y? =25 in CCW direction means the semi-
wc'e from the positive x-axis to the negative x-axis as shown below.

i " |
¢ (0. 5) ) ; - . ' - -
| /f\C:x=Scom‘,y=Ssmt,OSt$x |
=30 is‘u)x‘ 4- I

The circle is parameterized by C:x= =5c0st,y =Ssint »0 <1 < 7 (observe that
we used the interval to be 0<t<rz but not 0<t<27 because C is the
semicircle not the full cu'cle) and then r'(t) =-Ssinfi+Scosfj=>|r(1)] =5

Hence, L(x +y)ds = SI(Scost +35sinf)dt = 25(sin¢ -eosr)l: =50
/ _ ;

d) Here, y = x* suggests a parameterization of x = ,y=for 0<1<1.

Thus f(x,y)-,}1+9 = () =1+9% r'(t)=i+3r’]=>||“(t]-sll+_
: I Ve
HMI(\’IWI )(Jl+9r =!(l+9{ )dt=t+-?L=-g

¢) The lme segment from (1,0,1)to (0,3,2)is parameterized by
*=lohy=3tz=141,0<1<1, K(0) =-143j+k | =M1

! ! o
Henoe, [ £(x,y, z)ds = {11 [ [6101-)=15¢(1+ )l = AT [ (206" -0y

=V1(-7° -2 t)r 23‘[—

i e e e e AR YA e R Y
L 18 Kot v Yoy hﬁ__.'al’;.."!jl,_ﬁ_]a_ﬂl 0% :erttc ﬁ?i:&’ﬁ:" ‘:5“':& ’1"
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Hence, L).)ds 2]4cosl‘smrdf =4 Ism

¢) The upper half of the circle x* + y’ =25 in CCW direction means the semi-
circle from the positive x-axis to the negative x-axis as shown below

) ?)’ ‘
A T L
/\'C:x=5cost,y=5sim,os:sz -
. o ._
=30 | 6o - |

The circle is parameterized by C:x=5cost,y=5sint,0<¢ <7 (observe that
we used the interval to be 0<f<a but not 0<S¢<27 because C is the
semicircle not the full circle) and then r'(f) =-Ssind +Scosfj =] r'(H] =5

Hgnoe, L(x-l- y)ds = Sli(ﬁoost +5sint)dt = ZS(sht-eost)l: =
0 : :

d) Here, y =x* mggestsapammetcﬁmﬁonofxét,ynt’for 0<t<l.
“Thus f(x,y)= 149 = f @O ="1+9t" ,1'(:)=i+3¢‘j=>|r‘(t]=_Jl+9l‘_

R

! 1 g 9‘5
- Hmoe,i(\ﬁ+9t‘)(\ﬁ+9r‘)dt=!(l+9f )d‘=f+—5—\ =3

=l
e)Thelmesegmentﬁ'om (L0,))to (0.3,2)is parameterized by
x=1-t,y=3,z=141,0515], r'(t)—-l+31+k=>|r'(t)|=,f_

Hence, | f(x,,2)d5 = = ][61(1 )= 15601+ Ot = =41 [(—21: —onyde




BOETPUITS LYK IS 2104 UV G IS ITETR)

372 Lme]ntegralsof Vector Fields

Definition: Let F = Mi+ Nj+ Pk be continuous vector field defined op ,
smooth curve C parameterized by r(¢) = x(2)i+ y(1)j+z(k,a<1<b.

Then, the line integral of F on C ,denoted by J;_F .dr, is defined as

LF.a’r = [ F(x(), (8), 2()x' ()t

More precisely, using '(¢) = x'(¢)i + y'(¢)j+ z'(#)k and the dot product

b
operator in Fx'(t)dr , we get J.CF dr= I (Mx'(t)+Ny' )+ Pz'(t )t .

dx dy
Using th tati t)y=—,y'(t)=—,2z'(t)=—, we have
sing the notation, x'(¢) = y'(1) 7 z'(¥) =
i'ﬁr-+N‘iy+}'—":fz

—

[Far= j' F(x(0), (1), 2(0)x' (0t = | ( ar”dr e

Evaluation Procedures: To evaluate _L Fdar;
First: Express the given field F as F = F(¢) in terms of the parameter ¢ and
evaluate the dot product F.r'dr using (1) =x'(0)i+ y'(0)j+z'(Ok .

b
Second: Evaluate the integral using, LF 4r = I F(o)rx'(r)d:.

Examples: Evaluate the line integral LF .dr where

a) F(x, y,z) =8x’yzi + 5zj— 4xyk where C:r(t)=1i+1 j+t’k 0<z<l1.

b) F(x,y,z) =2zi+xj+y’k and C is boundary of x* + y* = 4in the xy plane
c) F(x,y,z)=zi—yj—xk and C:r(r) = 51-—smr_|-cosrk,05:s;;/4

2 2

d) F(x,y,z) = 3yi+3xj and C is the ellipse -§-+J’-4— =1in the xy plane.

€) F(x,p,z) = ye" i+xcos y’e”’k and C:r(f)=e'i+¢'j+3k,0<r <l
f) F(x,y,2)=pe"i+xe” j+°kand C: () = '+ €'j+ 3k 0 <1 <1




- ".., ...__-t ""-. 3 . B oy Weoagpe,
S0, Snggestions irse (930-K1-62-5/

Golution:

dx
Hee, ) =0 YO =C20) =P Z L\ Y 5 dr

Fromthefield F, M(x,y,2) =8x"yz, N(x, y, 7) = 52,P(x,y,2) = -4xy.
S0, M(1)=8t",N(1) =5t",P(t) =4 = F(r) =87} 4 5 -4k
1
OV AP
Hence, LFdr _![M. 7 +N'E+P'Et—)dr=-[[(81? +10r* -12:’):1;:1

b)In thexy plane thecircle C s parameterized by, r(r) = 2 cos i + 2sin f,z=0
for0 <t <27 sothatr'(f) = —sinti + 2 cosyj.

Besides, M(x,y,2) =22, N(x,y,2) = x, P(x, y, z) = ?,
Then, M(r) = 0, N(r) = 2cost, P(t) = 4sin’ tand F(f) = 2 cos f + 4sin’ tk

ix x 2r i
Hence, LF' 4r = I F@)xr'(Hdt = J4cos: tdt = ZI(I +cos 2t)dt = 4rx
0 0 0

xl4 ik
c) HM,LF.dr= I(—sintcust—Ssint)d;:"o;f’.l_sms,{ _ lUJi-?l
0

d) The ellipse is parameterized by r(f) =3cosfi +2sin#,0<t <27

2x : s 4
Hence, [ F.dr = [ F(t)x'(t)dt = [ (~18sin’ £ +18cos” 1)t
' : 0 0

ix 2z
=18 [ (cos® ¢ - sin’ r)dt =18 [ cos 2t =9sin 24, =0
0 0

r=l

¢ =l(e'1 _.e)

s L

1 ] 1 l
¢) [Far= ! [e'e” &' +¢ cos(e”e” ).0)dr = !e”e"‘ dr=—e

0 Here,x()=¢', ()=, 20)=3, 5 =¢' = £ =0,

Using the substitution, u = e’ =>du= 2e¥e” di ,we have

_LF.dr =jF(t)f(;)¢ =j’(ezrec" +e"e""}fl =j'222'e'”dr = : e




Addttml‘y nf Lme lntegrals
Suppose an oriented curve C is not smooth but piece wise smooth composed of

smooth curves C,,C,,...,C, such that C=C ,UC,U..UC, as shown.

290

Then the line integral over Cis given by I Fdr= Z I Fdr.

k=l C,

Particularly, for C=C, UG, UC,IFdr IFdr+IFdr+IF.dr

G

C: Piecewise smooth curves

) c=qUGU...UC, i) €=C, UG UC,

Examples: Evaluate ICF -dr where

a) F(x,y)=xi+ yj and Cis the triangle in a plane with vertices A4(0,0), B(1,0)
and C(0,1)oriented counter clockwise (CCW).

b) F(x,y,z)=xi-yj+(x+z)k and Cis the triangle in space with vertices
A(1,0,0), 3(0,1,0) and C(0,0,1) oriented counter clockwise (CCW).

Solution:
a) Consider the diagram to determine the parametric equations of the curve.

C=C,UG UC, where
C:x=1y=00<r<1
C:x=1-2,y=¢t0<151
Cy:x=0,y=1-10<2<1




:dr= j rdt = -;-;On C,: | Fdr= j [(1-0)(-1)+ 1)t =j(2r—1)d: =0;
' 0 ; 0 o .t

on G
1 . 1 1
on G :IF dr = _[ (1-0)(=Ddt= f(r—l)d: i
G . )
<51
Therefore, |Fr = [P+ [(Far+ [Far=>-2=0
tric equations of the curve.

b) Consider the diagram to determine the parame

b4

q:xsl—t,y=tz=0,05t51
G

(63 x=0,y=1-1.z=105¢5l1
:x=t,y=0.z=l—t.05t$l

Cc=(0,0.1)

=010 G

On C, :LFAr=j[(1—t)(—l)-t]dt=j—ldt= —i; On G, :Lf.dr = ildt =1;
0 0 0

OnG;: LF.dr - j[r+ (t+1 —t)(-1))dt = j (t-1dt= --;-
0 0
1

 Therefore, Lpdr=LFdr+LFdr+Lf'-df=‘l+l'%= 2¢.



3.7.3 Lme lntegral in leferentaal v T

A line integral of the form [ Mdx + Ndy + Pdz is kown as differential form.
C

The procedure of evaluation of this differential form is the same as the
procedure of a line integral for the vector field 7 = Mi+ Nj+ Pk .

That15[Mdr+Naj»+sz JFd‘r I( —+N—+P—-}J

c

Examples:
1. Evaluate the following line integrals

a) [ s+ (x+ 2)dy + 2z where C:r(f)=(t+Di+(t-1)j+1’k,~1<1 <2

b) L(e‘ + y)dx +(x+2y)dy, where Cis aline segment from (0,1)to (2,3).

¢) szydr+(x+z)a)w—.1yzzzdz, where Cis arc of the parabola y=x’in the
planez=2 from A4(0,0,2)to B(1,1,2).

d) L ydx +2dy+xdz, where C consists of the line segment from (2,0,0)to
(3,4,5) followed by a line segment from (3,4,5) to (3,4,0).

) [ (y+2xe e+ (x+ 3¢ )dywhere C:r(t) = ri+Infj+1k| <1 <4
f)L-—zydr+mbz+32dz where C:x=cost,y=sint,z=31, 0<t < 27.
Solution:

LI

e
a) Here, x(f) = r+1y(r) t- l,z(:) §* dr- r- Er_ %

Besides M(f)=1* -1, N(t) =t* +t+1,P(f) = ¢*

So, I.gzdx+(x+z)ay+z’dz=i(r’ ""’“'1"":"'2!’):11
¢ -1

I(2f’+211+f}ft-(—-f +2t tz 2 K
1 6 3 2 -1-—2-
s i e

V. N




p) Here I- lme segment in ﬂ“-‘ Xy- p]ane from (0 1) to (2 3)18 parametenzed by g

-1+2, 0<t<land dv=2dl,dy=2dt.
I:zfy

Henoc.[(é’ +y)dr+(x+2y)dy 2I(€ +8t+3)dt =€’ +13

¢) Here, the curve from A(0,0,2)to B(1,1,2) is parameterized by

2= y=t',2=12, 0<t<land dx=dt,dy=2dt,dz=0.

1
: 2,22 _ [ (4% 942 _43
Hmoe,Lx')mit+(x+z)d}’—n’ z JZ—I(I +2t* +4t)d =

d) L yux + zdy—xdz , where C'is consisting of the linc segment from (2,0,0) to

(3.4,5) followed by 2 line segment from (3,4,5)to (3,4,0).
Here, the line segment from (2,0,0) to (3,4,5) is parameterized by
C x=t+2,y=4,z2=5t 0st< 1and the line segment from (3,4,5)to (3,4,0)

is parameterized by C, x=3,y=4,z=-5t, 0<t<I.
Evaluate the line integral on each segement separately:

43

On C: [, )ub:+zay+mTLFA.-:I[4:+20:+5(:+2)]J: =j;(29:+1n;-:— =

On C,:L}dx+z¢;+nk=LFdr=i—15dt=-15

Thus, by additivity of line integral, LF-dl‘ LF-d""'L‘f"dr'ig_ls—%

2.

vt

"LU’+WM+(x+x’e’)dy=j(-2!-“}-+t+ +i)dt=2In4+15
2t
0Hﬂqdz=~shrdt,¢p=m;d;’¢ =3dL.

Hence, L‘M+xz¢’+3:dz= zjf(3l'sinzr'-l-lircac:a'.2 t+3t)t = Tﬁfdf =127".
. 0 '

TR
L' | F N




. ii‘f-"l _
2. Evaluate the followmg lmf: mt

a) L)dr—xdy+.1jzzdz and C:r(f)=e"'i+e'j+k,0<t<1.
b) [ e*dx+xydy +xzdz and C:r(t)=fi+tj+2k,~1<¢<1

- 3 b4
c) _szdt+yza)’+3220kwhere C:x=smf,y=cosr,z—r ,05:5—2-

where C:x* +y* =9

Lxdy - ydx
xt+y?
e) L}dr—m)wwherc Cis the parabola y =x’ for 0Sx<3

Solution:

a) Here, Lydx—x@ﬂ)z’dz = j(—l -l'+l'2)d! = !(I:'—Z.)dt =%--QJ. =—

! 3
b) Here, [ e*dx +xpdy + xyzdz = j(e' +r’+4t’)dr=e'+%+r‘

z{2 5

c)Lx’dx+y=ay+3z’¢ js:’dr ,| z—_.

29cos? tdt +9sin’ tdt
=|dt=2

9 L x*+y? '! 9cos’ ¢t +9sin’ t '[

e) Here, the curve is parameterized by x=t,y=1,051<3.

=3

=-9

=0

3

Thus, L)dr-ﬂy =j(}’ -2")dt = -]':’d: = -?
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374 Fundamental Theorem of Line Integral |

(For Conservative Vector Fields)

Let C be an oriented curve with initial point P(x,, y,,Z,)and terminal point

o, s z)as shown in the diagram below.

I

0(x,y,2)
P (X9.¥p:20)

Fundamental Theorem of Line integral:
Let F be a conservative vector field with arbitrary potential function f (that is

F =Vf). Then, a line integral from P to Q along a curve C is given by

4
[Fodr=[Far=[ ¥ -dr= @~ S (P)= (532 =S (oY)
P

This theorem tells us that if a vector field is conservative, then the line integral
depends only at the end points of the curve but not the parameterizations.

The basic advantage of this Theorem is that it helps us to evaluate the line
integral without finding the parametric equations of the curve. Even when it is
impossible to find the parametric equations of a curve, we can evaluate the line

integral LF - dr provided that F is conservative.

Remarks:
i) If F is conservative, then there is a potential function f such that F = Vf .

ine integral LF . dr is independent of path.
LF-dr =0 for every closed pathC.

ii) If F is conservative, then the 1

iii) If a vector field F is conservative, then
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3.7.4 rFundamental Theorem of Line Integral |

(For Conservative Vector Fields)

Let C be an oriented curve with initial point P(x,,y,,z,)and terminal point

o, »s z) as shown in the diagram below.

Ih

(% y.2)

P (x5.%9:20)

Fundamental Theorem of Line integral:
Let F be a conservative vector field with arbitrary potential function f (that is

F =Vf). Then, a line integral from P to Q along a curve C is given by

: |
[F-dr=[Fdr =] Vf -dr = f(@=(P)=f(3:2)= S (oY Z0):
P

This theorem tells us that if a vector field is conservative, then the line integral
depends only at the end points of the curve but not the parameterizations.
The basic advantage of this Theorem is that it helps us to evaluate the line

integral without finding the parametric equations of the curve. Even when it is
impossible to find the parametric equations of a curve, we can evaluate the line

integral LF .dr provided that Fis conservative.

Remarks:

i) If F is conservative,
ii) If F is conservative, then the line integral [F-drisin
then LF-dr =0 for every closed pathC.

then there is a potential function f such that F = Vf .
dependent of path.

iii) If a vector field F is conservative,
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Examples:
[. Verify that F is conservative and evaluate JF -dr where
E

a) F(x,y,2)=(2xy+27)i+x j+(2xz—zsinz)k and Cis a curve from
(3,-LDto (2,3,1)along a certain path.

b) F(x,y,z)=2xyi+(x* + y)j+2zk and Cis the curve from (-1,4,0)to(1,2,4)
¢) F(x,y,z)=)zi+xj+xk and Cis a curve from (1,2,3)t0(2,3,4)

d) Lx y'dy+x*y’dy where Cis a curve along x = t,y=3+£,0<r<1
e) L y’dx + 3xp*dy where Cis a curve along y =x* from (1,1)to(2,4)

Solution:
a) Test Conservativeness:

curl F= =(2z-22)j+(2x-2x)k =0

R o=

2y+2° x* z-msinm

Therefore, the vector field is conservative.
Determine Potential Function:
Variable separation: Suppose f(x,y,z) =k(x,y,2)+g(»,z) + h(z).

First: Evaluate k(x,y,z)= jMdr .

Thatis k(x,y,z)= IMdr = I(2.gr+zz)dr =x’y+xz?.

Second: Evaluate g(y,z)= I (N=k,)dy

That is g(3,2)= [(N~k,)dy= (" -x*)dy = [0dy =c.

Third: Evaluate h(z) = _[ (P-k,—g.)dz.

Thatis h(z)= J'(Zaz —zsinz-2xz)dz = I—:rsin::za‘z =cosz

Finally: Express f(x,,2) =k(x,y,2) + g(,z) + h(z) using the resy]ts_

Therefore, f(x,y,z)=x"y+xz’ +coszz.

PMET ATLHN(147 D D¢
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Hence, DY Fundamental Theorem of Line integrals, '

[Fdr =[5/ dr = fQ3D= B~ =13+7=20,
b)ClearlyF is conservative. (Justify!). Then, find f such that F = Vf.

5

After some ups and downs we get f(x, y,2) = Pyt

Hence, by Fundamental Theorem of Line integrals,
LF dr = jCVf dr = £(1,2,4) - f(-1,4,0)=20-12=8.
¢) Clearly F is conservative. (J ustify!). Then, find f such that £ =Vf .
Here, we get f(x,y,z)=9=.
Hence, by Fundamental Theorem of Line Integrals,
LF odr = ICVf-dr = f(234)- f(1,2,3)=24-6=18.
d) In this case the line integral is given in differential form LMcivc + Ndy .
For such situation, conservative test is applied by assuming as the force is of the
form F = Mi+ Nj. In our case, F(x,y)= Syli+aty’y.

. ; 1 :
Hence it is conservative. Here, we get f(x, y) = Zx* y*. Besides, find the end

points of the cun;re. Observe that the end point of the curve corresponds to the
end points of the parameter. Thatis P=(03)att=0,0=(4)at t=1

Hence, [ F-dr=[ ¥/ +dr=1(9=10)= 64-0=64.

¢) Here, M, =3y*,N, = 3y° => M, =N_So,Fis conservative.

Besides, its potential function is f(x,))=2".

Therefore, | F-dr=f(24)- fan=128-1=127.

2 Given F(x,y,2)= (20 +32)i+ (x* - y1)j+ (Bx—6e™)K.

a) Show that F is conservative
b) Find the potential function of F

¢) Evaluate | F.dr using FTLI where C is the curve from (0,0,0)to(1,3,))
) |

VR G hSANY: 162
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e . ” ' — : 0T 18 | [
Hence, bY Fundamental Theorem of Lin¢ integrals,

LF-(!}' = LVfdr = f(2~3‘1)_f(3’_],l) =13+7=10.
b) Clearly F is conservative. (Justify!). Then, find f such that /"= V..

¥

After some ups and downs we get  f(x,y,z2)= v+ 12_ + 2,

Hence, by Fundamental Theorem of Line integrals,
[Fdr= L‘Ff dr = f(1,2,4)- f(-1,4,0)=20-12=8.
¢) Clearly F is conservative. (Justify!). Then, find / such that F =V/.

Here, we get f(x,),2)=0=.
Hence, by Fundamental Theorem of Line Integrals,

[ F-dr= [LVf -dr=fQ33)- £(1,2.3)=24-6=18.

d) In this case the line integral is given in differential form LMdr + Ndy .

For such situation, conservative test is applied by assuming as the force is of the

form F = Mi+ Nj. In our case, F(x,y)= Sylivaty’.

; . 1 X
Hence it is conservative. Here, we get f(x,y)= zx‘ y*. Besides, find the end

v

points of the curve. Observe that the end point of the curve corresponds to the
end points of the parameter. That is p=(03)att=0,0=(Ldat= |

Hence, ICF cdr = L_Vf dr = f(L4)- £(0,3)=64-0=06%

¢) Here, M, = 3y*, N, = 3y =>M, = N_.So,Fis conservative.

Besides, its potential function is f(x,))= .
Therefore, | F-dr= F4)-f()=128-1= 127.

2. Given F(xsyaz)=(zl)’+32)i+(.fz —yz)j+(3x_6e'.':)k.

a) Show that F is conservative
b) Find the potential function of F
¢) Evaluate IF dr using FTLI where C is the curve from (0,0,0)t0 (1,3,1)




Solution:

i i -
d 9 9 =0
a) Test CnnservaﬁvgneSS:_CUﬂF"' F & oz i}
ay+3z x° -y 3x-be

Therefore, the veétor field F is conservative.
b) Determine Potential Function: -
\?anable separation: Suppose f (%, ), 2)=k(x,y,2)+ g(»,2) +h(z).

First: Evaluate k(x,y,2)= IMdr
That is k(x,y,2)= IM'I(M+32)4£:=x’y+3.a. '
Second: Evaluate g(y,z) I(N -k, )dy )

That is g(y,z) -k, )= = -y’ _xz)a:,, I’ zdy___l;_

Third: Evaluate h(z)—I(P-k -g.)az.
Thatis h(z)= [(P—k, - g,)dz = [ Bx—6e™* ~3x)dz = I—-ﬁe"dz--k"
Finally: Express f(x,y,2)= k(x.y,z)+g(y z)+ h(z) using the results.
Therefore, f(x,y,z)=x y+3xz—?—3e2’

¢) By the Fundamental Theorem of Line integral (FTLI), we have
1.30)

|Fde= [Fdr=103))- f(OOO)—-—S 33’+3--3e’
c (0,0,0) .

0

3. a) Verify F = e‘lnyl+—j lsmdepcndentofpathandevaluate [Fadr
o)
©23) ‘
b) Evaluate [ F.drwhere F(x,,2) = 6xpe” i +3¢" j+ 327k
S 00
o) Lt F(x,3,2)=- I P : k.

I+x* +y* +22 14x +y' +2° j+l+x +y +2
Evaluate LF +dr where the curve is C:r(f) =i +12j + k0 < <1,

S FIIDR e ‘lfﬁflﬂiq "1" .«l'
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golution:
. e oM & OoN ‘
’ a)Herc,M=€ vaN-‘;=>‘=}—=—a—x-.SoFlsconsewative.
Thus, by part (ii) of the above remark, the line integral is independent of path.
Besides, the potential function is /(x, y) =¢” Iny . Hence, by Fundamental
(0.)
Theorem of Line integral, [ F.dr = £(0,6%) - £(0,1)=2-0=2.
(0,1)

b) Clearly F is conservative. (Justify!). Here, we get f(x,y,z) =3yer’ i

(0,2.3) (0,2.3)

Hence, IF-d" = IVf.dr = £(0,2,3)- f(1,0,2) =33 -8 = 25.
(1,0,2) (1,0,2)

¢) Clearly F is conservative with potential function

fxy2)= -%ln(l +x2 + y* + 2%) (Verify this!). Besides, from the parametric

equationr(f) =fi +1°j +1'k;0< 1 <1, we have
W)=ty0) =1, z()=1*;0<t <1=> P=(0,00),at t=0,0=(LL]),ar t=1.

Therefore, [ -dr = /(@) £ (P)= f(LL) - F(0.00)= %m 4=In2.
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3.7.4 Green’s Theorem for Line Integrals

Let C be a simple closed piecewise smooth curve oriented countercloc
and let R be the region enclosed by C as shown in the diagram below.

_‘r

R

A
&

Green's Theorem

Let M and N be functions of two variables having continuous partial

(2 My,

derivatives on R. Then, J M(x, y)dx+ N(x,y)dy = J’ J'
c R & O

Alternatively, if F(x,y)=M(x,)i+N(x, )] where M and N have

aN_oMy,,

continuous partial derivatives on R, then ! Fdr= _.,; I ( = o

Remarks: _
i) The conditions: The curve Cis simple means it does not intersect itself,

closed means its initial and terminal points are the same (like a circle, a
triangle), piecewise smooth means the parametric equations of the curve are
differentiable except a finite number of points, oriented counter clockwise
(CCW) means the region R is always lying to the left of the path while moving
around C.Unless and otherwise stated assume the curve is oriented CCW.

if) This Theorem states that the value of a line integral along a simple closed
and oriented curve Cis evaluated by a double integral over a simply connected

plane region R enclosed by the boundary of C.
iii) One of the advantage of Green’s Theorem is that we can evaluate the line

integral LF .dr without using the parameterization of the curve C. It is also

useful to evaluate difficult line integrals that cannot be evaluated using the
parameterization of the curve.
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xamples:
]]E: Using Green’s Theorem, evaluate

2) L( y’ ye* sinx)dx +(x* +3xy*)dy where C is the path from (0,0)to (1,1)
Jlong y=x" and from (L,1)to (0,0)along y = x oriented counter clockwise.
b)l'c(e’: +y°)dx + (ey: +x*)dy where C is the boundary of the region

between the graphs of y=xand y = x?.

¢) Lsin(x: +x)dx +3x*y’dy where C is the triangle with vertices (0,0),(2,0)
and (2,2) oriented counter clockwise.

d) L(sin" x* =4y’ )dx +(4x’ +27y*)dy where C is the closed path along the

semicircles of x* + y* =land x* + y* =9 above the x-axis oriented CCW.

Solution: Always, to use Green’s Theorem effectively, first identify the region
R enclosed by the boundary of the curve C.
a) The region enclosed by the boundary of the curves in CCW is as follow.

C=CI+C2

R:{x’ <y<x

(0,0)
Hence, by Green’s Theorem,
oN oM
M(x, y)dx + N(x, = | (—-—)dA
[ M5 e+ N, )y %3

> [0 +e” sinx)dre+ (¢ +31y°)dy = [[3x*da = 3] j x*dydx
R 0r

1 1 4 6 |! 1
y=x Sy -y X__ XN -2
=3‘!(.!.‘2_];)""”)d'_;:=3.!;(Jc3 -x")dx =3 2 6)l 2
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<t find the here V= = x” intersect.
b) First find the points where y =xand y=x m. g
Thatis x° = x = x =0,x = 1and thus the region is as shown below.

L1 o | L(a"' +y’)b:+(a_” +x’)ﬂ)"_g(23-2y)44

= j! f(h-ly)@iﬂ' =j(21?".l")l; dy

0.0 ekl

¢) The equation of the line joining the origin to(2,2) is given by y =x.

- (22) The region Is described as:
A4  R:0sxs2
‘ 0Sysx -

Y I—
The triangular path with the enclosed region .
Hence, by Green’s Theorem, |

. 2 230 304 _“ 3 | _3f | ..
Lsm(x +x)dc+3x°y dy J]G.xy dal-ﬁ”.xy d;dt--z-fx’dr—w
| R 00 0

fl) The region enclosed by the boundary of the two semicircles above the x-axis
In CCW and its description in polar coordinates is as shown below.

C=C UCU¢ uc, ;(0 3)
x:{ososz B
| 1srg3
x2+}': '?’ .
(-J.'O) G (<1,0 (1,0) C, (3,0).‘ Q

EN7R28 MT AT g iy Wh%im::bﬁimmﬁ 7
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b) First find the points where y=xand y =X intersect. .

That is x* = x = x = 0,x =1and thus the region is as shown below.

[ 3@+ 0b =[x
- R

1z 1
E ]' j: (2x - 2y)dvdx =!(117'-.1~")|:, dx

k. 5 . L x <"
- - e — i —
-'!(x 2 +x*)dx 73 + 3

Tl

(0,0 ‘ ! 37275 30

c) The equation of the line joining the origin to (2,2) is givenby y=x.

(2,2) The region is described as:
R:0<sx<2
c 0sy<x

(0,0)] 2,0)
The triangular path with the enclosed region .

Hence, by Green’s Theorem,
Lsin(xz +x)dx+3x’y’dy = H 6xy’dA= 6?}.1)*’4}{{\: = -;-j'x’dr =16
R 00 0

d) The region enclosed by the boundary of the two semicircles above the x-axis
in CCW and its description in polar coordinates is as shown below.

c=C,UCUGUC,

J0osésx
°{15r53

x’+y3-r:
dA = rdrd 6
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Hence, by Green’s Theorem,

[LGsin™ x* = 4y")dr + (4x* +27y" )y = [[(12%7 + 127 )dd = xzﬁr’drde
R 01

=3

© Sy, 1y

r[2 40 = 3[80d6 = 2401

2. Using Green’s Theorem, evaluate | u

a) Ic(e” —2y)dx+tan™' (ye™ +1)dy where C is the ellipse 9x* +4y* =36.
b) 'L_\h+.7r2 +x‘c&+xe-"’dywhere Cis the path for 0<x<]1, Jx <y<l

c) L(_v+e&)cb:+(2x+cosy2)dy where C is the boundary of the region
bounded by y=x*and x = y?oriented counterclockwise.

d) Lytan’adr+tanxcb# where C is the circle x* +(y+1)? =1.

e) L— 3x? ydx +3xy*dy where C is the boundary of the region in the first
quadrant bounded between the coordinate axes and the circle x* + y* =4.

/) | 2ydx +6xdy where C isthe boundary of the region between the graphs
of y=x*-land y=1-x.

2) L y*dx+(x? +2xy)dy where C is the triangle with vertices

(-1,0),(1,0),(0,1) oriented counter clockwise.
Solution:

a) [ (¢ - 2y)dx+tan™ (e +1)dy = [[ 2dd = 2(Area) =12

b) [Vi+x? +x‘¢+xe”¢;=jjef'd,4=jj_e"¢m.

1
Here, if we need to evaluate the integral J_e" dy directly it is difficult.

So, changing the order of integration is a must.
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o
xS
Vgl

T
%gg.a__-}.z,\(; orx-}-:

| 1 x
From the diagram, to change the order of integration X has to run from x =0to

x = y*and y from y =0to g=l.

1

Hence, [V1+x’ +x'de+xetdy= _Ue'rj_dA =Iie"‘@dr =.I[
R 0Jx 0

0

e dxdy

Pt ] !___“-

oM . ON

L R ACE

¢) Here, M = +e¥*, N =2x+cos ot
) y y P E»

Besides the intersection of the boundary curves y =X",X = y?is found to be
x(x’ —I)=0=>x=0,x=]

Hence, the region of integration is describedas 0<x =

x=x'=2x'-x=0=
1,x? Sy:é\/;

1

1 Jx 1
Thus, L0+e£)dx+(?.x+oosy2)c{y=‘££dwb¢=:!‘(J;—xz) 3
I ldA=n

R

d) Lytan’ xdx + tan xdy =J](sec2 x—tan’ x)dA =
R
x-and y-axes) and the given

between the coordinate axes (the

e) The region
as follow.

circle in the first quadrant is drawn

So, fc- Ixyde+30°dy = _I;I Gy +3x°)dd

-}.Jr’d’dﬂ
20
:
5

-Il?dﬂ =67
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nd the points where y =x" * _land y=1-xintersect.

That is X ! j=]l-x>x +x-2=0x=-2,x=1. Besides, by drawing the

region, we get that x*-1<y<l-x,-2<x<1.
Hence, by Green’s Theorem,

x - |
[ 2y + 6y = j]'4d,4 'I’I4mﬁx 4]‘(2 x—xt)dx = 4(2x_"__1;.)‘ _18

g) First draw the tnangular region enclosed by the boundary of the triangle with
the given vertices in CCW. The equation of the line joining (- ~1,0)to(0,1) is

nbyy=x+land (O,1) to(1,0) is given by y =1-xas shown below.

f) First I fi

give

The region is described as a union of two
simple regions as follow:

R=RIUR:
R :-1£x20,05y= x+1
R,:0sx<£L0<ysl-x

(-,0 (1.0)
0 x+l 1 1-x

[Lyde+ (s +20)dy = jjzdi+jj2di Hzxaydwj]'zxd,dx

=10

= J‘(zx= +2x)dx +]‘(2x ~2x)dx =0
-1 0

U1 oxse T AKT A8 Ub Neomd® ATLINEY e OLAMY NThSAAXE 170



i Bk of et sty 1 egeshe i For yout comments aad suzesiion
. MIRG BOUR O SpET N300 L7 T8 B o i : m%“‘m
3. Using Green’s Theorem, evaluate e Ry

a) L(e’ In y —4xy)dx + .‘:’;-ay where C is the boundary of the region boungeg

above by y =3—x"and below by y =x" +1-

b) _Ltan"(-‘;i)dr+ In(x* +y°)dy where C isth

circlesx> +y* = {and x2 +y’=9in the first quadrant.

c) L(Zy-e'i"")dr+(6x+1fy" +1)dy where C is the circle 2+y a9,
d) L2y’dx +(x* +6xy°)dy where C is the closed path bounded by x*+ y* =1

and the coordinate axes in ted CCW.

Solution:

a) First find the points where y
s L x2-2=0. Us

e circular region between the

the first quadrant orien

y=x*+1 intersect. That is

—3—x*and
x2, we have

ing the substitution, 7 =

1, =—2. Then, t=x2,t=l=>x=¢l.

Fu X =x+1=>x
O:_—p[.—: P

2-—=C)=:>t2 +1—-2=
»s Theorem,

A
Hence, by Green

+M(x’+y’)¢'=j2';-,—:}—,¢4= [ [ cos aurd® =
o1
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g surface Integrals

L

ot T be the graph of a function having continuous partial derivative and
dcﬂnﬁd on a region R in the xy plane that is composed of a finite number of

sertically o horizontally simple regions as shown below.
The surface 2= f(x,))

The basic idea is that the surface integral of
a function g(x,y,z) over a surface 5 in space
can be evaluated using double integral over
a region R which is the projection of
shadow of the surface on the coordinate

planes.

E mmmwmds'
on either of the coordinate planes

Let R be a simple region and suppose f has continuous partial derivative on
R. IfSis the graph of fon &, then the surface area of small differenti?!

element is given by dS = mﬂ By

nedtobe S= IH}' +f,) +1d4.

y)and Ris its projection

waking integration, the total

surface area S of X is obtai

surface with equauon z=f(x
ﬂg(.r,y,z) flef] +1dA.

y=f(x z)and Ris its projection

Case-1: If L isthe
on the xy —plane, thengg(-l’,y ,2)ds =

Case-2: If L is the surface with equation,

on the xz —plane, then yg(.ry ,Z)ds = H (x,y,z)JL +f] +1dA.

x= f(y,z)and Ris its projection

Case-3: If T is the surface with equation,

on the yz —plane, then Q g(x, y,z)ds' = ﬂ g(x ) z)JZ + f, +1dA.
R
AL x> 172
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, Surface Integrals

o 5 b the gfaph o.t‘ a function having continuous partial derivative and
jefined on @ region R in the xy plane that is composed of a finite number of
vertically or horizontally simple regions as shown below.

The surface 7= f(x, )

The basic idea is that the surface integral of
a function g(x,y,2) over a surface S in space
can be evaluated using double integral over
a region R which is the projection or
shadow of the surface on the coordinate
planes.

é\mmmumas
on either of the coordinate planes

Let R be a simple region and suppose f has continuous partial derivative on
R. IfLis the graph of fon R,then the surface area of small differentio!

clement is given by dS = f,} +f, +1d4 By taking integration, the total
surface area S of Y is obtainedtobe § =INL’ +f: +1dA.
R

Case-1: If ¥ is the surface with equation, z=f(x,y)and Ris its projection
2
on the xy —plane, then B' g(x,y,z)ds = ﬂg(x,y,z)‘rf,’ +/f, +ldA.
R

Case-2: If T is the surface with equation, y = f(x,2) and Ris its projection
2 2
on the xz —plane, then gg(x.y,a'-)df = ﬂ gy 2NS, +f +1dA.
R

Case3: If T is the surface with equation, x = f(,2)and Ris its projection
1. 71
on the )z —plane, then {!g(x, y,z)ds = ﬂ g(x s Z)v[f o+ f, +1d4.
R
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Examples: I i
1. Evaluate

a) [[3xdS where Sis partof z=x" +y for 0<x<2,0<y<l.
S

b) 2{ Jax* +4)7 +1dS where T is the paraboloid z =X +y below z=4,

C) gzzds where £ is the cone z = X’ +y* for which I < Vx° +y2-53-

3
d) H (x® + y*)z2dS where S is portion of x*+y? +2° =4above z=1.

e) [[ ydS where s the parabolic sheet 2= 4-y*for 0<x<12,0<y<2,

f) ﬂ (1+z)dS where S is portion of the cylinder y* +2z* =4 in the first octant

between the planes x =0andx = =3.
g) gzds where = is the part of the plane x +y+Z= 1 in the first octant.

h) I I +dS where § is tetrahedron or triangular region with vertices

S
A(1,0,0), B(0,-2,0), C(0,0,4).
Solution:

2) Here, £ (%) =2%/,(x)=1= Jries +1=Vari+2.

Hence,

J'j'3xds 3jij4x +2dA = 3[ ij4x +2dydx
—3I (xJ4x +2)dx = =132

2 +y? such that § is the graph of f below z=4.

b) Let z=f(x,y)=X
f integration R (in the xy-plane) is drawn as shown.

The surface and the region 0

R LT O BT By AN




Hcrc,f_l{.l',}’)-—2.\'1_{-.-(-1,}")—2)323'fo +f_-.,. +1] =‘/4'T-+4y-+l .

Hﬂf‘ using polar coordinates
j‘J‘ + 4y flds—luh +4)° *Lff (.3 + 7, (x.x) +1d4

-i

-.-‘lj(-lx +-I_\ +1)di= L [_(4,- + Drdrd @

- s r: : su le
= +T)‘ d6= [ 1846 = 186f;" = 367

¢) Let z= f(x,y) = x> +y* for which 1<{x*+y’ <3 isas shown.

&
Part of the cone between the planes z=1 and z=3

-
, =V
" The projection Rin the xy-plane is a ring

i, Y or annulus. In polar coordinates, itis
G % described as:

0s@<lr
R:
{15?53

dA = rdrdé

Then, f(x,y) = m’

Hence, using polar coordinates

jjz’ds—_-]] ([ +y))2dd= =2 j]' (o +y )A=2[ [ (r*yrdrd6

z
—fj”’—’ de = J'(——-—)j"de 2026 =40V27
d) Portion of the sphereabovetheplane z= 1152-1/4 x -y

‘- g ol T A S - = g .I..._I .-.,L-l.-"' it |
ST GO T (PP Akl R AU A e AR

S0 =75 Lo e fi+1=42.
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S 2 _ o0 lane z=1.
Now, find the projection of z= m on the p

2 _3. Itisa circle of radius r = 03

2
Thatis J4-x' -y’ =1=2% %) ; —
) X y
4

.[[(..’.'z+_}’2)2’§4:£$=H(.1:2+‘],'2)(‘-‘|'-'.¥'2"J":)E = +1d4
R
_off 4y a5 -y )A=2
]J(x +y

= 2.[:' Lﬁ (4r’ - r’)drdf = ZI:IEdH =18x
0

) f(x,y)=4-y' 2 5)=0L,5))= Ly [ =N L

2 p2 3
Hence, [ yds = [[ ¥ iy ldd= [, [ ey’ 1
S R
1 ez, 2, 32| =_I_ 1% ]7.,/1—‘;-]):&:17\/1—'?—1
=I'Z'L 4y + ] M 12-[0(

4=z=f(x,))= 4-y* for

+
_xl_yl 4_x1_y

§

[ [ rta-ryiva

f) Since z 20 in the first octant, yl4zl=

osysz.Themf.(x.y)=0,f,(-r,y)=-j‘[4-—i’—-;;='\&z*f.vz+'=ﬁ_—y=

is not continuous at y =2 and thus we cannot evaluate

Y
But f.(x,»)=
T
the integral formula directly. Rather we use the concept of improper integrals.
: + 1)dydx

= 2 o [ [
L e S

=2l tsin”? E = 6 lim[sin™ E -
- 2l [ i (Jw]dr glimfsn [2]+u]-33-+12

Il-x

g)gzdr.—.{j‘(l-x—y)&ujf+1d4=ﬁ_'[‘!(|-x_y)m

) o
=‘f.‘£_!(l—2x+.1r’--Q-—z-":—)--}f:-*'.r=--‘£i

omarNeT RN
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irst find in€ equation of the plane (tetrahedron) t%rmedby meé;!:npc;nts

h) Firs .
(1,0.0) (0,-2,0), (0,0,4). Using vectors (the idea from Applied I), the normal

| . i j k
vector to the plane is ABxAC=|-1 -2 0)=-8i+4;j-2k.Then using one
‘ ' -1 0 4

of the points say A(1,0,0),the equation of the plane is determined to be
.3(;.;-1)+4y—-22=0:>4x-2y+z=4.Thus,using |

z=f(-1’s.l’)-"4'41"'2}’,f,(x,y)l=—4,fy_(x,y)#2=>JZ’ +f;2 +1=421 .
Besides, in the xy-plane the region is R:0<x<1,2x-25 y <0. Hence,

s = [ it =1 [t = A Jx-20 0= 3

2. Evaluate gg(x, y,z)ds where g

a) g(x,y,2) = chz +4y* +1 and I is part of z=-x2.-+yz below Z=Y.

b) g(x,y,2)=2(x"+ ) and S is the hemisphere given by Sy +28 =2

z) =4z where T is thclportion Z-‘=W— for 1<x*+y’ <4
the cone z= m inside the cjrlinder +y'=4

c) g(x,»,

Solution:

a) Let z=f(x,y)=
First let’s find the intersection of z=X
3 +(y-§)’ =-;:with radiusr=—.

x? +y* such that Z is the graph of f below Zz=Y.
24yt with the planez =y .That i

2 4y?-y=0=X
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Hence, 18ing yolar €oOr rdinates
:_. 'url-i:i_ T‘-l-}r +idS —_ J{ *"- A J.I- "'r'lj”ii :ju .i_.:-"'-h 4 ’] -:A‘i"dg_____
2 / 3
. . 2 .1
b) Here, JPHy 2 _1=z=f{%) N
l’""'-"_"—‘____ ‘_.I" J _1‘_
In cylindnical, x= —rcost,y = rsint/ bl =¥ A 47
¥ Ao 2 1 2 a’
E A(x +y )dS = 1t -y ty) [
| I =i
"

R
. - 9 r—:’.—— 2 . '
¢) Let R be the ring 1<x?+y* <4 and let f(r. V) =45 7Y for(x y) ink

such thatZ 18 the graph of f
we have

on K.

Using polar coordinales,

[azds = W2 [ (7 4= W27
T I3

—4[(4—_)j“d9—15\/'9| =30¥27

d) Here, / (x,¥)= —J—-—:—‘;"J(%}') J——ﬂ\[} + /) 2 1=2
fjm’S Hx,/f + £ +1dA= jj,xfdA ‘/_Ifx‘“

— 4is a circle of radius 2. S0, using

(r*)rdrd6 =42 hf-}-d{?

he projection of x* +y°

In the xy-plane t
described as R:0<6 <27,0<r<2 . Henct

polar coordinates, the region 15

des J_szﬂd J#IFI r? cos Gdrd0
8V2 .

n in
—J—I CJOSH—"'Ddg"-_"J. Cosﬁfﬁ'—-—-j—sm :‘=0

” 177
e .
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ot §be part of the paraboloid z=x+y* within the cylinder x* +y* =1

ﬁ ds and H J1+4zdS .

dS simply represents the surface area of S.

le(dm-? +1ydrd6

jdﬁ——(sf -1)

x*+y =>z= =7

In cy lindrical coordinates, z =

HJ1+4zdS jjJ1+4zf +f, +1dA—_[ [Jiwar fas <4y 4 1d4
ﬂ' Jart +1)(ar? +1ydrd0 = fjo(4r3+r)drd5

00
r=1 oY1
2z rz 3 _
_ I(r4+_i_) do= _[Eda 3z
r=0
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Is over Oriented Surfaces

Ej}j&!ndd ﬂ @L_‘J.fipﬁ
3.9 Surface Integra

ientations:
Oriented Surfaces and Types of Orientation |
' d Book-11. Sectivn 3.8), we have determined the €quation of
a tangent plane at a given point (x;, y.Z,) 10 the Sur ' J ng
i ' 7o )K.
the normal vector N = £, (x,, ¥y, 2o )i + £, (%05 V5. 70)i + /. (j"o=:1"n L
Particularly, to the surface z = f(x, y), the normal vector 1s g.wen by
N:--f (xa:yu)i"_f;,(-rusyn)j'i'k or f;.(xo,yg)l +fy('r0?y0).|_'k .

But either of these normal vectors may not be diffe.renti ablf% at all points. |
If it is possible to find a normal vector = that varies continuously at ANy point
(x.),2) over the surface S (possibly except at the boundary of §), then § i

said to be oriented or two-sided surface. As we explained above, there are wo
choices for the normai vector at any point (x,y,z),

N="f;(xu:yo)i"fy(xoryn)j"'kor f;(xo’yu)i"'j;,(xosyo).i_k- So, either

of these normals specifies the orientation of the surface S .Surfaces in which it

is possible to give unit normal vectors at any points of the surface are said to be

orientable surfaces. The unit normal vectors of the surface are then said to be
orientation of the surface.

In general, surfaces can be oriented in different directions:
1) Surfaces oriented up-ward or out-ward will have positive K components.
In such cases the normal vectors are N=-f (X9, ¥)i =1, (%0, 30)j +k

¥y *Fo -
ii) Surfaces oriented down- ward or in-ward wij] have negati
In such cases the normal vectors are N — L0090

ii) Surfaces oriented to the right will have positiy
In such cases the normal vectors are N=-1 (x,
iv) Surfaces oriented by forward (backward)

UNit Vectorg e »
(negaIiVE)icomponents respectively. Wil have positive
Examples:

¢J components,
» Vo )i +fy(xnsyo)j-k |

Spheres, cones, paraboloids, cylinders are orientap]e surf:
aces.

&..__-




HIAPMMWMQW FWJ“"E@!“W,@J&M :.___ .' "- ' P ——

(unless otherwise specified), closed surfaces are assumed o

i B .‘1:‘

veﬂtl@ﬂ
wo types of orientation.

Orlentatmn
entation: An orientation specified by outward normals.

;emanon. An orientation specified by inward normals. Particularly,
the two types of orientations are as shown in the diagram below.

' )

Possible oreintations of spheres

QOutward normals

i) Negative orientaion

half of a sphere ( a hemisphere), the orientation is upward
eres and downward for the lower hemispheres.

ve:r onented surfaces:
s to the surface integral for oriented surfaces.

_ --.__'N—-fl—fj+kaﬂdN = fi+f,i-k of the surface

- _fi-fj+k i+fj-k |
S-St orm= fit/,] — depending

Jf +f1 41 Jr2+ 1)+

. n is directed upward/outward (that is its k

n has the first form and when n is directed

ﬁggecondfonn
_mcusmonwehavetlmtds Jf +f +ldA

1R0
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1ed), closed syrf.

ention
By conventiorn dCes are assumed 1o

h;;\-'e oo types of orientation.
ypes ﬂf()rientation: | ‘
positive orientation: An onelntanc?n specified by outward normals,

Negative orientation: An Of’lfl'.]tatlm'} specified by inward normals, Particularly,
for spheres the two types of orientations are as shown in the diagram below. |

Possible oreintations of spheres

¢« Outward normals

i) Positive orientation if) Negative orientaion

Here, notice that for half of a sphere ( a hemisphere), the orientation is upward
for the upper hemispheres and downward for the lower hemispheres.

Surface Integrals over oriented surfaces:

Now, let’s see what happens to the surface integral for oriented surfaces.

From the normal vectors, N =~ fi-f,j+kandN= fi+fj-k of the surface
~fi=fitk _ fi+fi-K

L, the unit normal n is n = or i ===
| Jf’z+fy2+1 \‘f: +J, +1

on the orientation of £. When n is directed upward/outward {that is. its k
%mponent is positive) , then n has the first form and when n is directed
downward/inward n has the second form. S5,

. a1
Besides, from the above discussion we have that @S = NTARS PSR

depending

ol A

4

ki
I
||
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Let F = Mi+Nj+ Pkand let Zb

Suppose R is the projection of Z on the xy —plane. Then, the integry given by g!

J] F-dS= H F-ndSis said to be surface integral (flux infegral ) of p Overy

L .
I;epending on orientation of £, the surface integral can be evaluated ag folloy.

i) When I is oriented upward or out ward:

—fi-fi+k —
IF.ndS=H(M+Nj+Pk). \[;':ﬂf;:] ,\/f, +/f,” +1dA

= (|- My, -NY, + Pda

ii) When I is oriented downward or in ward:
H(M+Nj+Pk).(fxi+j;j—k)

J]F-ndS: ‘/_2_2 Jj;2+j;.2+ld4=ﬂMj;+N[,—Pd4
3 R S+ %

Examples: Evaluate HF -ndS where
E

2) F(x,y,2) =62k, Zis the sphere x? + y* + 2% =9 with outward normal.
b) F(x,y,2) = yj+k and Zis the portion of the paraboloid z = x* + y? below
the plane z =4, oriented by down ward normals.
¢) F(x,5,2) = yi—xj+3k,Lis the part of the paraboloid z = 6 - x? - y? above
z=2+x"+y oriented by upward normal.
d)F(x,y,2) = yi—-xj+8k,Zis part of the paraboloid 7 = 9
xy plane, n is directed upward,
€)F(x,y,z) =xi+yj+4zk,%is the portion of the cone
the planes z = -2 and z =1 oriented by upward norma].
f) F(x,y,2)=2xi- yj+6y’k,Tis the part of z =62 _
z =2 oriented by upward normal.

VF I ; ;
.g; .(.r,y,z) n+)a+zk,Elspanofthehemtsphere z=m and n
is directed upward .

~x* —y? above the
2l =2 :
X" +y° between

¥* above the plane
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qolution:

R v '_.\’-:-‘-,f -":\7 ;“i:.\“."., 3 .-
g) Reter Lic JQUUWHIE diaziams. As we see from (he diagrams, the surface of

he sphere €an ke broken into two surfaces, one »

with the lower hemi:;phere and
the other \.nh the upper hemisphere,

l Tha lJppernenlispF era

GOl 3
\\_jéThe!owerhemisphere = e,

z=-J9-x' !

Commonly, the normal vector on the lower hemisphere points downward and
that of the upper hemispherc points upward. By symmetry, the two parts of the
sphere gives the same surface integrals. So, let’s evaluate over the upper
hemisphere and multiply the result by 2 to get the total surface integral.

Here, f(x,y)=9-x’ f(xay)_\{' . f(xy)_\lgj;_’_;z’

Besides, F(x,y,2)= 6zk —M=0,N=0,P= 6z and the projection of the

hemisphere on the xy plane is the circlex” +y” =9.
Therefore, {[ F-ndS = [ (- M, - Nf, + PiA = [[ 6zdd

¥ R x

_ jj 69—~ yrdd=6[ [ No-r*rdrd

-GJ” _9_L)_“i d = 54} d6 =108
3 0

Hence, the total surface integral is / = 2(1087) = 2167

] I
| { l‘ q, ‘,L- % 1,1' '1"“!"k 11
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b) Since the orientation is down ward, the_normal vector is n= /2t f j—k

and the region in the plane z =4 1s the circlex® + y* =4 as shown below.

In polr coordinates,
the region is given by

Besides, f,(x,y)=2x,fy(x,y)=2y,M=0,N=y,P=1 :
([ 7-nds = [[ (v, + N, - P =[[ 25" ~1)d
z i K

2
4 =

e2x p2 % e 2 . II r ?'2
L(Z‘r sin 9—1)rdrd9=[u (sin 9?—3) db

0

odx x
= [ (8sin0-2)d0 = " (4-4c0s20-2)df = 47

C) Here:z=f(x$y)=6_x2 _yl ﬁj;(x,y) = -ZI,f;(I,y) = ‘2}’,
F(x,y,2) = yi~xj+3k = M(x,,2) = y,N(x,y,2) = —x, P(x, y,z) =3
Besides, the intersection of z=6~-x" —y® and z=2+x* +y? is obtained 2s

6-x>-y* =2+x+y’ = x* +y? =2which s a circle of radius r = V2.

So,gF-ndS [j( MY, - Nf, + P ﬁ 2xy = 2xy +3)dd =3 I&[

Ji

" j:jf rdrdf = 31:’—;- d6 = 3[() d6 =3(27) =6r

]

'TJHJ: =) bilra.ub W30 Nh§ AAT: 183
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itere,z = SR =9 = V1= £ (x,) =-2x, f, (x,) =2,
I;.f,):!:) = }'i ""-fj"}' 8k = M(xrysé) =V, N(,\,,y’ Z) — —x,P(x’y’z) - 8

Besides, the projection of 2 =9~ x* — y? on the xy- plane is x* + y? =9.

o, F1S = L{@xy ~2xy+8)dd = SﬂdA =["[ rdrdo =721

) L=yt 4y’ ::;>7—+1Jx +y* . But the portion of the cone z? =x*+y’

between z=-2 and z=1is z=—y/x* +y? on —2<z<0and z=/x* +’ on

0 < z < las shown in the diagram below.

The upper cone z = ..,’xi +y? belowtheplanez =1

_— : 0<6<2x
Region of integration R, : 0<r<l
<r<

The lowercone z = -.Jx’ +y* abovetheplanez=-2

. g 0<8<2x
Region of integration R, : 0<r<?

on 0<z<land

X y
Thus, ﬁ(xdf')=——z———;,f,(~1',}’)= e
x +y X +y

f (x,y)=

£.(%,) = _J
o W X+’

Besides, z=1=>/x* + )" =1:>x2+y2=], and

z=2=5—[x? + )’ —2=>x +y =4.
Hence, we have two regions described by £, .0<6<2r,0<r<land

on -2<z<0.

P
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9<21,0 egral 1s the suin of the

R :0<0<27,0sr<2 such that the surface Int

integrals over these two regions. Therefore,

) " —,Yz B yj 47 dA [ (“_)E:_,j-}_if*ﬂ;-){é
'QF " '[{!(.,,‘.rz+y3 \/F+y: e +':=r! XT3y {
* 2 B oAl XY |

AN :
=H.’%Jx2+y2dA—-HB1}x2+y2)dA ‘i
R, |

R,

”L’ 3r2drdf = '[;Kdﬁ—J‘hSdt9=—I4:r

0

= Ih I;Sr:drdﬁ—j

0 0
f) Here, z= f(x,y)=6—x’ —y* = f.(x,y)==2x[,(x,y)==2y.
and F(x,y,z)=2xi—-yj+6y2k::>M=2x,N=-—_y,P=6y2

Besides, the intersection of z =6 _x*—y? and z=2 is obtained as

6— x> —y*=2=>x" +y’ =4whichis a circle of radius » =2.

SO,HF-ndS=_g(—ML ~ Nf, + P)iA =IRI(4xz 2yt 16y )it

= [[ax® + 4y*aa = " [ ar'drde = [16d6 =327
-Xx
2

R
9) 2= f(x,y)=V9-%" -y = f.(x))= =,/, (%)= —
Jo-xt -yt Phx-v
But the partial derivatives are not continuous at r =3and thus we use the

concept of improper integrals. Beside, the projection of z =, [9_ x*—y® onthe

xy plane becomes x*+ y2 =9.50, using polar coordinates, we get

_ x2+y2 — A
LIF.ndS—g[m+m}

-

9.
e

= lim

w—3

:x I: \/Q_-j

Z rdrdf =9 lim

u—3"

1}- (_”9_r2)ud9=54;r
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3.10 Stokes’s and Gauss’s Divergence Theorems

3.10.1 Stokes’s Theorem (Relates Line and Surface integrals)

[et L bean oriented surface with unit normal n and finite surface area.
Assume 2 is bounded by closed piecewise smooth curve C whose orientation is
induced by 2. Let F' be a continuous vector field defined on ¥ and assume
that the component functions of F have continuous partial derivatives at each

1on boundary points of £. Then, _[CF.dr - H (curlF)ndS = j | (Vx F)nds.
) T

Examples:

1. Using Stokes’s Theorem, evaluate ICF dr ,where

a) F(x,,2)=(2x- y)i- yz2 i- y?zk and Cis boundary of the upper
hemisphere of the sphere x* +y* +2z* =9 oriented by upward normal.

b) F(x,y,z)=3y%i+2xj+z’k and Cis the curve of intersection of the plane

y+2z=3 and the cylinder x* + y* =1oriented counterclockwise.

¢) F(x,y,z)=(z+sinx)i+(x+ y?)j+(y+€* )k and Cis the intersection of the

sphere x* + y* +2° =1and the cone z = Jx* +y* oriented CCW.
d) F(x,y,2)=(x+y)i+(y+2°)j+(z +x°)k and Cis the triangle with
vertices (1,0,0),(0,1,0),(0,01) oriented counterclockwise.

Solution: -
2) The boundary of the upper hemisphere (the upper half) means part of the

sphere above the xy-plane (when z>0) as shown in the diagram below.

» (upward normal)

r‘:
eupperhemlspherez= -x’_-y

The upper hemisphere
with out ward normal _—=i=

R o Ao O B

. | i D>
% 11 ‘,E--m‘“-ui-"
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j k
3 5 @ |_k andupper half of the sphere
Then, curlf = —a-x-‘ ’a; 82 k ke ’
2%¥ -yt -

= )= ﬁ_?’

X +y +z 2=9is
[Fdr= || (urlF) ndS = j’j #)- £, M= S y)i+ ki
c ¢ 2:&'3 19
= ([ kkdd = HdA ”rdrdf? - gl
i
b) The intersection of the cylinder and the pa!ne is as showt.
14
i i k
a @ ¢
chFl-é: e -E =(2—5y}k
3y 2x 2
Here,z= f(x))=3-¥

= £,(x) =0/, &x»="1

[Far= ([ (curtF)nds = J(Z—6y)k.(- 1. )i- 1, (x)i +k 4
c ¥ R

c) curlF =|—

i
0
ox

2zl o
- [[@~6y)ad= [[(@er-6r*sinf)drdd = [(1-2sin6)d6 =27

00 ? 0

J k

"R

9 9 |

y o "

.I-i-_}"2 y+e'

z+sinx

Besides, find the intersection of x* + v+ s2=land z= { = y:

Ly !-""

RGBT AN

AR 0 200 A 09 Rt e ST
i rll |l ills i ’_'G‘:b_n}':.ﬂ"'-f:!: D .'.‘ 1

W;&ﬁnﬁoﬁm menls - and mggrslmns use Mm,%z
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2L Pyt = ich i
EINY =l=>x +y —Ewhlch 1S a wj

: i . 1
Tha[is ; '-h radlUS rF =

—

] V2
. L b — —
g by aking the SUrace t0b¢ 2= F(x,y) =, 7 (x, ) =0, 1 (x,y) =0,

Hence, [ F.dr= H (curlF).nds
¢ 3

= [+ i+ £,00i- 7, (o)

R

I ot 2
:IﬁjdAzL Lﬁrdrdﬁ':jn i@:%

4) Very important Tip! Always if vertices of a rianle or some plane are given,
irst find the equation of the plane formed by the given vertices.
In our case, we are given (1,0,0),(0,1,0),(0,0,1).

Using vectors (the idea from Applied I), the normal vector to the plane is

i j k
ABxAC=|-1 1 0|=i+ j+k.Then, using A(1,0,0),the equation of the
-1 01
plane is determined to be(x;l)+y+z=0,:>x+y+z=l.
This, z= f(x,y) =1-x—y =f (x,y)=-1f,(xy)=-1
Here, curlF = -2zi - 2xj—2yk

JFdr =[] (<221 - 2xj-2yK) (- £, (5, )i = £, (o) +k)id

¢

= [[(-22-2x-2y)da = [[ - 244

=—2i Iafydx =-Zj(l—x)dx =-1

138
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2. Using Stokes’s Theorem, evaluate JCF dr ,where

zj+xk and C is the oriented triangle lying in the plan,

a) Fx,y,2)=-yi+
2x+2y+z=6with vertices on the coordinate axes, with upward normal.

b) F(x,,2) = 3yfi+4zj+ 6xk and Cis the triangle in the plane z = %yWith

(0,2,1),(0,0,0) orienfed counterclockwise.
i+(y° +x)j+(* +y)k and C is the intersection of the

vertices (2,0,0),
¢) F(x,3,2)=(x"+2)
cone z =3yx’ +y* and the sphere;r:2 +y +2°

d) F(x,y,z)=2z+xj+ y’k and Lis part of the paraboloid z=4-x" -’
above the xy plane oriented by upward normal.

= 40 oriented with outward.

Solution:
i j Kk

a) curlF = 4 L i9—-=—i—j+2yl~; and let z=f(x,y)=6—2x—2y.
ox oy 0Oz
-yt z x

Then, the solid and the region of integration are as shown.
z

Region of integration:
0<x<3
0<y<3-x

x+y=3

The solid formed by the coordinate axes ’
and the plane 2x+2y+2=6 The region of integration in the xy-plane
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189 2 | _sicgiss
f > ~LIT ] M= :_" — ——— = I - -i4 i %y
| nere ut I:;:T o7 J }i\

-3y* 4z 6x|

—_— e
-

i, using the given plane z = f(x,y) =2, [(6.3) = 0./, (50) =

Besides, in the xy-plane the regionis R:0<x<2,0sy<2-x. (How?)

Then, by Stokes’s Theorem, we have
([ curif s = [] (i 65+ 60 7,5/, (o i+ R

i Fdr=
’ ; .

. 2 2-x 2

= [[G+6y)aa=[ [(3+6y)dude = [(18~15x+3¥")dc =14
R o 0 0

¢) curlF =i+j+k and let z =3yx’ +y* = f(x,p)

Now. to find the limits of integration from their intersection.

Then, x* +y* +22 =40=> x> +y* +9x* +9y° =40=> x> +y* =4

This means the intersection is a circle of radius 2. Thus,

. . -3x . 3 i Ak
Fdr= || (curlF)nds = || (i+ j+k).(—= i+ = j+k)d4
! J J;J P4yt Py
y -—3_1: _3y . 2z 2 ]
_'J(J — +\F 2 +dd=lim [ [(1-3cos§~3sinO)rdrd
R x ) x"+y 0 u
= 2]{1-—30056’—351’11 6)do = 2(45‘—~35im(E’+3coﬁ:e&?)|:r =4r
0
d) Here, z=f(x,y)=4-xz - 4

2r?

[Far=[[(4xy+dy+Ddd= [ [(4r* cosOsin@ +4rsin €+ 1)rdrd6
c R 00

and curlF =2yi+2j+k

2x ‘
o (léoosﬁ'sin9+§3—2-sin9+2)d9=4:r
0

F 7. L ) P "'I".""._' , T i e o e ok T T s s
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Remnark: Stokes’s Thcorem relates the line integral with the double i”[EgTal :F

the normal corponent of the curl of a vector field. But sometimes, it is Simpler
ine integral as compared t0 the double integral. That is ope
e complex surface integrals by ys;, "

to evaluate the |
the advantage of this Theorem is to evaluat

the corresponding line integrals.
Examples: Using Stokes’s Theorem, evaluate

a) chrIF ndS where F(x,y,z)=xzi+ yzj+xyk and Sis the part of the
S

2 e . 2 2
sphere x* +y* +2° =5 inside the cylinder x+

) H (Vx F).ndS where F(x,y,2)= i+ (ze”
Y
portion of z =1-x* - y*above the xy-plane.

c) ﬂcuriFndS where F(x,y,z)=x'Z’i+y’z j+xnzk and Sis the part of
A

=] above the xy-plane.

~x)j+xIny’k and Sis the

z=x*+y* that lies inside the cylinder x* + y* =4 oriented upward.

Solution:
a) To find the boundary curve first solve the intersections of x2+y*+z° =5

andx? + y? =1.Subtracting x* + y* =1from x* + y* + 2z = 5gives

22 =4 = z =+2. But above the xy-plane is z =2.

z

T 121")’1"'!

In parametric form, C:x=cost,y=sint,z=2,0<¢<2x Hence

i -
[ (curtF)nds = ! Fdr= ! (~2costsint +2sintcosf)dt = Jjom =0
0

s .

T IE 1aPmeP® AT H152 Uer O Fa

ONSAAT 191
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— g(v x F)ndS = IF dr where Cis the Boundary of

C

{ Hond
b) By S[D!;’CE!S Theo
the ¢ surface above the xy-plane.
 the boundary is the circle x* + y = | which can be parametrized as

Bu
FCDS;,y:Slnr 2 =0, 0<1 <27 = dx =—sintdt,dy = costdt,dz =0.
Hence,
H(?x F)ndS = !‘ Fdr= J'zx1 dx + (z.e"“’1 —-x)dy+xIn y'dz
c c

§
(U cos*t(=sint)dt + (0. ¢S _ c0s 1) cos fdi +(cost In sin” 1).0

PR o__.,.__:

L]

1+ cos 2t
( > ]dt =-—E.!(l+cus 2)dt =-7

¢) By Stokes’s Theorem, ﬂacrIF nds = IF Jdr where Cis the boundary of the
s c

cos’ tdt = —j
0

":"‘-——'

¢ ;=xt+yand x*+y' =4
2 —4onaplan

(<2 =>dx=

intersection 0
The boundary is the circle x> +y
s x=2cost,y=2sINHLZ= =4,0<

Hence, H curlF ndS = IF dr= Ix P2+ y 2idy+xyzdz
s

e z=4.Itcanbe parametrized

= 2sinrdt,dy = 2 costdt,dz=0

(o

j( —128cos’ 2,sins+128sin’ teost)df

x
in’1
_.123(59.?._—4._5_.__—) =0

3

—————CTTR G
- n.: 107
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b) BY Stokes's Theorem, J;,[ (Vx F).ndS =_c[F dr where Cis the bouﬁdary of
ihe surface above the xy-plane.
put the boundary is the circle x* + y* = | which can be parametrized as

y=Cc0st,y =sint,z =0, 0=1 <27 = dv =—sinudt,dy = cosdt, dz = 0.
Hence,

H(T’x F)nas = IF.dr = J."'xz dx + (Zfly: - x)dy+xIn y’dz

M C C

- j (0.cos*1(~sinf)dr +(0.e*™* - cos ) cos tdt +(cost Insin” £).0
0

2z ) r 1+ 22
= I-cns‘.fdr r—*-—j[ c052rJdt=_l J(]+cos 2)dt = -1
0 0 2 2 0

j curlF.ndS = j Fdr where Cis the boundary of the
C

c) By Stokes’s Theorem,
5

intersection of z =x* + y*and x’+y*=4.
The boundary is the circle x* +y” =4onaplane z=4. It can be parametrized

as x = Zcost,y=25in!,z=4,05:52:r=>dr=—25inrdr,c§’=2msrdr,dz =0

Hence, Harr!F ndS = IF dr= Ix’z"’d.w yizidy + xyzdz
; ¢ c

= ]{—l 28 cos?rsint +128sin’ rcoss)dt
0

cos’t sin’t =
=128(—+—) =0
5737,
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3.10.2 Gauss’s Divergence

Let D be a simple solid region whose boundary surface X is orienteg by
_ 1 b
normal directed outward from D and let F be a vector field whose compg, e
el

functions have continuous partial derivatives on D.
Then _U F-ndS = m divF(x,y,2)dV .
D

L
Examples:

1. Use the Divergence Theorem to evaluate H F - ndS where

b

a) F(x,y,2)= _13;3;'+ Xy —3:3‘:*-":k and X is the surface of the solid boundeg

by the parabolids z = x*+y*and z P
b) F(x,y,2)= 20xyi—10y°j+62K and T is the solid bounded by the parabolid

i -
7 =6—x"—y and the con¢ z= X +y.

¢) F(x,y,2)= 3 y*j+z’kand Y is the surface of the sphere

x* +y* +2° =1with outward directed normal.
d) F(x,,2)= xyi-p’j+@z+2)k and T i the surface of the solid
bounded above by z =2xand below by the paraboloid z = 4y

Solution:
a) For more understanding refer the diagram below.

¥

The solid above z =X’ +y* and below z=4-x2-Yy

Firs, ﬁndﬂteintasedionafthesurfaces z=x"+y’ and z=4—-x2—y1.
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That is X N S A A +y* =2 Thus the solid using cylindrical

CL)UJ'dIHuILb 1S glVLﬂ b}’ D:0<8< 271',05)‘5 \/E,r <z< 4_,.-

”‘ ol == j [j divF(x, y,2)dV = m (x* + p*)dV = j f T Sd=drd
g b, D r
21 V1 r=\2 Y 3z
= J I(-h ~2r)drd6 = I (r* ——) di= J'—dﬁ— 57
0 0 r=0 0 3

b) divF(x,,2)=V.F(x,y,2) =20y -20y+6 = 6. Since the surface is bounded

by z=6 -x =y" and z=4¥ +y*, first find their intersection.

Here, to simplify the calculation we use polar coordinates.

Thatis z=6-x" =y’ z=\x"+y’ =6-r =r=>r'+r-6=0=r=2

Thus the solid using cylindrical coordinates is given by
D:0<0<2n,0<r<2,r<z<6-r>.

2z
0
2x

= j 36r—6r2 —6r’)drdf = I(]Sr -2r —Er)
0

s
I 6rd=drd@

S — 1o

jj FndS = j [ divF(x,y,2)dV = jjj 6dV

df? 641

r=0

0
¢) divF(x,y,z)=V.F(x,y,2) =3x” +3y* +3z°. Since the surface upon which

the triple integral to be evaluated is a sphere, we use spherical coordinates.

So, in spherical coordinates, the solid is given by
D:0<0<2r,0<p<m0<p<Lldl = P’ sin ¢dpd @d0 Therefore,

ﬂF.ndS = _[U divF(x,y,z)dV =m (3x* +3y* +32%)dV

bJ fj(p 51n¢)dij¢u9 3Jff( ] sm¢d¢5dt9

-]
[

¥ 4 2”

Ism¢d¢d9=§f( cos ) df == jdo_ls

—
—

2
5

0
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d) Hﬂ%ﬁ”ﬂﬁ=” divF(x, y,'r)dV Jﬂ(hy 2~W+4)dV

I
Now find the limits of mtegmtlon by ﬁndmg the intersections of 2= 20y,

2 =x+y". Thatis 2+y=2x=>(x- )’ +y° = 1is a circle as showy,

Besides, using r* =x* +y*,x=rcos@, we have
X} +y'=2x=>r'=2rcos@=>r=0,r =2cos6.
Hence, the region is described in cylindrical coordinates as

0$r$2ms9,-%$9$§-,xz+y2 <z<2x=>r’<$z<2rcosé.

2cos8 2roosd

| [rdzdrde
o 7

ISI fndr= fﬂ divF(x,y,z)dV = I,[ [4dv =4

H'n"—'—vﬂf‘!

(2r*cosO-r’)drdo =4 (

w |

cos* 6-4cos* 6)do

|
NS
in‘—--uln
g
O Sy,
%
oo | =l

8

2
* facostai= frcosrayaont
3 ‘4005 &do =3 '(l+00529) ~3—i(l+2c0529+m5229)d9
=2 2 =
41é 1 22 04si "3
_3_'(2+2co529+-2-ms49)d9=-3-(-2-9+sm29+-!-sin49)| :
2




£
) F(x,3,2) = (xp® +cos 2)i +(x*y +sinx)j+z(x* + y*)k and J is the solid

bounded by the parabolid z =2 —x* — y*and the cone z = 1/.:’ +y.
b) Flx,y,2) = Z’i+x’yj+y’zkand § is the portion of

;=4-x* =y ,z=12=0,

¢) F(x,y,z) =—=2xi +4yj—Tzkand Z is the boundary of the solid region
inside the sphere x* + y* +2z* =4 and outside the cylinderx® +y” =1

d) F(x,y,z)=x"i—xz’j+4xy’zkand L is the surface bounded by the
cylinder x* + y* =1 and the planes 2 = X + 2,z=0

e) F(x,y,z)=2xi—)zj + 3z%kand 2 is the surface of the paraboloid
z=x? +y* capped by the disk x* +y <1 inthe plane z=1.

) F(x,y,2)=x%i+y*j+z°kand X is the teterahedron with vertices
(4,0,0),(0,0,0),(0,0,4) and (0,4,0).

Solution:
a) divF(x,y,z)=V. F(x,y,2)= =2x*+y ?). Since the
first find their intersection to determine the

surface is bounded by

z=2-x" -y and z= x+y,

limits of integration.
That is z=2-% V2= F+y: =>ri+r-2=0=>r=1Thus the solid
s is given by D:OSGﬂZx,DSrSl,rstz-rz,

using cylindrical coordinate -
HF.nds=mdva(x,y,z)dV-m2(x +yH)dV = _! -[ !2r]dzdrd9
L D )
2r 1 4 81
=2! {(2;-3-—;' - )drdé‘ —S-Iudﬂ.e-l—s-
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b)ﬂ F.nds = jﬂ divF(x,y,z)dV = ﬂj(r +y))dV = j j Irdd;dﬂ
|

¢) Here, the projection of the sphere on the xy plane is the circle x° +y =4

r(4-r3)drd9=j 16———9 —)a’ﬁ’

0

ﬁ'l‘-l'-—-. r

and that of the cylinder is also x* + y” =1.

Besides, x* +y* +2' =4z =+,/4-x* -
So, in cylindrical coordinates the solid D is described as

D:0<0<271<r<2 —V4-r* <z<4-r" . Hence,

dr 2 4r

j [ Fonds = m divF(x,y,z)dV = jj ~5dV = -5 j [ r dzdrdf
bedar?

_—IOI I\/4_r—rdrd9 -lﬂjfdﬁ ~20\37

d) Using cylmdncal coordinates, we have

X=rcos@,y —-rsm&,z=x+2=rc056’+2,0_<;r <L,0<6<27

Hence,[[ F.nds = [[[ divF(x,y,z)aV = [ jj 4x(x* +y*)dv
r D
2z 1 reosf+2 2r 1

=] f f [r* cos Gdzard = 4 [ [ F* cos 8(rcos 0+ 2)drde

0
_.4J‘( oS 6'+2c059}1’ 2”
5 3

¢) Since the surface is z =x* + y* for x* + y* <| , Using cylindrical

coordinates the solid is givenby D:0<0<27,0<, < Lri<z<)
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ir | |

[ Fnds=[[] dvF .2y [ﬁ(2+57)dlf = [ [ [@+52)rdzarde

T D 00,2
r 1 27 |
9 _
= I [(— 2r° --r Yrdrdf = J j gr—zﬁﬂzrﬁ)afrdg:g_ﬂ
00 2 0 0 2 2 3

f) The solid is the tetrahedron with the given vertices and the plane containing
the teterahedron is obtained using the vertices to be x+y+z=4. (Explain

how we get this?)It 1s described by D:0<x<4,0< y<4—-x,08z54-x~-y.
Besides, verify that m Qx+2y+2z)dV = 3jj 2zdV Therefore,
D D

4 d4-x 4-x-y
j!.F.nds = ij divF(x,y,z)dV = jg (2x+2y+23)dV =3 ! ! b['g;dzd},d,:
= 3.4. T(4— x - y)*dydx = 64

6 0

3. Use the Divergence Theorem to evaluate HF -ndS where

a) F(x,y,z)=2xi+3yj +zkand S is the surface of a solid inside the sphere
" x* +y* +z% =2 and the double cone z? =x* +y* with outward normal.
b) F(x,y,2)= x'i+)y’j+z’k and Lis the surface of the cylindrical solid

'~ bounded above byx’ +y=4,2=0,z=3.
c) F(x,y,2)= (%’ —e:’)i-l-(y3 + tanzz)j+(:=:3 +xp)k and X is the surface of the

solid bounded above byz = J4-x* -y’ and the xy-plane.
d) F(x,y,z)=x'ye"i +xyz°j—xye*kand X is the surface of the box
bounded by the coordinate planes and the planes x=3,y=2,z=1

&) F(x,y,2) =X +)j-22 ?)and Lis the boundary of the solid region
t»-bound’ed below by the xy plane, above by the plane z=x and on the sides by

_"';the parabolic sheet ==X

T e T A A S et M QAR AAT AAALT o A s Ll AARSA AR 14”0
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Solution:
a) divF(x,y,z)=V.F(x,y,z)=6. Since the surface is bounded by

x*+y*+2' =2 and z? =x? +y?, first find their intersection to determine the
limits of integration. Here, to simplify the calculation we use polar coordinates
with x* +y* =r? Thatis x’ +y* +22 =22 =2 == r =],
Hence, the projection of the solid on the xy plane is the circle x? + yi=1
Since § is the boundary of a spherical solid, we use spherical coordinates,
Besides, X’ +y* +2 =232, =257 =2 > 7= 4]

Since we are interested in the double cone both z= land z=-lare valid
solutions. Let’s use these values to determine the spherical coordinates.

Firstofall ¥’ +y* 427 =2 p? =25 p= /2.

z=lz= pcos¢=>fcos¢ 1=>oos¢_-}_-=>¢_-

2 4

z——lz-pcos¢=fcos¢——l=:>oos¢--—-L=$ 32
770
Thus the sol:d using spherical coordinates js given by

D: 05952::05p5f05¢<—- -—-s¢s:r
4

- r 2J7
[~ vt = v a; f [ singipdpado s J [ p*singdpdgadn

.xzj J’ —L sin pdpd6 = 82 j’ f singdodd = 8.2 j ~cosglido

=4(2-J')j‘da-s(z V2)r
(Smce the double cone is Symmetric,

I f IP sin gripdprde = I ] !p’smw@wa)

E‘ B < - e A i g S e+ 1y .

P T——

Gl L p——

S e

-

T

g
o=



1”') 3

b}ﬂrm [(:r +3y* +32° W_JH j("z*'fz)rdzdrg;'{;’:]gog

5 r) 00 0

gher, | F ”f divF(x,y,2)dV = {[[ (3x +3y* +32%)dV .
D

5
gince the solid 1S s,pherﬂ:al, we use spherical coordinates, to evaluate it.

| HF.HdS = jg (3x* +3y* +32%)dV _31f T j[ siidgd = 2% 192;r
0

0

cl.—-—-.w

3 V=]

jzmjdzdydlei j{,xydydx =
» 250

¢)Here, y" =2-x=> y= +J2—x . So, the solid is described by

D:UﬂxﬁZ,—J —xiist 2-x,0<z < x. Therefore,
2 1= x

d) Hence, SF nds = m 2xz°dV = j'
L 0

[ Fonds = [[f =42+ =] J; [ x4+ ydzdho
: ? 0 —J2-x 0
1 2+ x 5 i
= f I I(2x-4z+l)dzdxdy= f f;dzdxdy_?g_\[__
2 0 0 R

4. Use the divergence theorem to evaluate ﬁ F - nds where
L

a) F(x, y,z)=2xyi+10y*j+6zk and 2is the solid bounded by the parabolid
z=6-x" - y*and the cone z = -Jx"" +y*.

3
b) F(x,y,2)= y(x*+y )zl—x(x +y*)?j+(z+kand Lis the boundary of
the solid bounded above byz =2xand below by the paraboloid z = x2+ y
and Xis the surface of the

¢) F(x,y,2)= (x* +siny)i+x 2pi+In(x? +y* )k
solid bounded by the cylinder z=1- — x?, the planes
d) F(x,y,2)= =(x* +y +z ?)(xi + yj)an

 with outward normal.
+y* +27)(xi + yj +zk)and Z is an outward surface of a

0,z =3 and by the cylinder x*+yt =4,

y+z=5,z.—_{],y_.—.0,
d Tis the sphere x*+y’+z’ =9

e)* F(xsyr Z) ™ (x
solid bounded by the planes z =
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Solution: %ﬁ

a) First find the intersection of z = b=x" —v and z_m Here
lo

simplify the calculation we use polar coordinates.

Thatis z=6-x" -y’ ,z=xX’ +y’' 26-r’ =r=/,’ Hr-6=0=,5
Thus the solid using cylindrical coordinates is given by

D:0<@<2n,0sr<2,r<z<6-1°.

H FndS = H divF(x,y,2)dV = _[f I (22y +6)dV
3 D b
2 2 6r’
= j .' | @2rsin6-+6)rdzdrde
:0; Z f:rz 2z 2 6-r*
= [ | [@2rsin@)rdzdrde + | [ [6rdzdrag
00 r 00 -
2x 2 2 r=3
= ! 0(36:' —6r’ —6r’)drdd = (18r° -2,° —-%r‘)l df=64r
! ;
b) Here, H Fonds = m divF(x,y,z)dV = H dv
3
Now find the

limits of integration by f'mdmg the intersections of z =2xand
z=x"+y*. Thatis x° +y' = =2x=> (x~1)° +y?

}F

/x\_ﬁ!egion of integration
—— —
(1,0) 2 x

. . b4
Besides, using r* =x* + y*,x=rcos @, we have

= 11s a circle as shown.

X +y?=2x=>r"=2rcos@=r=2cos0.

2AN o256 hT AP OR 7* 1AMEM Acsinnsn ..a
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| H”ng{ J.’unh‘ IJI,‘lPPHF'I" ,”[.fihl"'mﬂﬂ‘l'ﬁ"” h} "Pgﬂ.’ihﬂlf “ F{lr }'mur commenls
he region is described in eylindrical coordinates

chCC , =

T T,
— <<=, x
7 g,

i e

sl
ﬂgg;msb,

il

3 leosf  2rcosd

[ [rdzarae =

(s = [l ¥

D 0 rt
3

I
1
1o | 2

e

Hence, [ F.nds = m 4x*dV =4

L D

0:05952&05;;55;:.05,95

= j(l—aﬁl cos* 0 -4cos* 0)do =

1 ‘ 1
1 L D, g 1. % _
=4[ (5-5x2)-=(1-x)? |de=4](cx —4x" ——)dx=
L [( x") 2( ) ) I. > )

*Propriate to evaluate the triple integrals. So, in s
Dencloged by the sphere x* +y* + z* =9 is described as

and suzzestions use 933936262
as

.,
+5 S2<r= 1 €2 <2050

2cosd

‘[(Zr1 cos @ - r’)drd@
0

eyt | 21

23 12 m

:

-

J

- 4cos’ 00 = — [ (1+ cos 26)*do

.l

2
3

r.nlh —td | 3

" ]-(1 +2¢0s 20 + cos’ 29);:3':5":i I(§-+2c0529+lcos 460)d0
3 3_,2 2
P
=l(§-9+sin29+—!-sin46') e
3.2 8 p-% 2

Oz=1-x',z=0=>-1<x<1,0<z<1-x%, y+2=5y=0=>0< y<5-z.

j lj s_':xzawzdx: 4i T.'E (5- z)dzdx
J0 0 -1 0

: 176

35

DE(p,2) = (o + p? +22)(xi+ ) = (5 + 27 )i+ (Py+y’ 32
| Thus,divF(x,y,z) = V.F(x,y,z) = 4x* +4y" +22°

' i inate is
| Since the surface 3 is the spherex? +* +2° =29, spherical coordinate

pherical coordinates the solid

3, z=pcosg, dV' = p* sin gdpd a6 -



Hence, e
J]F_nds mdwF(x,y,z)dV _[[[(4x +4y? +22°)dV = m(4r +22%gp

[ ”(4p sm2¢+2p COSI@P smMpdgﬂﬁ

(=]

oy ot
n ot
e O

' (2p sin? ¢+ 2p")p’ singdpdgdd

1

[2(1 --t::os2 ¢)sm¢ + 25m dlp dpdwﬁ

[2(1 - oS ¢)sm¢+25m¢{ ]dﬁﬂ

1!!

[ [2(1-cos é)sm¢+2$m¢]d¢i:19

1]

ey o0
G‘_‘u o

u"‘-'b!b

L
S

D w
wv-l

00
2 o b= . Bans ¢ |
== [g-cos’¢-4005¢4 dﬁ:gﬁ -22d9=648:r |
593 #=0 5 %
e) F(.r,y,z) (x +y +z )(x1+}_f7+zk) ,
= +xy 24 )ik (Py+y + y)j+(x’z+ ) 22 4+2°)j

Thus, der(x, y,2)="5x" +5y°+52% | |
Besides, the solid Denclosed by the planes  z = _0,z=3 and the cylinder

x2+y 2 = 4is described as D: 05652::051'52,05252;: . Hence,

ﬂF.mis' mdwF(x,y,z)dV m(Sx +5y +52%)dV = m(sr +5;’)dl’

B A ]

23
; 5} J' J' r +z’)ra&drd9 SI I (3r° +9r)drd@ = 5[30d€ =3007
0 00
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CHAPTER-4

Fourier-Analysis

4.1 Fourier-Series

4.1.1 Periodic Functions

A function f is said to be periodic if there exists anon zero constant p such
that f(x+p)=f(x)forall x inthe domain of La

The smallest positive constant p such that f(x+ p)= f(x)for all x in the
domain of f is said to be primitive or fundamental period.

' Examples: Verify that the functions are periodic with period as indicated.

f-,ﬂ) f(x)=sinx,p=27 b)f(x)=tanx,p=7x c)f(x)=sin(4x),p= %

d) f(x)=cosx,p=27 e)f(x)=secx,p=2x NSf(x)=cscx,p=2x
Solution:

@) Here, for £ to be periodic, f(x+ p) = f(x)for x in the domain of f .
‘But f(x+27) =sin(x +27) = sin xcos 27 + cos xsin 2z =sinx = f(x).

f%erefore, f(x) =sinx s periodic with period p=2x.

tanx—tanxw _ tanx-0 —tanx = f(x).
l-tanxtansz 1-0
f”srherefore, f(x) =tanxis periodic with period p=7.

r|:|) Here, f(x+7z)=tan(x+7) =

¢) Here f(x+ %) = sin(4(x + %)) = sin(4x + 27)

= sin 4x cos 277 + cos 4xsin 27 = sin4x = f(x)

Therefore, 7(x) = sin(4x)is periodic with period p= -
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ize the periodic trigonometric functions
In general, we can summarize the p ang the;,

fundamental periods using table as follow.

Functions Periods (p) | F um_féﬁ
period
f(x)=sinx, g(x)=cosx p=2mAn6n8x.. | p=2r

T ——

S(x)=sinax, g(x) =cosax, p :[zﬂ}f, . :Tzaj_rr
=7

ja

JS(x)=tanx, g(x) = cot x | p=km, keN pP=

S (x)=secax, g(x)=cscax, a#0 &l

7 Vs
f(x) =tanax,g(x) =cotax, a+0 p“(ﬂ)k’kEN p_H

l

Periods for Sum and Difference of Functions

The sum and difference of a number of periodic functions with commensurable
period is a periodic function with period the least common multiple of their
periods. That is if the period of fis p, , the period of g1s p, and the period of

his p; , such that the periods are commensurable, then the fundamental period
of their combination F = af + bg +ch is p=LCM(p,, p,, Ps)

(Here, functions with commensurable period means functions that have
common periods).
Examples: Identify the fundamental period of the following functions

a) f(x)=3sin §f6cos§ b) f(x) = 3cos(-';5) ~ 4sin(2f) +9 tan(g)
) /()= tan(5-2) +sin(Z.) d)f(x)=8tan(§)_c05(_3§j)

e) f(x)=sin(m)+cos(2x)  f) f(x)= 4sin(_2:f_3:1) ~Sesel ) oot &
. 5
Solution: First observe that coefficients have no impact on periods

: ; iy =~ -
For instance in f(x)=3sin 5 +6c¢0s 3 the coefficients 3 and6 have no impact.

Now, let’s find the fundamental period of the function.
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able, the primitive period of s : 27
From the ta s period of sin axis n< <7 o

A 2 o
pcriod of 51n-2— 15 Py = m =47 . Again, since tlic primitive period of cos ax is

¥4

P

L . X
the primitive period of cos= is p, = \ N _
|~’1 P P S 3 s p, =67 . Hence, the primitive period

of fis the least common integral multiple given by p= LCM(4r,67)=127.
b) Since the primitive period of cosx and sinxis 27, the primitive period of

X . . ; i
ms(g)ls p, =6 and sm(-2-) IS p, =4m. Again, since the primitive period of

tanx is 7, the primitive pertod of tan(l;-) is p, = T% =57,

, Hence, the primitive period of f is the least common integral multiple of
" p, =6x,p, =4rand p; =57 . Thatis p= LCM(67,47,57)=60r .

{ ¢) As the primitive period oftanx is 7, the primitive period of tan(g- Xx) is

T . - ; & o
p, =——=3. Again, since the primitive period ofsinx is 27, the Liontve

nl3
period of sin(g-x) is p,= % — 4. Hence, the primitive period of fis the
i & m '

- least common integral multiple of 3and 4. That is p=LCM(3,4)=12.

: o ¥ T
d) The primitive period of sinx is 27 and that of 1an-é-|s s py == 3r.

- Again, since the primitive period of cosx is 27, the primitive period of

: 905(2?') isp, = <F Hence, the primitive period of fis the least
3/2

. . 3 i =12x.
g omon integral multiple given by p=LCM| 27,573




- i} Be%hmn ir. For jourwmmenlsm,] .. vdﬁ_
_«,Df PPMﬂunmam- b:i, s m‘h
4.1.2 Fourler Series and Euler

pansion of a function f* of periog 5
.+ 00 The representation or €xpd
Definition: The rep

‘ form 'x“=———+ a,cosnxc+ ) b sin, .
open intenral (a,a+2ﬂ) n the _/( J ) ; n ; I ny ;

Tin Ny

known as Fourier Series representation. Simply, it is called Fourier serjeg.
The coefficients a,,a,,b, are called Fourier coefficients and they are give, by
*™=n

[ a+ln

a, el jrf(x)dx

Vs

a

a+23

a, o jf(x)cesnrdv (Euler's formula)

.

a+lx
- j f(x)sin nxdx
The most commonly used interval is determine by letting @ = —r.
In this case, the Euler’s formula becomes as follow:

=—ff(x)dr a =— If(x)cosnxdr b, = —-If(x)smnxdr
Remark: Commoniy encountered important integrals. (Please bear in mind!)
D) Ixsmrzxdx = —-—(smnx = nXCOs nx)

2) fxco‘snxdr = ;-f(nxsinnx +cos nx)

2
3) | x*sin;xdy = X COShX  2xsinpy 3
._-—-—...____..!._____1_____'_ COS nx
n

3
n
F
2 X Sinnx ;
IE cos"xd“=‘——————+g_“_'_°_°;_’l_x__2snnnx
n 3

n

5)fe Sinb.ldt*—-a +b’[ sinbx ~ ~bcosbx]

6) JEHOObedt =

a’ +b? [acobe"'bSinbx]
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4.1.2 Fourier Series and Euler’s Formula

Definition: The representation or expansion of a function f of period 27in, an

open interval (a,a+27)in the tomlj{t‘=5—+zﬂ CDS!H’-FZEJ sinny

=]

known as Fourier Series representqtion. Simply, it is called Fourier serjeg
The coefficients ay,a,,b, are called Fourier coefficients and they are given by

p

ﬂ =

) f (x)dx

i°
e

a+ixy
l } J(x) cos rvdx (Euler's formula)
p

o

P,
n

a+1:

=— ff(x)sm nxdx

L
The most commonly used intervai is determine by lettinga = —7.
In t?us case, the Euler’s formula becomes as follow:

=-jf(x)dx a, -—If(.r)cosnrdx b, _-jf(x)smm

Remark: Cnmmonly encoumered important integrals. (Please bear in mind!)

) j xsin nxdx = —-—(sm #1X — NX COS hx)
]1
» 1 :
2) j X cos nxdx = ?(msm nx + cos nx)

2 .
3) [x* sin vy = ZX_ 087X | 2xsinnx , 2cosix

n n: n’
2 -
X" sin :
4) j’xz cos nxhy = X SBAX 2xcosmc_ 2sinnx
n n-: nJ

G.'E

5) fe= smbxdx_m[asinbx-bcosbx]

6) Ie"msbxdr -—-—-:_.
a’ +p?

[acos bx + bsin bx]
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* ind the Fouricr series expansion on the given intervals, |

o fR)=4n-A<X<T b) f(x)= =3-U-r<x<ng

| f(x)=e70<x<2T d) f(x)=xsinx,0<x< 27

-X 2
_ ,)f(x)-'-'gz 0sx<27 f)f(-t)=x+:3-,—.:rs.rs::

Solution:

a) 4, =%1f(-")d"' =%i4xd'=iril =0

e
? b - .4
o 22

Xm—g

g_:ljf(x)mm=lj4xmsm=0
- X5 " g4

b= [ fosinnsds = L Facsinput = 280807 _ 8-1)
T - X e n n

2 3

Thnefm.f(x)=3£"(-‘-in)jsinnx=8{shx-Sinz't+Sinlr—....]
=]

- _17 1 ¢ 1. :
b)n,_‘_[f(x)du;-{a_zx =;(3""':].,=6

"d='i'-{f(x)¢05ntdt= -:;-1(3—2.1')005":4# =0

_ l x x ~1\"
b, =;If(X)sinnxdr =-l I(3-2x)sinnxcit= o)
n

_' Therefore, f(-‘)=-—-+Za cosmr+Zb sin nx = 3+4Z(_ L

-]' x = t"'e-z'

-

.. c)n' g",[f(th j‘

: q a.l..h-: | 5 S 1-e™
- il Oos(ux)dr= (nsmmc -cosnx) =
- %o +I)

1o a(n*+1)




p—

Halk mrmamﬂ.'bﬂmashamﬂ Fnr}nurmmmenls:nds'_ o
1]

iind ook ppied .
b, Flff(;)sm(nx)dx #-J.e sin(nx
ﬂ: 0 r -2”
n(l-
._(%(*ncosm —sinnx) - +])
x(n

ey @ ] = n .
1-e™" (1. cosnx+ ) ———sinnx
=15 2 1] =~n" +1
Therefore, r 12 Zpt+ =
/4
G

2r
r ] )
d)au=;£f(x)dx -|

2x .
a = : szin X Cos hxdx = -1—( I x{sin(r +1)x —sin(n - l).r]dr]
" 2

?!‘0 ﬂ'u

1| (-cos(n+1)x cos(n- I)x)_ [ —-sin(n+1)x & sin(n - ],)IH{'
LQ.E[{ n+l * n-1 (n+1)? (n-1)° .

=2—2',f01'??#-'l
|

j
Here, we calculated above a, =—

for n#1. So, we have to compute 4,
n -1

separately Butfor n=1, |

R If(x)msxdr = —-IISmeDS.rdx =— I —(2sin xcos x)dx

r

I
=— | xsin2xcdx = —
2!1‘ 2},_.[

2r

(sin 2xn—2xcos;?x)]
A 2

b,=— Ixsm.xsm nxdyx = ——-[ _[x[cos(n I)x—cos(n+1) T]fﬁ‘]

=5:—r-[[-"—“—”;f-"_l_l_)£ -’ff“_"_(i’_t_l)_{J [cos(n—t)x_cos(ml)x)]z'

n+]

(n-1)? (n+1)°

=0,forn#]
Hem, bﬂ =
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""r
| szm esinxde=— stm xdx = — _f-l(l =08 2x)dx = 5‘;(2?? )=

-’i'f 0
a‘u b =
] X)=—>+ ) a,cosnx+ sin nx
rherefore, /(¥) == ; Z m

n=|

a0 [ a)
=% 4 g cosx+bsinx+) a,cosnx+) b, sinnx
2 n=2 n=1

1 2
——]—-—cosx+fr:smx+z
2 2

"42." "]

s L7Tm _[E_i‘i}
)aﬁ;]; r 2 4

0

CO5 nx

=0

0

f X 1 r )
(-—2-—)cosnxdr =E;£(zmsm—xmsm)dr_0

: 1% m—x. . B .
i ey [ polllieec nxdx=— |(msinnx—xsinx
| f(x)sin nxdx fr-!( > )sin o !( )dx

1z

= cosnx

=L(———(smnx nrcnsnx))l =

1
2n n n . (4

. ?T—I__ - _l_ .
Therefore f(x)--i—+2a msnr+Zb sinnx = > —gnslﬂm‘

ﬂ'

*"'ff(x)cﬂsnxdr--—- I(:r-!-—) mir-(‘"

-2(-1)"

n

n=;:[f(x)si11nxdr= = I(x+£4-)sinm:dx=

ore, £()= 2+ 30 con e~ -25 Chsin

n-l"
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2. Find the Fourier series of f(x)= x*,-mw<x<mand deeciing sums

€ ¢yl ] | 2
Ly o R L, L, o
I)Z-——] —2 ? ”); 2 22 32 42 12
Solution:
i 15, 12 _ar
=— =— |xdx=—|—| =
a, ”_jrf(_r)dr Mr F(Jq 3
z 2 si 2xcosnx  2sinnx T 41y
a"=l _[xzcosnxd =_l_ x“sinnx e _ (2)
4 n n n n i n

x

L, i 2xsinny  2cosnx
b,:l[jx-sinnm)=l[ B LML P }J =0
4 n n n n

-X =-r

2 el A A
Therefore, f(x)=x* = fj— + 42 ( ? cos(nx) .
=l N

1 .
i) The series Z—-—I+—z+l+i+ .is obtained when x=-r.
=t P A

So, equating f(-r) and its Fourier series representation at x = —7T gives us

2 o« n
fem=st S Y
n=l

3
:”z 42(;3 =z, {No_te:cos(nn')z(—l)"&(—I)"(—l)'=1]
::-4;;1]7:2732:2”—'2-:%:;%:l+—2l—z-+§lz-+£5-+...=-%i
u)Thescnesz( —I-Elz—+-31?—-:}—+ 1s obtained when x =0.
foy== +4Z cos(0)=>—+4z 42(‘1)
gl : - n el
,_,‘,,’ . =‘§;‘=“—+3 a'-,—z-
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3 Fourier Series of Discontinuous Functions e
4

e [is discontinuous at x=cwhere a<c<a+2x. In this case, fis
y

Suppo

jefined piece wisely as follow: f(x)= { g(x)a<x<c

h(x),c<x<a+2x

re continuous on the indicated intervals. Then, using properties of definite
integral, the Fourier coefficients are obtained as follow:

where gand A

¢ a+lr

a, = _:; "*]E'f(x)dr = %[I f(x)dx + aif}(,;)dr} = i(f g(x)dx + _[h(.é)dr]

a

/4 n

e ] "]’ }(x) cos nxdx = lU g(x)cos nxdx + aT;r(x) oS nxdx]

a+lx ¢ a+lrx
o] [ f(x)sin nxdy = -1-[[ g(x)sinnxdr+ [h(x)sin nxdx]
T b4 e

a c

Remark: Dirichlet’s Conditions

Since f is discontinuous at the point x = c, it is impossible to guess the value
of the function at x = cdirectly from the expansion. In such case, its value at
x=cis given by the average of the left and right limits of f at x=c.
Remember that as f has a finite jump at x =c, the left and right limits of f
eXists at x=¢ but they may not be the same. Hence, the value of the function

im f(x)+lim /() _lim g+ lim h(x)
& x=cis given by f(c) = 22 > yoké _ xo - .
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Examples . o .
1. Find the Fourier series expansion of the following piecewise functiong
—l)ﬂl - ] 1 o 1 l

._2_,-::<x<0
a) f(x)= {20<x<:r ddeducez 3573 ...=.-:"E

m-n<x<0 I l
educe that 1+ 5 +—+..=—
b f)= {3&0“” and dec 7Ty

Solutmn
a) Observe that f is dlscontmuous at x=0.

a...f;'f(.r)dF;U'Mﬂjker (211 +2x’) 27-27x=0

-
l‘

f(x)cosnxdt = —[I—2oosnxdx+j'2wsmdtJ

HI-—-

a

o

5, -—(I-Zsmmudx+f2smnxdr]-——(l -1y)

LA nx

Therefore, f(x) = Z—(l (_l)’-)sm,,x:_[smx_l_smh sin 5x )
; a

Bes:des, the series Z"‘ | r

is obtained whenx-; But when x=—
| 2'

2n-1
;have S(xl2)= 2(Be¢ause S(x)=2 for O<x<ur).

(sm(z/z)ﬁ"’@’” 2) , sinSx/2) |
: --)=f(x!2)=2

8( 1 1 1
(73573 ~--]=2=1--+__1 R iy
- 577 ";‘- )—1 ]
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l _LIf{x)d.t'—(If(x}d‘:+jf(-fﬁ‘f}=—[J—;frd.r+j3xdt
T & 0 % - 0
;I | ' lﬁ.”:_ m_n«
=}'('M)d+:r . 272
_1_ ]f(x)cosnxdx- —-[If(x)cos nxdr+jf(.1}cns n.xdx}
T, L

r

(nxsin nx + cos mc]}{ = ;3;[(-1)" -1]

0

m Bl

- b, =-—[If(x)smntdx+]f(x)smnxdr]=—(j nsmnxdx+13xsmmit]

F

) +—(—3—(sinnx—nxcosm:)] =l[1—4{-1)"]
—_ "

2
n 0

Therefore, f(x) = -'} +Em:;,—i—z-[(—-l)"l —1]cos nx + i%[l — 4(-1)"]sin nx

1 1 A o sz’
Now let’s deduce the sum1+3—z+ Aty Since f is discontinuous at

x=0, it cunverges at x =0to

2+ [( )" —llmsnﬁz ~[1-4(-1)"]sinnx = f(x)

i am
7 6, o, 080 cu50+) ""‘f(’)"h“’f(") __r
Ty : 2

It

1 1 T ﬁ__§£:1+_1_+1 +.. =—;_r"=-§'

_---(1+3—+-5—+ )-"‘2--"_"" 4 3 52




- [0-r<x<0
5 b)f("')"'{ 2

x*0<x<n

. x ' 0 B | i r
a, =%£f(x)wsm=—[ I f(x)cosnxdr +If (x)oosnrer=-; j' xcosnxdy

of the !’ollowmg piecewise functno.i;_“’" 4

| (xsm(nx) oos(mr) oos(mr) -1 (-1)'-l |
s ;

n n’z

gk I”"W' ( xcos(nx) Sm(mr)] -oos(nx)=(-l)"‘
5 o

ﬂ..n n  n

Therefore, £()="% "'Z( )" ‘l_ i ~sin nx
nel _ o B _
b)a.=—ff(x)ﬂh=-[ff(x)¢r+ | f(x )--—Ix’dw —r ;
a =—f! (x)onsm&ml—f[x‘ oosmxita ZH)
K4 n’
Eal [ f(x)mm=-jx smm.”(" )"' (")' 1)
. n n !f

'ITlluefore f(x)---+22(‘ mﬂﬂz(ﬂ—l}‘”‘ () -l])

n 'z
c) f(x)=*-+Z(-l) [—-oos(ru)-—su(m))

ﬁnm W A

.,'ﬂ»'!.n
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b 414 Fourier Series of Functions with Arbitrary Periods

rhe Fourier series of the periodic function fof period 2L defined on

(a,0+2L) is given by f(x) = %‘-’- + Za,, cos% +Zb,, sin %
n=|

o4 | 2t | o2t

where a, =— If(x)d" a, =— I f(x)cos—dr b, —z- f f(x)sin%dr

Remarks: Recall the followmg important integrals to save your time.

i) a, -Ixcos("m:)dx ) (—x sm(T)-l-cos(—L—-)]a

E nm. nrx nnx ’
. Ixsm( L )dr (nx)? (Sm( LT xms(_z_)],

Examples:
. Find the Fourier series of
a) f(x)=x,0<x<2and f(x+2)=f(x)

0
b /9= {z‘oi:’; and f(x+4)= £(x)

0) f(x)= {10“2“ O fx+2)= 1)

d) f(x) ={L S = )

-5<x<
+10<x<5

-2<

N f(x)= {40< .f(x+2) S(x)

e) f(x)= { f(-‘-""m) J(x)

0,-5<
2 f(x)= {3,0 T S 10)= £




i a7 Bt . T o commons g

Sol uti-{}n:

F|=

] HTTL "
a) Here,a=0,a+2L=2:>L=I.aﬂ =7 If(x)drz_{!.xdr=_2_

—
—_

0

o ”ﬂ 2 _xsin(nfcx)r_ 1 ¢,
=_ J’ f(x}cos( =!xcos(n:rr)dr- e lu - !sm(nm)dr
=isin(2n:r)-— l (—-COS(HMJ 0
nmw nr\ nr ),
a+2L _ 2 2
b, =-I- I f(x)sm(—)dr I xsin(nmx)dx = iR + : Icos(m:r)dx
nmw nry
-2

= n_zr[z cos(2nm) - 0]+ (mr)z [sin(2n7)-0] = v

m 2 L3
Therefore, /(*) =1 "Z;Slﬂ(ﬂ-’ﬂ)
=l
b) Here,a=-2,a+2L=2=L=2.

a+.£

=g [Fiexe= If(xlir If(x)dx+—jf(x)¢-—jzdt -jmsrs

ad =

n

f(x)ms(—-)m I f&) cos(——)dx

MI-—-
GM

2

¢ it
[2cos(Z ; )fit+5-£xoos(-—-—)dx
4

+ 1’5 %
(n7)’ sln(“'—-)+cos( : )] _
0

i nrx)"
_1 . [ nmx | . 2
h=gls ‘*"’“"[T)“" =5£2*‘"(%@J¢+Ixsin(ﬂ]dt

2

2 (nmc 3 4 ”
=—-—cos +——| sin 2™ _nx
nr \ 2 L (M)z[s‘“ 2 "2‘1“-‘08";“ )} =24+ (1]
0 nrx

U RePR 2% R AT R oo 87
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nnx
e -Z ) ~[(=1)" = 1] cos(— )+Z__2_[l_+__—l)_ls

fnel'f-' nr (__2_')

L\
‘#
—
—
—
w
2
|.
‘-——\
~
—
:.4
I.l
|- 1
||___‘°
,-—-.,
=
H
‘——l
~
—
=
|3
|
| —
‘——-.,
II

=
| ]
=
=

s 2
61
1L 1 2
R (LT Sm[ﬂx},,:"_‘m{ﬂr_ A o
b_:I:Lf(x)sm(L}i 2! - = X n M[ (-1)")
1 «— 1 4
Therefore, f(x)= 3 + Z;;;[l -(-1) ]sm(—; x]

d)Here,a =0,a+2L=4=2L=4=>L=2.

j fxpdr = If( )dr-—jf(x)abc+ If(r)rir
%im%Im:% —:-‘=1+3=4

0 2 0 2

%j e)cos(" 2y —If(x)cos(—-—)dx

2
4
. nm 2 (nrx nm ]
— —_— 4——+COS("_"
2, (n:rf(zxs"’(z) 2°),

ReAAqy 218
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17 L P f(r)sm[ m}i
bn = I I I)Sln
= IE i f(x) sin[-rf;-]dx + é—j f(x) sin[%Ede
0 2
= lisin(%a— + —lz-j..tsin(%ﬁ}dr
2 0 2

x 4
- nx nix
L™ +,,_2.?(sin”—"-"'-~——ms—j

nr 2 (nr) 2 2 z )

0

1
=——/[cosnz-1]+ ; [-2n7 +nrcosnr]

nr (nr)
1 ; 2 i l .
== —{(-1)" ~ 1+ ={(-)" - 2] =—[(-1)" - 3]
nr nt nr
Therefore,

fx)=2+3 2 - (—1)"1cos(-—)+2——[(—1)' 3Jsin(")
e)Hf:ﬁ:,a--Sa+2L S=>L=5.

a+2£

=- jf()it If{x)dx Ildt+—_f(x+l)dr-2

A el
=1Isin[m}ﬂ+li15h(ﬂ]ﬂ+lisin(ﬂ}ﬂ,= i(_l)ﬂl
Therefore, f(x)——+2——-[(-l) “I]WS[-—xJ+Z.._(_ ™ sm(":-t}

2. Find the Fourier series expansion of f(x)= { L ~l<x<0
26,0<y <) /(¥ +2)= f(x)and

show that f(0)= -—;—.

T e I L I e
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A lla

n: Here, p=2L= 2 = L =1.Thus,

53] lll'.]
,ljﬂx}dv jf (x)dx = jf(x)dr+jf(r]d.x j ldx + [ 2xdx = 0
T s -1 0 |
" .1. j’ f(x)cos(nm)d.t I f(x)cos(nmx)dx = —Icos(nm: +IZ:cns(nm)dr
L -1 0
:_M_ +[*2_xsin(nm)+ Izzcos(nm)} = " -1]
nz |y LA% n'r .
L
b, =-}: j f(x)sin(nax)dx = I f(x)sin(nmx)dx
-L
1
= —sm(m:t)dx+ j 2xsin(n7mc)dx
.-I. 0
L (nmx I (. nmx, nx nax. )
| s A T sin(=7-) = xeosl )
0

sin(nz)|]
nx 0

; —(1)" =2(-1 " 1=3(=1)"
Ly Ly =00 E i

0
2
=C05(Hm) ——| xcos(nmx) -

nwr |, nmw

Therefore, f(x) = Z——-[(—l) -I]OOS(anZ K) sin(nsx)

- '- 'I'I T ;'
(o i

Besides, since f is discontinuous at x = 0, by Dirichilet’s Condition, we have

lim f{x}+lu‘n f(x) 0 1_ 1

——

f0)= 3 > =73
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4.1.5 Eou;}erSernes of Even and Odd Functions V3845
Revision about Even and Odd Functions:
iti tions:
Definition of even and odd func |
i) A function f is even if and only if f(-x)=f(x)forallx.
ii) A function f is odd if and only if f(-x)=-f(x)forallx.

Examples: 1
- : —x)=(-x)’=x"=f(x).

a) f(x)=x%is even function because /(=)
b) f(x)= ¢* is an even function because f(-x) = ™ =" =[f(x).
¢) f(x)=e* —e™ is odd because f(—x)= e —e¥ =—(e” e ) =—f(x).
d) f(x)=2x’is an odd function because f(-x)= 2-x)’ =-2x" == f(x).
Properties of even and odd functions:

i) The product of any two or more even functions is even.

ii) The product of an even and an odd function is odd.

i1i) The product of any two odd functions is even.
Frequently use even and odd functions:

i) The cosine function: g(x)=cosaxis an even function.
it) The sine function: 4(x) = sin ax is an odd function.
1ii) The product function f(x) = xcos ax is an odd function.

iv) The product function f(x) = xsin axis an even function.
Integral Properties of even and odd functions:

i) [f(x)dx=2[f(x)dx if fiseven
-L 0

i) [f(x)dc=0 if fisodd
-L

Now let’s discuss the Fourier Series of even and odd

eriodi .
Suppose f is a periodic function on (=L, L) with period p 2;;‘0‘1'9 functions.
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| H;uppDSf- £ iseven. Thatis f(—x)= S(x). The Fourier series of f 1:2
(5
{)~H+Za EOSEE*LZE’ Sm_ﬁ etk
775

L =-l— X cosﬂdx,b =_]_L . R
i %[f(r)if L:[Lf( ) 7 A L_J;f(x)sm = dr.
' duct f(x)CUS"E 1s even. Then, by the above i
gince f is even, the pro 7 , by the above integral
erties of even and odd functions, we have

pop
_ 2 nme
; =__jf(x)dr——jf(x)dta -—-If( )eos —— —-Z!:f(x)cos—L—dx
Besides, since the product of an odd and an even function is odd, we have that
1] :
f(x}sin%r- is odd. So, we have b, = I__[f(x) smﬂ?-dr =0.
Therefore, the Fourier series of an even function f of period 2L is reduced to

o L L
f{x)=%+§an cus% where a, = %_!f(x)d’-'»ﬂ.. = %‘!f(x)cosﬂ?dx

This series involves only the cosine terms and thus it is said tc *. cosine
Fourier series expansion of e

Case-2: When f is odd. Thatis f(—x)=—f(x).Then, since fisodd
2% . nm
If(x)dr 0, a,=— jf(x)cos— -0, 5, =E_£f(x)sm—L-dx
Thﬂ‘ﬁfnm the Fourier series of an odd function £ of period 2L is reduced to
f(ﬂ:an Sil'lﬂfi where b, ——_[f(x)sm

Thi
'S series involves only sine terms and thus it is said to be sine Fourier series
*Xpansion of 1.




i‘“ﬁquﬁwl F"“'mﬁ'm-
Examples

. Find the Fourier series of the following functions:

-

S(-D™ 11 B
a)f(x):x,—2<x<2anddeducez - —l—-2—+5--:‘-+...=_‘.4_
I A 2
b) f(x) =, - 7 < x < 7 and deduce ;(2” ~i+5-5+5—2-+}-2—+...=%

Solution:
a) Since fisodd, a, =0, a, =0.

..=% f(x)sm(—}k-—Jf(I)Sde‘ xsm[ m)""

4 [ nax nx nae --4nzrcosmr 4( )™
= ~| sin ~- —— X C0§ —
(n7) 2 2 2 A (mr) nx

4 4(—1)"" in 17 4 l . 3xx
Therefore, f(x)=— =—(Sin— -

:rZ nx 2 ’r(sm 2 +35m 2 )
Besides since the function is continuous at x

=], we have
1 . 3z Sx
f() 1( 2 3:?.1|12+s$mz+ .)

4 1 1 1 L. 1 1
2l=—(l-=-4+=--= —_———
E( 315 7-i-...).—..:»l P

b) Since f(—x)==|—11=H=f(x).fis'even =b, =0
00 == [ f()de =2 [ade= x
7 x

2 n2 Fconmata 2 g7 pe
a, xj'f(x)cosm:dr Ixcosnrdr-—i—_[(_l)

-ll=—_—4
: (2Qn-1) g
Therefore, f(x)-—+-—}:-—[(—l) -lloom______zcos[(?.n I)x]
L Tl (2n-1)?
Thesenesz =I :

S 1)’ +§.z_+-§-+;i-+...isobtained When x =
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T 4cos[(2n=1)x)

I (2!:-1)

thus. putting x =0 In Iq = .

ot

:-#Z hl‘t‘th) :0 42_1___}? | ] | HZ
: ’ ¥ s Ty

‘(2n— T (2n=1)° 2
5. Find the hanr series expansions of
a) f(x)=x,-7<x<nrx b) f(x)=xcos,-7<x<r

o) f(X)=n"=x*,—m<x<nm d)f(x)=x{x[,—1£x£l
Solution:
a) Since f(x) = x1is an odd function, we have a, =0,a, = 0. Besides,

I T : . 1 f = ol i m+l
- jf(-"-’) sinxdx = — Ixsm nxdx = l[% (sin nx — nx cos nr)] = 21
JT - H -1 J"T ” - ”
x ¢ 1yt . . . .
Therefore, x = 22( ) sinnx = 2(511;1' - smzzx + sm33.x - sm:x +...)
n=l n

b) Since f(x) = xcosx is the product of an odd and an even function (h(x)=x

is odd and g(x)=cosxis even), f isanodd function and thusa, = 0. Besides,

= f[xcosxsmnxdx ﬂ_[Il’[*‘lﬂ“(”"'1)1"""5“"(‘" I)I]d't]
'U

0

[( D (-—1)} 1y~
n+l n-1

Here, we calculated above (-1)" =7’

forn;tl

forn#1. So, we have to compute b,

separately. But for n=1, )
% _ 1% . _Epage. -
bl=-g'-]xcusxsmﬁx="j-"5m2xdx“4_,1.(5‘“2" meSin 2

Therefore, f(X)= cOSx—-—+Za cosnr+2b sin nx

. 1. . B
=b,sinx+zzb,,smnx=-Esmx+2§(—l) ﬁsmnx
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4.1.6 Half-Range Expansions mﬂ

A half range Fourier sine series is a series in which on_ly sine term's are presen,
and a half range Fourier cosine series is a series in \'uthCh onlgf Cosine terms gy
present. When we want to determine a half range series to a given function, the
function is generally defined in the interval (0,L). This is half of the interv
(~L,L). That is why the expansion is referred as half range expansion.

i) Half-range sine Expansion:

Itis given by f(x) = Zb sm—L— where a, = 0,5, --—If(x)sm("f}ﬁ

=l

ii) Half-range cosine Expansion:

Itis givenby f(x)= 921 + Za, cosff- where
n=|

=2, 2] e 2 o
0 0

Examples: Find the half range sine and cosine series expansion of
a) f(x)=x,0<x<2 b) f(x)=2x,0<x<]I

c) f(x)=sinx,0<x<nx d)f(_t)={2(2;', )f’l::.r-:lz
-x)l<x<?

&) f[(X)=x(7-x),0<x<x  f)f(x)= sm( }f(x+3) = f(x),0<x<3
Solution:

a) To find the half range sine expansion,

qu{L;Q{x{2=L=
Since fis odd, a, =a, =0. 2.

b, == j S @)sin(=)ds = [ wsin(==)dx

[ 21003(“! ) 45]’1{‘5)] ="4003ﬂﬂ'=4(—|)“l

nw ﬂ T nmw nr
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ofore, the ]mii range sine series expa
of

The
4
#_——r— in ﬂ——)-—[s xy_ Sin(zx) |7
f(" Z - s( - In(Z) "'-—-—-2 +3sm(}-2fa).__"

o H JIf range cosine series e'cpansion
i

Gince {is even,b, = = “If(t)dx dex 2
L 2
g,z %.! f(x)cos(#*)dx = J..rccrs(ﬂiﬂ)dx

2xsin(*f) 4':05("”))} ﬂcns(mr)—-l]_zl{(_l)"_ll
( nm nxt ), i A

Therefore, the half range cosine series is f(x)= 1+Z4[("1) ‘1] cos("™)
n=| nrx 2

" .i. [ f[x)sin(ﬁ?—)dt =2 j 2xsin(nzx)dx
0 1}

=¢[(n:r)1 (Sin(nm)—nmms(nm))} = —4cosnr N 4(_1).+1

nx nr

0
Therefore, the half range sine series expansion of J(x)is given by

J(x)= Zb sm-—x 24( = sm(nm)--—z(_l )"

For the half range cosine expansion, b, =0.

sin(nx)

ﬂg=zjf(x)dx=j-2.tdx=l

= 2I2xcos(nm)dr — 4[
0 mr

n‘n®

2 (ﬂﬂ.Siﬂ(nm) + WS(}] m))] e 4{(_ 1): _ l]

0

n'ncrefure_ f(x)= Eiu_ +i a, cos _’1_“' =1 +iwms(nm:)
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4 Bigy
¢) a, ——j /( 1)c!r*—_|‘a.m xdx = "r( cos.r)ﬁu .

T

. nx 2% :
e — Z | sin xcos nxdx
LI}(.\)LOS—-dL v ;rfsm s

- '_EJT'[%S'LH[(] —n)x +4sin[(1+n)x]dx= %J-[sin[(l —n)x +sin[(1+n)x]dy

_—cos[(1-n)x]|" _cos[(1+mx][" _1-cos[(1-mz]  1-cos[(I+nm)z]

C (-nr (1+mr |, (1-n)7 (I+n)z

_ | +cosnt . I+C05(n:r): —2(1?+ cosmr,“. o
(I+n)m (1-n)x (n” =17

0

T

2smn-x _o.

27 .
If n=1,aq, =—Ismxcus.rdx=-—
4 T L

]

Therefore, f(x)= E -i( C{;S 2% + c¢::s A + cc:s 6x +J :
T x\2°=-1 4°-1 6°-1

d) Since we are interested in the half range cosine series expansion, b, =0.

a, =0j f(x)dx = ﬂj f(x)dt+_? f(x)dx = j zxdr+j2(2 —x)dx =2

a,= 2 j: f(x) cos(EJdr = ij cos[%n- X+ j2(2 -X) cos(ﬂ?}i‘
J.Zrcos(——}ir J.4 cos(—-——}ﬁ J'zx cgs(.___}jx

(mr) cos = 2 (mr) (I+cosmr)

32(cosmx cos3mx cosS
Therefore, f(x 1-—-— —+ i

JT:

1 <
e) Here, ™3 a, _-”—and thus f(x)“g“‘z—l?ms(znx)

~ =]
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Let f be a periodic function with period p =2/ such that its Fourier series

expansion on (a,a+2L)is f(x) = ~—+Za cus——+Zb sin 20

L

2 g Eﬂ_} e gl
Then, f[f(-f)] d"-'qff[ 5 +§({?, +b, )thercau,an,andbﬂare the Fourier

it
coefficients. This formula is known as Parseval’s Identity.
Note: Parserval’s Identity also works for half range expansions,

1) If the half-range cosine series of f in (0, L), is given by

f[x}-—+Za cns[ 7 ] then I[f(x)]zdx [——+za }

ii) If the half-range sine series of f in (0,L), is gnren by

f(x)= Zb sm[ ; } then I[f(x)]zcit—-z:b

Examples:
1. Find the Fourier series expansion of

a) f(x)=x* in —x < x < 7r and use Parseval’s identity to show that
4

i I =1+ I +i+_l-+i+ =JI'_
Lt ot 3 gt s T 90

b) f(x) =[sinf, — 7 < x < 7 and deduce using Parserval’s identity that

7

Z": 1 _r 1
o (4n* =116 2

Solution:

We have found the expansion earlier f(x)=— "’Z

From this expansion, we get @, =——"» “n - "




il
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Then, by Parseval’s formula,

[/ = ,{%Lj‘:@; +b;")]

n=|

4.:':' = 1 167" =1
el s’ T A . B
re L] 1 _n
ie +2 +§- 44 54 90

b) Since f(-x)=]sin(-x)]=|—-sinx[=|sin.t1 = f(x), fiseven.So, b, =0.
2 | 2T 2% —2cosx|" _4
a, =E£f(x)cﬁ=;‘!f(x)dx—;_!smxdr———H—L p
o [, ﬂdr-zjsinxcosmdr
a, -Ilf(x)cos T2l
= _Z_j[% sin[(1 - n)x+4sin[(1+n)x]dx
’rﬂ

=lj[sh[(l — n)x+sin[(1+n)x]dx
n 0

~cos|(1 -n)x]r _ cos[(l +1rl).:r]|lr _ 1=cos[(l1-n)7] - 1=cos[(1+n)7]
(-mz |, Q(+mz |,  (-n)7 (1+n)1
2 2 _ -4

(- 2»)_:r-+(l+2n):r_(4n1-l):r
-4 2 4[c052.r+ms4x+ ]

Therefore, f(x)= + Z-————-ms(an) e

@’ -Dx ™ 3 15




. -t

g e VT

ow from Parscrval s ldcnuty, sung, we have

N

j[f(x)]’dr=fr{—~+2(a +b, )]

na=1

1(4Y & -2 ¥
dx = — S
= ISm X ”[z[ ) +§((4n —I)n}}
I. x
— 3| I(l —cos2x)dx = /r[ ) (4"2 5 ]
8 16 1 L
:’N[Jr‘? + P (4" ) ] (g—-—zsm 2.:)L

8 16 1 B 16 1
== :+ 3 3 3 ﬁ]: 2+ 5 : =
xt m e (4n”-1) n° xw(4n -1)

16 1 8 z 1 S
=> 1"_5"_"2 R T T

& (4n* -1)° xt Z@nt-1)° 16 2
0 <x<4. Using the

2. Find the half range cosinc expansion of f(x)=x,

1 1 1 n
feSllIt,ShOWﬂ‘lﬂtZ ~ —l) "-IT+-3-‘-+-5—"+...=§-6-.

Solution: As we did earlier , the expansion is From the expansion, observe that

4
is given by x = 2——-——[cos{md4)+°°s(33fm) ms(f;m,) )

16 ___ b, =0.So, by Parscval’s formulz,

T @n-1)'n
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3*. Using Parserval’s Identity, show that _[cos“’ xdx = T

-
i 1 _
Solution: Here, we infer. But f(x)=cos” x= —2- + —2-cos 2x.

So, wehave a, =1, =-;-,an _0,b, =0,Yn22

x 2 = , x ] 1: 3
Thmfore,-j[f(.x)]:dx=?1'|ti;.—+§(ﬂ”2 +bﬂ-):|:3:[(:054 x(ir=7r['5+'i']:34£

T

, o
4*. Using Parserval’s Identity, evaluate I[4c05' (3x) — 2cos(6x) + 3 x]"dx

-

. 1 . ;
Solution: Here, infer f(x)=4cos’(3x)—2cos(6x)+ 25 x. But using half

s ; L.
angle formula, f(x)=4cos“(3x)—-2cos(6.r)+%smx=2+Esmx .

So, wehave a,=2,a,=0, b = —;—,b,, =0,Vnz2

H Big ffi = 2 g 2)|_ (4 1, 97
Therefore,:!;[f(x)] dr =1 = +z(a,, +b, ):|—:r[2+4]~-4—

n=l



1.2 Fourier Integrals and

421 Fourier Integrals

They are given by <

2) Find the Fourier Integral of f

b) Show that I

0

cos @x sin @
do =+
@

 Solution: By definition, f(x)=

-; Fil‘st,redeﬁnef %f(x):{

Examples: Given the function f(x) .-:{

2) 8o, the basic task is to determine the coefficients A

l’ifM(l.—_e,f(:lc)=
0, if |4 >1

Transforms

. an integral given by /(x) = [[4(w) cos ax + B(w)sin axldo
0
In this integral, A(w)and B(w) are called Fourier -]ntegral coefficients.
' |
A(@) == | f(®)cos axdx
ﬂ. -0

B(w) =-}r- j F(@)sin xd

1, if ¥ <1
0, if [4>1

T[A(m) cos ax + B(@)sIn ax)do.

0

(@)and B(@)-

{1 ,if -1<x<l

(£.h<1 s

{nlx{:land deduce IE%Eda’:_Z"
0

LO,M:wl
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The Fourier Integral representation (simply the Fourier Integral) of a function f



1
40

(.'0.msaun&+'[l.cosaudx+f0.cosandr)
!

\-= -l
¥ sin ax sin @ —sin(-w) _ 2sin®
= —Icosawdr = .—.----—m l = = pe
"r'-l (L PR m’

i) B(o) =-:; j f(@)sinawd
(- ! 2
f f(@)sin axdy + j f(e)sin axcd + ] f(w)sin m)

1
f . COS ax C0S @ — COS @
sin axedx =~ =- =0

g -]
[Notice : sin(~a) = —sin @, cos(-w) = cos o)

Therefore, the Fourier Integral of / becomes;

sin meosmdﬂ

f(x)= I [A(@)cos e + B(e)sin axlder = = I

b)EquatelheFow'ierlmegmlnpdtheﬁmcﬁononﬂlegim interval.
For|q <1, we have f(x)=1. So, using the result of part (a), we have

f(x)=I:-:-Imd:‘hadwﬂ:&fmd:m‘dmmz-.




2 mcosm'xs‘lwn&-;
Fnrlri;’l f(r) 0::'—“ —-dﬂ)— :de&)=0.

T

0 @

For=1. the function is discontinuous. So, the Fourier Integral is equal to the
 gverage of the limits as stated in the BirichIgiconditions. That is

hm f(x)+ Ilm 1 f(x)

-___———"

zjmsmxsmw o T axsing 7
% 2 3 4’

Finally, atx=0,f(0)==l:»EIM;@:M;IMJ&,:E.
an @ 0 o 2

- 4.2.2 Sine and cosine Fourier Integrals

Revision about Even and Odd Functions:

i) A function fis even if and only if f(-x)= f(x)forallx.
ii) A function f is odd if and only if f(-x)=-f(x)forallx.

Properties of even and odd functions:

i) The of any two or more even functions is even.

jii) The product of an even and an odd function is odd.

iii) The product of any two odd functions is even.

Integral Properties of even and odd functions:

) [ ftaste=2f feras i fiseven

i) if(x)dt=0 if fisodd
L

Fourier sinc and Fourder cosine Integrals:
As we have discussed above, the Fourier Integra

l*f is given by f(x) = T[A(a:) cos ax + B(o)sin ax}de .

| representation of a function

pnT Al ki
i W p-ﬁ._;-r"'_s -J

Lﬁ'" :J .{- ["‘"‘




¥ Hand Book ﬂflppfifd Wathematics-ll by Begushae Ml . For your commenls and sugwestions use 0938836 6
Case-1: Suppose f is an even function. Since cos(axr) is even and sin(ax) g
odd, the product /(&) cos(ax)is even while the product f(@)sin(ar) is odd.

So, using the integral property of even and odd functions,

i) A(w) =% Tf(m) cos axedx = i—jf(m)cos wxdx

i) B(w) =l jf(m)sinaﬂdx =0
;r—:c

Then, the Fourier Integral representation of a function f* becomes

f(x)= _TA(m) cos axdw where A(w) = ;;-_[ f(w)cos exdx .

The representation f(x) = IA(@) cos axde is known as Fourier cosine Integral.
0

Case-2: Suppose f is an odd function.
In this case, the product f(@)cos(ax)is odd and f(@)sin(ax) is even.
So, using the integral property of even and odd functions,

) A(0) =% j F) R =0

i) B(w) = 1 J‘ f(®)sin axdx = 2 j £ (@)sin axdx
g T
Then, the Fourier Integral representation of a function f becomes

f(x)= TB(&)) sin axdw where B(w) = ;‘:‘_—T f(@)sin axdyx .

The representation.f(x) = I B(w)sin exdw is known as Fourier sine Integral.
0

Examples:
1. Find the Fourier sine and cosine Integrals of f(x)= e, x>0,a>0.

Solution:

i) Fourier cosine integral: Using case-1 s f(x) = J' A(@) cos axde
0

= o) ey



Here, using the important integral given in (4), we have

s o

2
A(w)'"—‘jf (w)cos amvdx -—J " cos axdyx = (-) a __ 2a
5 5 na+e 7@ +0)
Therefore, the Fourier cosine integral becomes
7 ¢ 2a i
| (0= [ Aw)cosorde = [——=—cosardo = [ S22 do
. o T(a” +w7) Toa+o

i) Fourier sine integral: Using case-2; f(x) = J' B(w)sin axde .
0
Here, using the important integral given in (3), we have
' 27
B(w)=— I f(w)sin wxdx =— I e " cos awxdx
D T 0

: ) 2., @ 2w

— [asmwx—mcosmr =(=)——==—"7"7
a +w” o Tate ala” +w”)

=X

-4
T

Therefore, the Fourier sine integral becomes

p ¥ , 7 20
f(x)= ‘!B(m)sm wxdw = ’{[ e

-"20' - p _w,if0<w<]
T

i 2 ¢ wsin @x
smazxda):—j > : do
T

0 4 +o

.Find f ifitiseven.

‘Solution: From the Fourier cosine integral, f() = _[A(m) coswtdo .
: 0

Now, by using the given value of I f(t)cos i in the problem, we have

- A(w)== ]‘ f(@)cos otdt = (I f(w)cos wld! + ! f(w)cos a)rdt]

=_-jf(a:)cosaxdt =-ﬁ-(l-@)
Y _

- ] = 2
/()= [ A()cosaxder= I-;r-(l—w)cosaxda).
0 0

. e T pan,, Ay W
P A "."T-J;fj: ;'_"“‘.' _!r‘-hj " 1
5 A fny” J
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i
]

f0= f = (1- w)cos axdo>

o (2sint _ 2sins 2wfr) '(__)=_(|-mst)

ZSmal 2

ua b4

3. Solve the equatioui I J/(¢)sin exdt = g(x) where g(x) ={

3 (axsnar-i-cosar)‘
P =0

Solution: Similarly as in problem 2, we get |

Jin= T_B(w)sin aide =

i

'B(m)sinaxdar-i-ib’(m)sin wdw

4.2.3 Fourier Transforms

Lif0sx<ax
0,ifx>nx

Suppoae flsaﬁmctmndefnedon (—o0,®). 'l'hen,theFounermfomoff

is given by F (w)=E j' f(x)e'“’drl. Altenmtively, using Euler’s formula

- _ c0s wx ~isinwx , the Fourier transform of the function can be written as

p(w):.?;?zf(x “¢=T;”-=if(x)[msm-isinm]d:.

Note:

i) The foﬁn F(wj= 7;7 T S (x)e"f’dt is said to be exponential form.

ii) The form F(w) =7L T £ (x)[cos wx—isin wx)dxis trigonometric form.

iii) Which form is better? Since both forms give the same answer, we can use
any of the foms.Btuweselectoneofthefonnsdependmgonmemofme
function whose Fourier transform is needed.

T Se S ITT R T I /E

li, i LR

PiTe fnn-"i";r;l.!fh‘tl”:l i!lf iy ?"
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,,.,mr: Identity: j‘ [F(w)] ko ;[ f(_r)]:

I

0, lfH:-
|hat j*"‘ "d:-x‘mmusf*"‘:"-mﬁ_ Ch
| : . o % W AL
 Solution: ;
F(w)=7=- If(x)e“"ahr

( J f(x)e"";tr + If(x)e""m f f(r}c"'"dr]

™ e [Fsiow

Twlt-hdl"‘-r o .’_"E.T- -;--—;—
Nowapply?maisldenmy } | o o o
[tFonche= men’dr = L[F ?-"1] oo /e

> [2"' " o= [ Ifudw <22 [ s

Hﬁﬁ'ﬂplwns wby xin tlmmult,wget f—-——dw-}r

. sin’x .
Furthermore, since both sin’xmd x’mmdleqam-;,— is even. ,_

Mbmmlpmwtyofmm j’ mz{'—"*—"-*

So, Im xc&n::ﬂj-’ﬂ-idr-s:f dt"'-
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2. Find the Fourier transform of

e, if x>0 e, if x>0
a)f(x)={0,if x<0 b)f(x)_{e‘l‘,if x<0
Solution:
) F(w)=—— [ f(x)e™d = :/—.2:( [ e+ | f(x)e'“’dr}
T\ -» 0

1

__l_: —ax -iwX —(umujxd
-Jﬂ;[e o ﬁ;j ﬁ:? (a+iw)

0

b) F(w) = _‘_ [ f(x)e ™ dx= _z_;r{ [ ()™ dc+ [ f(x)e"""er

J_Z_;I 2r

— —————— —

-{2+fw}.r dx_ __]___I (2=-iw)x dl'
0
1

1 1 1 4
= : = -
2::(2+iw 2—r'w] V27 (4+w)
l -x -f 0
3. Find the Fourier transform of f(x)= £ 1 x>0
. 0, if x<0

- o]

Solution: Using integration by parts twice on I x’e "™ dx  we have
0

F(w)= -J——— If (x)e ™ dx = —-[ i f(x)e™ dx +I f (x)e'*"dr}

I %o :
=__Ixze xg h“df= xze—(l-rm};dx
0

§
bl
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).4 Fourier Sine and Cosine Transforms gaestions use (936-13-62-4

rier Transtorm of odd and even functions:

nsider the t“gOT‘meEII‘lC form of the Fourier transform representation
mmula and expand it. That is

F(w) = \/;—;r I S (x)[cos wx — i sin wx])dx

| 1
=—— | f(x)cos wxdx —
v2rx -.[o v2r

scall that is cosine function even and sine function is odd.
hen fis EVEN, the product f(x)coswx is even but f(x)sinwx is odd.

jf(:c)sin wxdx

gives If (x)cos wxdx = ZI f(x)cos wxdxand I f(x)sinwxdx=0.
fore, the above transform formula is reduced as

) = 7;——; i f(x)cos wxdx — J%E __L f(x)sin wxdxm

s e -
=—E!f(x)cosmdr—\(;!f(x)cosm | |
hen fis ODD, the product f(x)coswx is odd but f(x)sin wx is

€vell.

(x)sin wxdx .

_gives Tf_(x)cosnmit =0and Tf(x)sin wxdx = Z-E'f

A
-

ain, the above transform formula is reduced to

e % _2_” e
:_E—‘! f(x)sin w.rdx_-— J: ! S(x)sin

SR A IMEA A¥:i 240
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Fourier Sine and Cosine Transforms:

From the discussion of Fourier Transforms of even and odd functions, we cap
summarize the results for Fourier sine and cosine transforms. But to talk abgy,
osine transforms from the transforms of even and odd functions, we
o0) rather than (—o0,). So, for

s are as follow:

sine and ¢
have to restrict the domain of definition to be (0,

a function on (0, ), its Fourier sine and cosine transform

2 &a
Fourier cosine transform: F_(w) = ‘F j £ (x)cos wxdx .
T 0

,? o
Fourier sine transform: F,(w) = \/—?- I f(x)sin wxdx .
7 0

urier Integrals and Transforms:

It is crucially advisable to readers to understand the following important
relations between Fourier sine and cosine Integrals with Fourier sine and cosine
transforms. Because in many problematic situations, students are challenged to
determine Fourier Integrals from the given Fourier transforms or Fourier

transforms from the given Fourier integrals.

Fourier cosine transform: F,(w) = F I f(x)cos wxdx .
T

Important relation between Fo

Fourier cosine integral: f(x) = EI F.(w)cos axdw .
T 0

The two formula are said to be cosine transform of each other. If we are given
F.(w), wecan determine f(x) from the cosine integral formula or vice-versa.

2 L <]
Fourier sine transform: F,(w)= ‘/; I f(x)sin wxdkx .
0

2 an
Fourier sine integral: f(x) = J; I F,(w)sinaxdw.
0

The two formula are said to be sine transform of each other. If we are given
F,(w), we can determine f(x) from the sine integral formula or vice-versa.

241
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find the Fourier cosine and sine transforms of f(x)= {] (1f0<x<

0,if x>
x [ |
b4 kT r Sln 'r ﬁ' r —_ - 2
Using the result, show that J' 3 dx = __&Iﬂ cc:s x) gl
0 2 o X 2 *

Solution:
Fouricr cosine transform:

2 x 2 1 x
F.(w) =, E I f(x)cos wxdx = \/; I Sf(x)coswxdy + FJ S (x)cos wxdy
G T T 1 '
1 . x=l
= F [cos wxdx = \lzsmc’wf
Y T O |,

o V7T o

2 sinw

—
e R —
-

Fourier sine transform:

o

27 . ‘
F.(w)= ;J; f(x)sinwxdx = E ! f(x)sin wxdx + \EI f(x)sinwxdx

; |
1 x=I
= szsin wxdx = \[E(- cosmx)
Ty T @ |

_F(l-cosa))
T o

2. Find the Fourier sine and cosine transforms of f(x)=€™,x20.

inax b4
2 dr:-i-e'“,a:-(}.

i) Using the resulting transform, deduce that I

OSIMWX 45 1=0. Why it is wrong?
1+’

ii) At x =0, the representation € "'.[

COs X / JIET
i) Using the transform, deduce that I d&l = e ,x20.

Solution:
Fourier sine transform:

o 2::0 B,
E(W)=J—2iff(x)sinwxdx=\l';r:je sin wxdx
2 0

- )
_(J-)_——-—smmr ~wcosex| =\ \1+0°

1+0’ AT 242
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Fourier cosine transform:
! ‘lﬂc‘

F.(w)= \/-If(x)coswxd —J:Je cos wxdx
|,F?lﬂi

,'2[ 1) | ¥
[ coS G + Sin ax = F 2) '
I+o lf[ﬂ

x=0
transforms. ‘

= (
l+o’
that relates integrals and

Now, apply the dual formula
d sine transform.

i) Use Fourier sine integral an
T wsinwx

f(x)= J_IF(w)smwxdw ‘/'-J“/’(‘]‘;;]S’"“de’—'j 1+
o’

s nwx
d“ # !

dw

Hence, we get the representation f(x)=€ "——j 1
+@’

-+ and its Fourier integral representation, we have |

Then, usingx=4a in f(x)=e

m - 2] .

f@=¢ z—j-ﬁﬁ‘—"f e j‘”s“"’..“’aw:i’-e-ﬂ.

1+&) 1+ @ 2 ‘ .
E

Fourier cosine mtegral f(x)= \[- I 1 (W)Cosaxrda) | F

iii) Use Fourier sine integral and sine transform.
|

S()= [_[F(w)eosmdm~—-j( T )cosmm’w

)=e™* with its Fourier integral representation,

Then, equating f(x we have

R
=Py — COS QX -x COS X T
/&) Jr'.!.[1+£0) AR :>I 1+’ dw=—2-e",x?—:0.

3. Find the Fourier transform of f(x)= e

Solution: From the trigonometric form of the definition, we have

——1__ @ 1 @
FOn) = | S@coswads = o [ £ (x)sin wad.
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gince fix)= = ¢Mis even function, its Fouri
gansform. Thatis F(w) = F_ (i),

o, using the Fourier cosine transform formula, we have

F(w)= F.(w)= J- ,[ f(x)cos Wld‘c'*‘jzje”’ COS wxd
r

0

2 :
=.[—| e cos wxd: A _

\[;.[[ wxax (e =e™ forx > ()
2. e ) &
J;l+mz[-cosmr+wsman1

x=0
o
11+ 0?
x,if0<x<l

4. Find the Fourier cosine and sine transforms of f(x)=
0, otherwise

Solution:
Fourier cosine tran sform'

Fo(w)= ( = [ f(x)cos wxds = J‘ = [ f(x)cos wxdx

J_ [ xcos wxdx = J— (axesinax +cos ax)

= ’2 osinw+cosw—1
4 o’
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CHAPTER-S 342,
CALCULUS OF COMPLEX FUNCTIONS

| Hand Book of \pplie

5.1 Functions of Complex Variables

Definition: A function of a complex variable z is a rule that assigns to e
complex number zin a set D a unique complex numberw. Thatis f:D

such thatVze D, 3weC,> f(z)=w. Here, the set Dis called the domain of
definition of fand the set of all images R={w=f(2):z€ D} 1s called the
range of f. Sincez=x+iy, the image is also written in the form w=u+j
Thus, f(z)= f(x+iy)=u+iv.Since, all z,u,vare functions of xand y, from
now on wards we use the notation f(z) = f(x,») = u(x, y) + v(x, y).

Examples:
Express the complex functions in the form f(x, y) =u(x, y)+v(x, p).

a) f(2)=z*+3z  b) f(2)=z2z ¢) f(z)=¢€"

Solution: Let z=x+iy. Then,

a) f(2)=2" +3z=(x+iy)* +3(x+iy)

=x" +2iy +i°y* +3x 43y =x? - ) +3x+i(2xy +3y)

Hence, it is of the form f(x,y)=u(x, y)+i(x, y) where

u(x,y)=x* = y* +3x,v(x, ) = 2xp + 3.

b) f()=22=(x+ D)x-) =2 ~iy+iy Py = x4 2.
Hence, f(x,y)=u(x,y)+iv(x,y)where u(x, y) = x* + 2, v(x, y) = 0.
¢) f(z)=¢” =" =*e'™ =¥ (cos3y +isin3y).

Hence, f(x,y)=u(x,y)+iv(x, y)whe i
Sy y)+iv(x, y)where u(x,y) = C0S3y,1(x, y) = ¥ sin3y.
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5.2 rimits and Continuity of Complex Functions

imits of Complex Functions: Intuitively, a complex number L is said to be
the limit of the complex function fat a point z, =a+bi if f(z)gets closer

and closer to Las the point z=x+yi gets closer and closer to z,=a+bi.
This is denoted by lim f(z) = lim f(x,y)=L or lim f(x,y)=L.

y-bb
Limit in terms of real and imaginary parts:
suppose f(2) = S(x,¥) =u(x, y)+iv(x, y),z, =a+bi,L=u, +iv,.

Then, lim f@)=L=u,+ivy, & lﬂlmu(x y) =u, and hm v(r, y) =V,

This approach has dual implicatlons On one hand it tclls us that thc limit of the
complex function exists if and only if the limits of its real and imaginary parts

exist at the same time.

lim f (z)_ lim f (x,y)= lm u(x, )+|( 1)_:12” v(x, y))

1924 (x,y)a.b)
i) By Factorization: Factorize the numerator and the denominator and cancel

the factor that poses trouble to evaluate the limit.
: Examples. Evaluate

-3 2 2 _ §_ 4
pini22 It o lim T ain
=2 7% +4 I*-’”z—ﬁi et ot A
Solution: Here, we cannot evaluate the limit directly.
4 3 3 -
A R (| LT P 8 __,

-2 zz +4 T 22 (Z 2]')(2 + 21) 22 (Z + Zi) 4i

A 2 +3 (z—fl)(2+\(_1) lm(z+f,-) =23

2=»3i

=3 7 3] z-r!i z—+/3i

| 2_ ‘_ - (=Y YD)
13 -x w .x y s . x(x y) (
¢) lim +i = lim S+ M A Y

= lim x+:( fim, (x +J’z)) =3+18i
(x.)—(33)

(=)
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z+i-3 R

ii) By Rationalization: Evaluate lim e 7
-l z+ 241 —

Solution: By rationalizing the denominator,

firi z+i-3 — lim z+i-3 Jz+2+i+\/§
i Jre24i—v5 vz e2+i-5(Jer2+i+V5
(z+1—3)(dz+2+1+\/—) 25

*-+3 i z+i-3
Continuity of Complex Functions: A complex function / defi ned at z, is

said to be continuous at a point z =z, if and only if !LT, S(2)=1(z,).

Examples:

1. Show that

a) f(2)= 2z+5:' is continuous at z, =1-2i.
z°+4i+6 ,

| z? = 2iz .
b) f(2)= +4° 2% & is not continuous atz, = 2i.
- 3i  ,zy=2

Solution: o,

z+5i ~ 1-2i+5i . 1-2i+5i __1_.

==£E12f(l—2i)’ +4i+6 =-""*-2‘l—4f—-4+4i+6 3
] z+5i 1-2i+5i 1
1 = = Za)= 1-20)= ==+
Besides, f(2) TRV S(z)=1( )= - 2;) e 3

That means ,E.'l’.»., f(@=/(10-2)= -;-+i . Therefore, f is continuous.

9 AT 4i+6

. 2 =20z z(z-2i) ; z 1
Here, lim = lim = lim = lim =5
b)Here; im /@) =% 2?4+ 4 ety (z-2iNz+2i) =2z+2 2

However, f(z,)=/f(2)=3i# ,'_'{E f(2). So, f is not continuous at z, =2
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§.3 Differentiability anqg Cauchy-Riemanp Equations
ronditions of Differentiability and Cauch
A function f(x,y)= U(-‘r,y)+fv(x,y) 1S saj

the derivative exists in R ) if and only if the two conditiong are satisfied:

i) The partial derivatives Ou du v ov

— —

o’ = ,5;,-- are continuous in R
‘s : Ou ov du —py
it) The equations —==—_ <% _—0v :
) ‘. ax oy 3y oy e satisfied
Note:
1 . Ou Ov_ou —pv
) The equations ——=— & — = %% lled -Ri ) ;
_: q ox o 3y o are called Cauchy-Riemann-Equations.
)) Here, by checking

these two conditions (continuity and CRE), we can verify
lifferentiability of f .

But the basic question is how to find f'(2) if it exists

ecause it is not an casy task to find derivative of complex functions.
Jerivative Formulas:

he formula or techniques of finding derivative S (2) of complex function are
fasily derived using Cauchy-Riemann-Equations (CRE).

fa function f(z) = f(x, ¥) =u(x,y)+iv(x, y)is differentiable, its derivative is
btained using one of the following formulas.

) f'(2)=u,(x,y)+iv (x,y) (In terms of u and v)

) f'(z)=u(x,y)-iu ,(%,y) (Intermsof u only)

i) f'(2)= v, (x,y)+iv,(x,y) (Intermsof vonly)

iv) f'(z)=v,(x,y)—iu,(x,y) (Intermsof u and v)

\portant Notice! Each of these formulas gives the same result for f'(z).
Which of these to use depends on the situation of the p.roblem. In the
m, onlyu , or only vor both may be given. If onlyu s given, we prefer.
second formula, if onlyvis given, we prefer the third formula, if both z and
€ given, we may prefer either of these formula.

i
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Examples:
1. Show that the following functions satisfy Cauchy-Riemann equations and

conclude that they are differentiable and find their derivatives.
a) f(x,y)=x =30 +i3x’y—-y’)  b) f(x,y)=€ " cosdx+ie™ sindx

) f(x,y)=x—y* +3y+i2xy-3x) d) f(x, y)=Infx? +y* +itan-'(£J

b 4

G by g . o O e o g TR

e) f(x,y)=e** cos y+i(e** sin2y)
Solution: - '

i

du 2 Ou | -
u(x,y)=x’ -3z = —=3x"-3y’,—=-6
N=x 3 S =T e T _au_ov oo

a) = :
" 2 & oy oy &

ks o B g
x,y)=3x2y—y’ =>—=6xy,—=3 L
_v( y)=3xy-y P xy@ x" =3y

Here, each of the partial derivatives are continuous and satisfies CREs.
Hence, by the above condition of differentiability, f is differentiable.

Therefore, using either of the derivative formula, we have

i) f'(2)=u(xy)+v,(xy)= 3x* -3y +i(6xy)or

i) () =u (xy)—iu,(xy)= 3x? -3y? +i(6xy)or

iii) f1(2)=v,(%y)+,(x,y)=3x" =3y’ +i(6xy)or

W) f1(2)=v,(%y)—iu,(x,y) =3x" =3y’ +i(6xy)or
(Do you see? We get the same result using either of the derivative formulas)
r:-'(.r..y) =e™7 cos4x=> % =—4e™" sin 4x,-gyl =—4e™* cosdx -

b) 1 v 2
w(x,y)= eV sindx= Ex- =4e™" cos 4x,5 = 4e ¥ sindx

Hence, by the above condition of differentiability, f is differentiable.
Therefore, £ (2)=u (x,y)+iv,(x,y)= —4e™ sindx +i(4e™" cos4x)

v o528 £ T8 T A PTG T T B B IEAE] 249
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L cu
Hy)=x" - J-' g T S 2

Yo =-2y43
0 v X T a v
v(:c,;.f):hy—lralzzy_;fﬁ:zx X & 'dy o
| Ox Ay
Hence, by the above condition of differentiability, fis differentiable.
_ Therefore, f(z)*u (x, Y)+iv [(x, )= 2x+1(2y-3),
u(x,y)=ln X +y“:>-ai‘.= zx z’a“= 2}’
d)j x x'+y y I+)’}:>_5E_av6u_—av
v(x,y)=tan"(!-]:>-qv-=—-51_‘_qv_= ’x ox oy oy X
i X ox x*+y* oy x* 4 y?

- Hence, by the above condition of differentiability, fis differentiable.

- Therefore, f'(z)=ux(x,y)+:’vx(x,y)= 2x = —i( Iy -).

| x“+y X +y

. ou ou _
u(x,y)=e*cosy=>—=e"cos y, = = —¢ sin y
Ox Oy

e) - =
1 v(xy)*e’shy:}—a—‘:-e‘siny@-—e’cosy
L ¥ ar !®

e

p— =

?[e

o
oy

-; tHence, by the above condition of differentiability, f is differentiable.
erefore, f*(z)=u_(x,y)+iv_(x,y)=e" cos y+i(e”siny)

2. Show that the following functions are not differentiable.

a) f(2)=x" -3xy® +2x+i(3x*y - *) b) f(x,y)=x'+iy*
) f(x,y)=x* =y -5y +i(2xy +5y)

dlution:

ou
- |ulx,y)=x" -3x° +2x=:»% =3x* -3y’ +2,5y-=-61y
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5.5 Analytic and Harmonic Functions |

Analytic Functions: A function f is said to be analytic at a if its derivative
ome open set containinga.
en we say f is analytic on R.

is said to be entire function.

exists at each point z ins
If f is analytic at each point in aregion R, th

If f is analytic on the whole complex plane, f

Examples:
a) Consider f(2)=2’ _32% +5¢% . Here, f(2) =3z" —62+10e* is defined for
any complex numberz =a. So, the function is analytic and it is also entire.
b) Consider f(z) =4x’ +5x—-4y +9+i(8xy+5y-1)- | |
5. =8x+5,-a—"— =—8y,§v— =8:y,-a—v-_=8x+5=> B av’au = ma—v,Vz =x+y
y x Yy &
Thus, it is analytic and it is also an entire function.
¢) Consider f(z) =In(x" + y?)+9+itan”

in its domain except the origin. But it is not
Note: Differentiability and analyticity are
be differentiable at 2 point but may not be analytic.

However, every analytic function is differentiable.
Harmonic Functions: A real valued function f{x,¥) in a region R that has

continuous second partial derivatives is said to be Harmonic function if it

1(%). _HeI'E,‘ £ is analytic at all points

an entire function.
different concepts. A function may

2 2
satisfies the Laplace’s equation ‘;{ + ';{ =0 in the region R.

e whether the following functions are harmonic or not.

Examples: Determin

a) fny)=x'y-9"+4 b) f(x,y)=2x" -2y’ +4xy
¢) f(xy)=€"cos3y d) f(x,y)=x'+y' -9
Solution:

.Q.E- 2y 32?-'{--=6 g—=.t’—3 zﬂa'-ﬁ
a)Hﬁc,ar-h}' yratz Jyr@ xy layz Xy

f &S _6y-6=0

rﬁMhrM¢ﬂsmWnﬁm1MM2Wﬂ 251
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Thus, the function i is harmomc' )

2
9
b)g' 2”4}”&{‘_2%“2}»-»4): v azf s

H
9 m’ax’ "o 'ax’ oy
Thus, the function is not harmonjc,
Relation between Harmeonic and Analytic Functions;

Suppose f(x, y)=u(x, y)+!v(x, y)is analytic function in a region R Then. it

satisfies the CaUChY-Rlemann equat:ons A _Qv_’ o _—dv .
o . Y 6)’ ox

Bu ov ; i
anferentlatm ——--—w;th res ect to x and —_—=—
_ g i p. | iVt wnthrespecttoy,

azu. azv 62 Wl az

we get -
i o'y Ha
. e azu a! az a‘! ' _.
Now addmg these gwes us (Since the functmn is
| arz QVZ axay ox il |
Ou ov. au by, "= ® v o
analytic, — —are contmuous and thus S R
e virvrs " ey g
2 2
Hence, Z:: ; = 0. This means the real part u(x, y) of the analytic funct:on |
ou _
S (x,y)=u(x, y)+iv(x_, y)is Hannomc. Slm:larly, by d:fferentlatmg ?é-:a

oo o2y
w:threspecttoyand -5=7&— w:threspecltox we g PR

‘rhls means the lmaglnary part Of f(x, y) u(x, y) +W(I,. y) 15 3150 Hal'monic
Therefore, if f(x,y)=u(x,y)+v(x y) is analytic, then both u(x,y)and

W, ) are harmonic.
In such cases, w(x, y)is said to be the harmonic mn_;ugare of u(x, .V)

=0.
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Remark:
If a harmonic functionu(x, y)is given, then it is possible to find the harmonic

conjugate v(x,y)by applying Cauchy-Riemann equations so that the function

f(x,y) =u(x, y)+iv(x, y)is analytic.

Examples:
1. Verify that the following functions are harmonic and find the corresponding

harmonic conjugate v(x, y) such that f(z) =u(x,»)+ w(x, y) is analytic.

a) u(x,y)=x’ - 3x° b) u(x,y)=e" sinx c) u(x,y)=xy

d) u(x,y)=x"-3x° +4xy e) zr(,r,_}=)=e‘1’cos2y

Solution:
ou > , Ou o’u O’u o’u B'u B
S s —_— =0 J:>—-6I—————6,‘::>—+—-ﬂ
a) o =3x" -3y, X) Fw: > FERP

Hence, u(x,y)=x"—3x* is a harmonic function. So, there exists a harmonic
function w(x, y) such that f(x,y) =u(x,y)+ v(x, y)is analytic. Now, from the
ou _ ov
ox Oy
with respect to y gives us v(x,y)=3x’y—y’ +g(x). Again from the second

Cauchy-Riemann equations, 5D 513 y?. Integrating both sides

Riemann equation, %=-§V- =—-6xy+g'(x)=—b6xy = g'(x)=0=> g(x)=c

Hence, v(x,y)=3x’y—y’ +c and the required analytic function is
fx,y)=x =397 +i3x°y -y’ +c).

b)u, =e” cosx,u, =—e”’sinx,u, =—e”sinx,u  =e”sinx=>u, +u, =0.

Hence, u(x,y) =€ sinxis a harmonic function. So, there exists a harmonic

function v(x,y) such that f(x,y)=u(x, y)+v(x, y)is analytic.

Now, from the Cauchy-Riemann equations, . &v id =e” cosx.

x oy o
Integrating both sides with respect to y gives us v(x, y) = —e™ cos x + g(*)-
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g gain from the second Riemann equation,
" Y cin y = —o07 o .
o __~_—-e¢”’sinx=-e Sinx-—g (x)::»g'(,ﬂ:(}:;g(x)___c ;

ox

.'mce’ w(x,y) = —e’ cosx+c and the required analytic function.
' A ’u u

8 —=), — = = =0! 1=D:>_-+_-I£=
="y @ Ty ay

fence, u(x,y)is a harmonic function. So, there exists a harmonic function
i(x,) such that f(x, y) =u(x,y)+iv(x, y)is analytic. Now, from the Cauchy-

your commenls and sugoestions use 0936436263

: ou ov
liemann equations, —=-—>=—=1y, Int i : :
€4 Bt % Dy y - Integrating both sides with respect to y

- 2
jves us v(x, y) = y? +g(x). A gain from the second Riemann equation,

oy . ., % =

B2 o = gaben = g0

' 2 2

y x

CNCE, Vi X, = ——

nee, v(x, ) S |

2 > o S
=31’ -3y’ +4J",iu-=—6.1y+4x=> 0 f = 6x,a '.:,':—-61-:;’—';+‘:‘i —=0
© @} ox 3)7 ax? ay-

nice, u(x,y)is a harmonic function. So, there exists a harmonic conjugate
L)) such that f(x, y) =u(x, ) +iv(x, y)is analytic. Now, from the Cauchy-

3 . Ou Ov Ov PR o : :
imann equations, — = — —=> — =3x" —3y" +4y. Integrating both sides
| ox % Oy

:?"'_'__, espect to y gives us v(x,y) =3x"y -y’ +2y’ +g(x).
in from the second Riemann equation,

:&_:- = -6xy—g'(x) = -6xy +4x = g'(x)=-4x=>g(x)= —2x*
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Hence, u(x,y)=¢"cosyis a harmonic function. So, there exists a harmonj,

function v(x, y) such that f(x,y)=u(%,))+ iv(x, y)is analytic.

ou Cv .
Now, from the Cauchy-Riemann ¢ uations, — =— =" =€ COS Y.
o 2 &x oy oy

Integrating both sides with respect to'y gives us
v(x,y) = e sin y + g(x). A gain from the second Riemann equation,

% = — = —¢"siny+g'(x)=-€"siny= g'(x)=0=>g(x)=c

Hence, W(x, y)=¢"siny+c and the required analytic function is

f(x,y)=¢" cosy+ie*siny.(Youcan adda constant!)

2. Show that u(x, y) is harmonic and find its harmonic conjugate v(x,y) such
that f(x,y)=u(x,y)+iv(x,y) is analytic.

a) u(x,y)=x"-3x" +3x2 =3y +1  b) u(x,y)=¢€" cos y+e’ cosx+.xy

Solution:

ou ., 3 cu o*u o'u
a) —=3x"-3y" +6x, —=-6 -6y =>—=06x+6, =-6x-
Ox oy EAR ™ oy’ o8-
2 2

Hence, u(x,y)is a ' ' e exi i i
, u(x,y)is a harmonic function. So, there exists a harmonic conjugate

W(x, ) such that f(x,y) =u(x, ) +#(x, )is analytic. Now, from the Cauchy-
- Riemann equations, o = o =3x? —3?
| & o oy Yy~ +6x.
Integrating both sides with respect to y gives us
v(x,y) =3x"y =y’ +6xy+g(x)
A gain from the second Riemann equation,
-qu-=-_—av-=>-61y—6y—g'(x)=—6 . .
y ox W-0y=g'(x)=0=g(x)=c

Hence, V(X,J’) =3x:y_y3 +6xy+ec.

e T S Ty e
ReogsSS NN TRASLE (19N AL NS A
ZLEONET P
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_[?_Ii:__ efcosy—e€ sinx+y, =i =—e"siny+ e’
b) o Oy Y+e cosx+x
B = y 0% u 3 ,
¥ —e*cosy—e’cosx,— = _p* » o‘u J'u
::’arg >~ 2 Cosy+e COSX = —+—=(

| )is i i :
Hence, (X, y)is 2 harmonic function. So, there exists a harmonic function

wx,Y) such that f(x, ) = u(x, y) +iv(x, )is anal ytic. Now, from the Cauchy-

s du _ov_ v | _
Riemann €quations, Py "a;:*—-—:e cosy—e’sinx+y.

: g > 2
]ntegratlng bOIh Sldes gIves us V(X, y) = ex Siny --(_:,r-r Sin X +I._ +g(x)-
2
. A gain from the second Riemann equation,
aV X o3 ¥y ] s
_._=.--Ex—-:> —e siny+e cosx—g'(x)=-e"siny+e’ cosx+x

i ' xl
=g'(x)=-x=[g (I)fi¥=_[—xdr:>g(x)=_?
: yl xz
Hence, v(x,y)=€"siny =’ sinx+=-=—-.

3. Show that v(x,y)=2xy+x is harmonic and find another harmonic function
‘u(x,y) such that f(x,y)=u(x,y)+iv(x,y) is analytic.

1 2 2 2 2

Zx: =O'§y: =0:>%5—+%=

ence, v(x,y)=2xy+xis a harmonic function. So, there exists a harmonic
function #(x, y) such that f(x,y) = u(x, y)+iv(x, y)is analytic. Now, from the

Solution: 2 =2y+1, L 2x =
) ox ay

_@’____QV_:QE___zx_ Integrating both sides with
& oy Ox
ect to x gives usu(x,y)=x"+g(y). A gain fro

e : au -aV = 2 -
equation, = = —% _y g'(y)=-2y-1=>8(Y) ="y -V

':,uchy-Riemann equations,

m the second Riemann

Hence, u(x, )= x2 - % - y and f(x,))=% =)'~y +i@Qw+3).




5.6 Complex Integrations

5.6.1 Contour Integral

If fis continuous on smooth curveCgiven by the parameterizatio
z(t) = x(t) +iy(r),a<t < b, then the integral along the curve C denoted by

j. f(z)dz is known as contour or line integral of f and it is given by
c

b
If (2)d&z = J. f(z(1)z'(r)dr . Here, Cis known as path of integration.
C a

Examples:
1. Evaluate the following contour integrals.

a) Lz’dz where C is given by z(r) =3¢+ 2it,~1 <t <1
b) L?dz where C is given byx(r)=3, w) =1, 15152
c) L}dz where C:z(f)=¢", -2 <1< %,

J)Lf(z)dZ,Wthﬂ f(2)=x*+y+ixy and C is part of curve y=x’, from
a=0to b=1+i.

f:)_[(x2 +y")dz where Cis the line segment from z=2+4ito z=5+6i
c _

Solu;ion:
a) Here, f(z)=z’,z=3:+2ir,z'=(3+2;‘)dr:>f(z)=(3;+2;;)-”- =5 +12it*.

[#dz=[ ()20t = [ 31 +2it) 3+ 20y = i(-su2 +46i?)dt = 6.4 =i
3 3 : 3

b) Here, f(2)=2,2()=3+it*,2'(f) = 2irdt = () =2(1)=3-ir".
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‘ > o 2 - e
L”;d::j(B—-ir')Z:rdt =j’(6n+2r3)d:=3,2,-+’2 _9”15
1 ]

i }
e ’
d) Recall from Chapter 3 that if y =f(x),a stb, fhers fis parameterizmion
is of the form x =2,y = f(t) => z(t) =t +if (1),a <t < b. As aresult, part of the

4

lu‘——wla

i v T | l F
¢) z(f)ze" = z'(r) =ie“dr =>Ic_;d I

parabola y = x? connecting the two points is x(¢) =7, y(f) = r2,0<r<l.
5

] 1 1
= 2 4+ O 2 ~e 3 .
So,jcf(z)dz—_([(b +it )(1+2::)dr—_!(21 -2:‘+5:’;)d:_E+Z,

2. Evaluate the following integrals using appropriate paramétérizations.
- a) I(x’ —iy*)dz where C is the lower half of |z] =1from z=—1toz =1
' c

b)j( l - +8}!zwhere C is the circle |z+:‘|—-l
C (Z + i) Z+i
; c)ff () where  /(2)= 2,x<0 »d Cis the parabola y=x> from
6x,x=0
" Z==1+ito z=1+i
2 2
| d)I-st'zwhe-.-]re C'is the left half of the ellipse -3—6-+-1’4—=1fmm z=2itoz==2

:e).ll(:"z —4z)dz where C is the curve along y=x’ from z=0to z=2+8i
éi)The lower half of the circle |z|=1from 2z =—1to z = lis parameterized by

fz =e',x <t <27 Besides,
L

ks ) e
> it = =
_..ﬂ'-—e =msr+isint=>‘k=iead!'x=cost= ,y—smt
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ar ;,- -1.r
Hence, J'(,r’ — i)z = I[ ) - f(——-——) ie"dt
C K
2r

- I(%(elfr +3€:‘: +3€-£.' i E’-jﬂ) +§(€Jr‘r . 39# +3€-ﬂ‘ o E-MI )Ji-end! b)

2T . 2n "
. . . i Ys w i 3
= I[é (¥ +3e")+ -;—(33” +3e™ )].re dt = -é !(264 +6)dt = -4£

.
The circle |z +1] =1is parameterized by z+1= e",0<1<2r7.

Besides, z+i=e€" =>dz= je' dr .Hence,

j( 1 _ 5 I +S}iz = 1“5[_;:”.. ,__% +8Jf€"df - T(fe-:n _5i+ 31}3"’}7':

N+ z+i e 1

=2r

=-10m

=2ir
== _5ti +4e”)

=0
c) Here, If(z)dz = If(z)dz+ If(z)dz where
c G G '
C :x= fy-f —]*-‘~'~r*'-'-'£’lz=1'+:'4r2 dz = (1+2it)dt and

e t,y=t>,05t<l,z= t+it?, dz=(1+2ir)dt

Hence, j f(z)dz= _[2(1+2u)dr+ j’sr(1+2u)d: =5+2i

d) The left half of the ellipse is x =6cost,y = =2sint, £ <t <.

3xi2 Ix/2 k¥ 4
Hence, [dz = [dz= j(—ﬁsin.-+2fcosr)dr=(6cosr+2fsmr],2 =—4i
o 212 £/2 2
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5.6.2 Cauc hy’s Theorem = For your commenls and suggestions use 1439:43.424)

guppose a function [ is analytic in a simply connected domain D and fis
-uous in D. Then, for every si :
contin ry simple closed curve C inD, L_ f(2)dz =

Examples: Evaluate the following integrals.

4+ 22 +4)dz where C:|z|=1 z’e’
a) j(z 4 b) l(z—l)z dz where C:[z-3|=

c

c)]'e €S2 4 where C: l4=1 d)j'
c

ez
17 7.4 z2+1dz where C:|z+i=3

Solution:
2) Here, f(2)=2" +2% +4is analytic everywhere and so is on the circle

C:|z|=1. Therefore, by Cauchy’s Theorem, I(z‘ +z2 +4)dz=0.
. C

6 _z

) /0=

inside or on the circle C :|z —3| = 1because atz =1, l2-3=1-3=2>1.

is analytic everywhere exceptz =1. But the point z =1 is not

Therefore, by Cauchy’s Theorem, I 0 ———dz=0.

but each of these

) f(z)= E: s:-n: is analytic everywhere execpt at z=22i
ol

~ Points are outside C:|z|=1 and thus it is analytic on the given circle.

sin z
Therefore, by Cauchy’s Theorem, j'e L esinz . _g.
2 —+i but each of these points are

d
9 Here, f(z)= is not analytic at z=

o 2t +1
. ldethecu‘clec |z+fl =1 . (So, what!
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5.6.3 Cauchy-Integral-Formula
If fis analytic inside and on a closed curve C and ais any point withinC, thep
I z
fla)= —I-‘@dz or I&dz = 27f (a).
2m.z-a %2
In general, Cauchy-Integral-Formula can be generalized as follow:
1) , f(2) 27 f(2) 2m
dz =2nf'(a), L322 _dr=— fM(a)yees -—-—“Td2=— ) a
l(z_a), ' )l(z—a)’ 2= =0 /@) L[(z_a) rdz=—"f"(a)

What is confusing part of the formula when to use?
To use this formula, the difficulty is to identify the function f(z). To avoid

such difficulty, please understand the following procedures.

First: Identify the point z = a within C that makes the integrand undefined.
Second: Coverz—a or (z—a)" in the integrand and take the remaining as f(z)
Third: Apply Cauchy-Integral-Formula.

Notice: If you get more than one pointz =a within C that make the integrand

undefined, first decompose the integrand as sum of partial fractions.
Examples: Evaluate the integrals using Cauchy-Integral-Formula
. 627

a)!;—z;idzwherg C:l7=4 b);f;’—-wdz where C:|z+2i]=4
c)!(zf';((’i”dzwhm C:ld=5 d)crzzz-dz where C:[d=1
) [ vhee Oz B [ whee O
i) !fﬁz;dz where C:[z|=1 y), l(zii;(zzzis)éwhem C:l4=2
D[ vhere Co{=1 [Tk whee i1
¢
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golution: Apply the above procedures 1o identify the function, o
o this problem, the integrand i discontinyg

i

Usat z=g=
drcle C:|z|=4. So, if w

3 which is inside the
€ cover the factorz -3, we get f(

z)=2z* Butitis

o el 2 _J@)
gnalytic on C:|z| =4. So, we have - o Therefore, by Cauchy

F4

2
_f(2) ; : :
Integral Formula, lz—;adz = lz_—_idz =27f (3) = 27(3%) =187 .

6z* 2
'b) Here, the integrand —=—_ — 6z

ael 3T 3 So, the discontinuity points are

2
2=3i,z=-3ibut z=3i is outside C- z2+2i]=4.50, 1 (2)= bz is analytic

2=

withinC :|z + 24| = 4. Hence, for this choice of f(z), by Cauchy’ integral

cZ +9 7z-3i

. 2 _ -54
formula, we have I —fz—dz = L(ﬂ:& =27f (-3i) = 25‘!{:) =18x.
_ (What happens if both were inside?)

cos(z)
(z-2)z-3) :
of these points are inside the given circle. (So, what shall we do?). As notwe::‘
.f_' the above procedures, in such case first decompose the.lthgra;lfi as sum o
(z-2)z-3) z-3 z-2

hus, [_0S(=) . _roos(m), _roosm),
-!(z—Z)(z—-S)dz £=-3 !.-,_2

§ i : ! (m) . , = _2 - ]
Ims(z. ’;-’) &, using f(z) = cos(xz), ! ——dz“:_ - 2ni cos(37) i
e 22—

¢) Here, the integrand

undeﬁned at the pointsz=2,z=3. But both

Partial fractions. Using partial fractions,

F ' - cos(12) , _ .. 4 27) =27,
o j"-——-dze:s(,:) , using f(2) =cos(n-’-).]-_;__2"‘k 271 cos(
e _ .

N 005(}2) _Ims(m) _I%:—2ﬁ-2ﬁ=-4ﬁ.
! (z_zxz_s)dz.-c——-dzz_g I =%

0z =y AiheANY: 262
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d) Here, 22’ +3z° =2z?(2z+3). So, the discontinuity points are z=0,z=-3
but z=-1js outside C:|z]=l. So, by covering ', we gﬂf(z)=i—§--
= Z+3

R 12
which is analytic on C:|z| = 1. Besides, its derivative is f(2)=- e

Hence, for this choice of f(z), by Cauchy” integral formula, we have

6 f(2) , { ]2) 47
———dzz = | =z =27 (0) =2m) - |5 =
127 +37° j,zsz() 9)" 3
e) In this case, we use Cauchy’s integral formula for the case n=1. In our
problem, the discontinuity points are z=2,z= 5 but z=>5is outside the
2:

Cile=3,80, f (z)- 15 analytic on C:|z|=3. So, for this choice of f(z),
e f (2) 2¢(z-5)-e
ha = df'(z)= i Thercfore, b
e e (z-5)2 y

2z 4 o . 4
[— = [ LD g 2ar2)- Zm[ "l J: 28
(z=2)'(z-5) zlz- 2)? 9 9
f) The discontinuity points are z=1,z=-1but z=-lis outside the path of

2
integration C:|z~1]=1. 8o, f(2)= < :]l is analytic on C:|z-1|=1.
4+, _(f() . .
Hence, for this choice of f(z), I I ——lé' =2nf(1)=2m.
G*"

g) The discontinuity point is z=~i.. So, f (z)=2’is analytic on C:|z|=2.

Hence, by using the genera]izationj(zf iz))mdz e — " (a)of Cauchy’s
= n!

- S 4o 28 00 j) = mi(6i)= 6.

formula, we have ‘[ I )
Z+i

(z+i)’°
h) The discontinuity point is z=Z . So, f (;) =sin® z is analytic on
C:|z|=1. Hence, for this choice of f(z), by Cauchy’ integral formula, we have

J‘ﬂ"fé = £—z—:dz =20/ (5) = 2nsin (§) = 214" = 2.
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Here, the dlscontlnmty pointisz=—z fSmr by co:clrl:'lr::the f:;::z ::2
-£, we

game f(z
R e e e =

_. d,scontmuny pointsare z=1,z==3but z=-3is outside C |z[ =2

z+3

1s analyticon C ]z] = 2. Hence, for this choice of f(z), we

(_sin(=") A PO
_}-1)’(z+3) j(_-'ﬁdz =24 “)“?'

_ :a tinuity point is z=0 with n=5. So, f(z) = cos3zis analytic on
-and f'(z) =-3sin3z, '(z) =—9cos 3z, V' (z) =81cos 3z
: 277

If(z)dz— " fO0=226n==71.

14-!

j fle) ;. f' (0) = 7i(-2) =27

__..éRepresentatinns of Complex Functions

gomplex variablez , an mﬁmte series of the form

( _.ar f"}(ﬂ)'l‘---

264
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) Here, the discontinuity point isz = -2 So, by covering the factorz <, we

sin z sinz
-y=—— Hence, —_— /() by ‘f_
get f(2) 4 £4z+:r“ J;.__dz+-*} z2=2mf (-&)= 4:11
j) The discontinuity points are z=1,z=-3but z=-3is outside C 4=
sin(7z?) .

_—

S0, /(1) =— . analytic on C':|z|=2. Hence, for this choice of f(2), we

sin(7z%) f(2) _ _
dz = = y —_ Tl
(z-1)*(z+3) !-(z---—_dl)z z=2zf M=—.

k) The discontinuity point is z=0 with n=5.So, f(z) = cos 3z s analytic on
C:|4=1and f'(z)=-3sin3z, f*'(2)=-Icos3z, f¥(z) =81cos 32

have j
C

Hence, I%}zdz—jf(z)d _2m 79(0) = (81)—.2—7.‘11
e, [ = 04 -22 =i -2

5.7 Power Series Representations of Complex Functions

Definition: For a given complex variable z , an infinite series of the form

Zaﬂ (z-a)" =a, +a,(z-a)+a,(z— a)® +...is called power series.
=0

5.7.1 Taylor Series ‘
Taylor’s Theorem: Suppose f is analytic within a domain D. Then, for any

point z in D and for a given point @ in D,f has a power series
representation of the form

f(2)=f(a)+(i;!—a)f'(a)+( —a) f(a)+.. +(z_ a)" £ (a)+...

This fepresentatinn' is known as Tay!or Series. In general the Taylor series is

f"“(a)
givenby f(2)= Zc (z—a)" where ¢, ==,

SCHES
In particular, if @ =0, the series is known as Maclaunne

RN TR R 264
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1. Find the Taylor series of the following functions at the indicated point a.

&) f@)=mzia=l Bf@)=—=ia=2 f@)=2sinz,a=1

Solution:

a) f(z)=Inz= f(1)=0,1(2)= f = fM) =L DU)=-1,79(0)=2
£OM0-1, P01,

Lf@= )+ (ANz-D+ T 3
(z-1? 2(z-1 6(z-1)* 24(z-1)°
=lnz=z-1- 12! + 3 - m + 5 + ...
5.7.2 Laurent Series

Laurent’s Theorem: Suppose f is analytic inside the annulus formed by the
concentric circles Ciand C, having center at a with radii rand R
respectively where r < R(as shown in diagram (a) below). Then, fhas a
series representation within the annulus between C, and C, given by

f(2)= ia,(z—a}' valid on r <|z - a] < R where

1 z 1 ; ; .
B == L(z{ f’))mdz — S (a) for which Cis any circle of the form

C:a+Re”, r, <R <r, (as shown in diagram (b) below).
This representation is known as Laurent’s series expansion.
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| v, bY separating the negative and positive powers of z—a, we can express

jeseries as ()= Za (z—a)" Za (z-a)" +Zb (z—-a)".

‘"2} P(z)

Here, the first part R(z) = Za, (z—a)" is called regular part. 1t is good at a,
=0

e |
that is it 1S analytic. The second part P(z) = Zb,, (z—a)" is called principal

part. 1t is mot good at a, it is singular at a(not analytic at a). If we write in

n=-—1

expanded form P(z) = Zbﬂ (z—-a)", we obtain

b b
+
z—a (z—-a)?

P(z) =

-

— e == PR
(z—a)” .z.:‘ (z-a)"
However, as we have seen above the coefficients a,and b, are obtained by
differentiating or by using contour integrals which is tedious and time taking.

Thus, let’s see simpler techniques to obtain Laurent’s series of a function.

Using basic Maclaurine series: The following lists of power series are
frequently used in many situations.

i) e =l+::+z2 +;"3l +z4 +.__=i£ valid on | < e
20 3 4 — n

1 =
“)i——z—l+z+z +2° +z +..,=§z valid on |2 <1

p Lo |

ﬁ") sinz = Z - z z z (_l)n <

R T [ ,,2_.; 2n+1)!
2,
n=l)

valid on |7 < e

2n

W) cosz=1-2_ 4% _Z . _N(<1)"->— validon | <

2 2 e & ey i

V) sim-lz:z_,,zj +zs +ZT + _i 2 valid on |7 <
s T G @2n+))

2! 4 6

v Sz .
0cns‘hz=‘.l‘-.|-zr +z +z +"._—_Z Vahdﬂn ld{m
ﬂ -

M} A IFANY:
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Examples: Find the Laurent’s series about their singularity points.

'.‘

D 1= by f@)=re 0 S

| 4
i 1 e’ -1 sinh3z -3z
@) f(2)= sm(-] O =S5 NIE="
z
Solution:
g1 gt
a) Here,cosz=1-—+—-—+...
20 4 6l
cosz_ 1(, 2 2z 22 | 1 1 __I___{z_+__
2 2 4 6 2 A 46l
. 2 g ot S S B
b)e =i+z+—-—+—!+$+ e’ = +; TSR

1
- 1 1 1 1
k R | -
I EO 0 Y PR I T
B Nz 3 4z 5152

2
c)—l——-=l+z+zz+z3+...:>-—‘-z——=zz(1+z+z1+z’+...)=z’+z’..
-z |-z
: 2 £ 7 (1) 1 1 1 |
d) sz =o=~—F—=—%, M| —|m— =i
3587 z) z 327 512 Tz
Therefore, z* sm(l] z‘[l——l,_;-ﬁ-%—... R AL I Y
z z 3lz7 5z 3 Sz 7z
2 3 4 5
e) Here,e’ % PRV S T,

231 4§

e-1 1 2?2 2 2 1 2 7
ot =1+ 2+ —=+—+—+.. |-l|=—]| z4+ —+—+=—
7 z’[( 23 4 ) } z’[z+2!+3!+

1 1 1 z 2
== +—t—+—+—+...
z° 20z 3 4 3

+
4!
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5.8 Calculation of Residues and Residue Thedré;ﬁ PR

5.8.1 Singularities, Types of Singularities and Poles

gingular points: A point z =aat which a function / is not analytic is called a
singularity point or singular point of f . At such point the function f 1s said to

be singular.
Isolated Singularity points: A singularity point z =ais said to be isolated
singularity if there exists an open set containing @ where f is analytic but no

other singularity points of f .
Examples:

5 ; :
a) Let f(z)= — Then, fhas a singular point at z=3. But for any open
Z'_

set of the form / = {z:0 <|z—3| <r, r > 0} f is continuous and analytic.

So, z=13is an isolated singularity point.

|
e = ey

But for each open set of the form
I={z:0<|z=i|<r,r>0}I={z:0<|z+i<r,r>0},
I={z:0<|z-3]<r,r>0},I={z:0<|z+3]<r, r>0}

the function f is analytic. So, all the singularity points are isolated singularities.

¢)Let f(z)=In(z—2). Then, f has a singular point at z=2. But for any open

set/ ={z:0<|z~2 <, r >0}, f is not analytic. Because, for r>0, any open

Then, f has singular points at z =i, z=13i.

set I = {z:0 <|z-2| < r,r >0} contains numbers less than 2 and greater than 2

which means any open set containing 2 always contains singulanity points of
f .80, z=2is a singularity point but not an isolated singularity point.
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Singularities:
Suppose z=a is an isolated singularity point of fsuch that the Laurent’s

Series expansion of f valid for 0<|z

-—a' < R is given by

ab

f@)=Ya,z-ay =Y a,-a)+2—
et =0 - Lmsl(z a)

R(z) P(z)
Here, consider the principal part (the terms with negative powers),
3 bﬂ bl bz bn
= +..t+ - +...
(z-a)

P(z)= = +
Z('.z'—;:ar)"' z—a (z-a)
classified depending on the number of

n=]
Now, the singularity point z=a is
th negative powers).

terms present in P(z) ( number of terms wi

i) Removable Singularity:

If all the coefficients b,'s in P(z)are zero, We say that z=a is a removable

singularity.
the Laurent’s Series expansion of f valid for 0<|z—a <R is

In this case,
z.'—1::|')+a:z‘_.(z—t:l')z +.¢':|'3(.z—~4:lf)J +...

reduced to f(2) =ia,,(z—a)" =a, +a,(
=0

ii) Pole of order n:
If P(z)contains onlya finite number of non-zero
coefficients b, , then z=4a is called a pole of f . If n is the highest integer
such thatd, # 0, then z=4a is called a pole of order 7.
=1 (only 5, #0), then z=a is called a simple pole.
valid for 0<|z—g|<R is

In particular, if n
In this case, the Laurent’s Series expansion of f
reduced to
; +zb'a +a, +a(z-a)+a(z-a)’ +...

b, 2
f(z):a-_:-i':-!-...-l'(z_a)z




L) Essentml Smgulanty' T

if an infinite number of b - i thﬂl z=a is called an essential

singularity.- ' S
in this case, the Laurent’s Series expanmn of f valid for 0<|z a|<:R is

by b, b

O e e e +a+aG-a)rai-of +.

Enmpm - i KN FeNd e i el e B wpd
1. Detenmn; the smgulantles and classify the types of smgulanty
af0-5  Ds@=2ll) o oG-y
sinz o143 o
z)= e) = _ oot .
) @)= fQ - & Dra=SF
Solutions -~ . P pE gm0 A T
n)Hcre,ﬂ\csmgulantylsatz Omdmmglheexpansmofe‘ wehave
ll ﬁ
¢ = I+'1T+E+_3T+"' . Now dividing both sides by z* gives |
e 1, 2 z"':z‘ Y1 128
L — wes oy e Foe
] LT T Ry A AR TAE R

Here, there is only two (finite) terms with negative power, d\ansonlytheterms

zl"L mthepnnclpalpthmcc,metypeofsmglnm‘ty:sapoleoforderS |
b) Here, ﬂ\esmgulantyssat z= Oandusmgtheexpmsmnofmz,wem

sin(-l-)z.l._ 1 % 1 Nowmuiuplymgbothstdesbyf’sl"ﬁ

\z) z 32 Sz : ‘
Z’sin[l]= 1 1 1 ] i ...‘.+_‘--... Here, the principal
z z N2 52 3 8 ‘

U W
mwutainsmﬁnitenmberofnegaﬁwwm“"m"aa

thus the type of singularity at z=0 mmenﬂalwm

e 270

Y Y i':'T”
* f Jl"q"‘l l'tb* ]}{l

"'! L v_;,.‘- }11: i"Jd _“ '11 H J-\H L
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5.8.2 Calculations of Residues

Residues: In the Laurent’s series expansion,

f(z)z"'-{-( 3 )3+( . )""‘ b +ao+a[(z-—a)+a2(z-a)2+...,
il £ 4 z—-a)T Z—d

1 ; ;
the coefficient b;, simply the coefficient of . is called the residue of f at

z =a and denoted by Res(f;a) =b;.
Method I (Without using Laurent’s
Our next goal is to develop techniques of fin
without actually obtaining its Laurent series expansion.

Case-1: When z=a is a simple pole (A pole of order 1):

Series Expansion):
ding the residues of a function

zZ—4a

Then, f(z):iaﬂ(z-a)”+ 5 . Thus,
(z-a)f(2)=3a,(z-a)" +b = lim(z-a)f (2) = nﬂ[z a,(z-a)" +bl]

= lim(z-a) f(2) = lim> a,(z-a)™ +1imb,
:—WM » =g
-0 =h

Therefore, Res(f;a)=b, = lzi_IE(z —a) f(z) whenever z=ais simple pole.
Examples (Residue at simple poles): Determine the singularities or poles and

compute the residues at each poles.
z+1 52 -4z+3

i b) f(2)=—
a) f(2)=2"3. 5 ) /)= e+ DE )

Solution:
z+1 z+1

Here, f(2)= = .
o) Here, f()= 332" -2
Hence, its singularity points are z=1 and z =2which are both simple poles

Y T — oo kNN s ATV
L (0P My NELE e T UNE 2NN F A The A+
. a YEANSANTE 271
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: 2+ .oz+]
« - L ::1 e _— = -
Therel‘ﬂﬂ»'«m‘“\f"} “Pl( . (z-1)z-2) 5 z-2 ’
- ‘ 1 .oz+1
Lo £:2)=lim(z-2 e — =3
Res(f32. 732 )(z-l)(z-2) it z-1

p) The singularity points of f are z=-1,-2,-3

| +) 5z' —4z+3 _ T 52° -4z +3 _
Rcs(f;“‘)"z’_“l“ (z+1)z+2)(z+3) —»-1(v+2)(;+3}

+2) 5z° -4z +3 —lim 53_‘424‘3:_,31
R“U"'z) II-T (z (z+1)(z+2)(z+3) =2(z+1)z+3)
5z —4z+3 . 528 -4z+3

r_AN=Mh 7 3\ = hm -_-'-30
Res(/3-3) ,!15‘}3( ¥ )(z+l)(z+2)(z+3) =3 (z+1)(z +2)

Case-2: When z=aisa pole of order k (Multiple pole):
) i + B th
Then f(z)=;a,,(z—a) pled b

Thus, f(z)(z—a)" = iafﬂ(z-—a)"+jt +b(z-a)"” +by(z=a)' " +... 4D,

Then, differentiating (k - 1) times of both sides, we obtain that

3 B,
4 le-a) Y r2)= }:a (n+l)'(z_) +b,(k-1)!

dzkl

= (H+k) _ n+l . blk—l)!
=>]lm———[(z a) f(z)] lim a-(—;-ﬁl'( a) +h_1}1a (

—NJ
z —>a z

| T
i 4 fz-a) (@)= kD= b = G
I=—ra z
1 [ f(z)] whenever z=ais 2
Therefore, R'?'_,s(f .a)=b, ﬂm-——-—'dz [( a)f

pole of order k.
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Examples. Determme_t};e'smoularmes or the poles ‘with their orders and

compute the residues of each of the following functions.

3
- I
a)f(z)z(j+n D)Y@ =T 5520 ) f(z)z(zi-])"

Solution:
a) The singularity point of f(z) is z =-1 whnch is a pole of order 3.
2
1 L .
Therefore, Res(f;—1)= l)' ld — [(z+])3f(z)] 5 lim e (z=1)

=-—-hm 6(z—1)=-6

2 21
b) f(z2)= L 5~ has singularities at z? —2z+2=0. Using quadratic
(z2-2z+2)

formula, we get z =1+4/,1—i which are poles of order 2.

= lin}'-gz-(z—l+z’)2f(z)

Thus, R, = Res(f;1-1)
1
_hm_(z ) T G=1-0

z-rl—i
d 1 : -2 -2 i
e iy 2 e i ==2_1
z—rl-l dz (Z - | —I) z—1-i (Z 1—- l) 81 4
. . d . 1
& =R“‘f;”’)=.-'-‘fsz(z_’_')2 =1+’ G=1-0)’
z—rld—! dz (Z -1+ I) Tzl (Z 1+ l') - 8i Ba

2:
c)f(z)—z——l)—hasapolcat (2+1) =0= z =—1of order 4.
+
l ' F = 52
Thus, Res(f;— I)-—hm——-(z+l) f(z)_- ldz?‘(ez )=§e2

Bl RO R Rt Z AL I CEE I OCFAMNBSAAYY
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p( ) lions e 093¢

| hee-3: When fis of the form f(z) = where pand ¢ are analytic at a

- ch that pla)# 0,g(a)=0,q'(a)# 0. Then, f(z)= p(( )) has a simple pole at
( q(z

Then, by Case 1, using some rearrangement, we have
pzy  mp(x)  pa)

I—1

B s(/; =lim(z-a)f(z) =lim(z-a) = -
S(f G‘) z—a 1—a q(z) lim q(:)_q(a) q'(ﬂ)

I-¥a zma

;a‘“PIES' Determine the singularities or the poles and compute the residues.
COSTE 8z*

0) f(Z) = mu b) f(z)=cot(m=) c) f(z)= 42

_ z7+1

) Here, f(2)= has a simple pole at z=1. Besides,

; i

p(z)=cos = = p(l) =-1#0,g(z)=1-2""=4¢(1)=0,g'() %0

p) _ 1
g'(l) 100

Therefore, by case 3, Res(f31) =

b) Here, f(z) = cot(m) = SOSE) has singularity points when
sin(7z)

si(z)=0=>m=nmneZ=>z=mne 7 and each of them are simple poles
'?* ecause ¢'(z) = wcos(z) = q'(n) #0,Vne Z.
Besides, p(z) = cos(7z) = p(n) %0, q(z) =sin(zz) = ¢(n) =0,4'(n) #0
p(n) _

gm 7

©) Here, the poles of f(z) occur when z* +1=0.That s,

oy :
P~ 1>z= Y122 = 2(ms[2k4+ }r + :sm(zk: )ﬂ],k =0,1,2,3

Therefore by case 3, Res(f;n)=
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Method I (Usmg Laurent’s Serles Expansion):

Remarks: For the cases, that never fit to either of the above cases, we may
need to manipulate f(z)and get its Laurent’s expansion to get residues.

Examples: Determine the singularities and compute the residues

)@= b f@=Fe o f@=sl] D10
&) f(z)=2MIE= gy r(z)= l*)
5 Z=2

Solution: First write the Laurent’s expansion at the singularity point z=a
a) Here, the singularity is at z = 0and lets find the expansion.

g)f(z)=(z-3)" sin[

1
2 . 1 1 B
f(2)=e* = 1.+; R +...=Res(f,0)=1
b) Here, the singularity is at z =0and lets find the expansion.

: 11

I
1 1 1 1 .1
f=]4—+ +—t..= t =z’ 4+z4+—+—+..=>Res(f,0)===
¢ z 222 32 ze 2! 3!z ;0 3} 6

c) Here, the singularity is at z = 0and lets find the expansion.

sin[-l-)=-1—— 1 + 15—-—...:>Res(f,0)=l

z) z 32 Sz
d) Here, the singularity is at z=0,z= kr,keZ.

2 4 =
| 1
1[l—-"’:—+—z——-...) =-—-+-—l—+ +.. =>ResUr0)—$

1
f@=Fgm: 2\ 3 3 2 3z S 16
3’23 3525 3?21 3123 3525 3?21
+ + +..)-3
sinh3z—=3z Ot 3 e T =3 Sty ?
-4 16 i = z‘ zﬁ
5 3" 3¢ 3° 243
= +..=>Re 0)=—=—
T AT SU0=5 =120
2 3 4
b4 Z 4
z+—-+——-+-——+...
e -1 of -4l =—1-+—l-+-l-+—+ =R 1_1
e z* z? 2z 3 4 es(/,0)= 2 2

1 +..=>Res(f,3)= .

- 1 l —
L sm(—_)”'a'sz(z-a) YaE-3 Mz-3) 6
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483 fhe Residue Theorem

| 2 s a simple closed curve such that f(z)is analytic inside and on C except
ks finite number of poles or isolated singularities in the interior of C, then

YR, =2m(R, + R, +...+R,) where R,R,,...,R, are the

m=|

L)r(z)dz =2m

esidues of f atthe poles or isolated singularities in the interior of C.

The Residue Theorem:
[ @z =22 Re = 278(Ry + Ry +...+ Ry)
m=l

Procedures to apply Residue Theorem:
Suppose we want to evaluate L f(2)dz;C {z—a=Rusing Residue Theorem.

Step-1: Find all the singularity points of f Say a,,a,.-,8,-
Step-2: Identify the singularities inside Cand discard theses outsideC.
Step-3: Compute the residues at all the points identified in step 2
Step-4: Apply the Residue Theorem. ‘
Question: How to identify singularity points that lie in Ciz -d=R?
e inside Care these which satisfy the inequality
1‘-.:.-3 the point a, =2i+lis
point 4, =4i+4is

Singularity points that li
‘z"d}|<R. For instance for the circle Car=

inside C because |a, —1|=|2i+1-l|=|211=2-<3. But the
outside Cbecausela, .-|| =|4i+4'1l=l4i+31 —5>3. The point a; = —2is also
not in the interior of Cbecausela, _1|=l_2_1|=|.-3|=3 is on the boundary.
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Examples
1. Evaluate the following integrals using Residue Theorem
3z+2 z 3zd_ sl =2
a) [ =de ; Cifd=3 b) [T 5 il

s z-10i
.C:ld=3 d dz; C:lz|=4
C)J;z(z+1)(z—l)dz’ i ) cz+4

3
»C-'lzl"-E f)j( -1)(4+z° )d .

-4z+1 3
> Cifal=
)I z(z I)(z 3) H

2 ” 4 _ _
= s e ak= —————d;C:z+1— =2
= J““'(zz+1)(z3+4)a’z’ Cifa n) i2ze5 =

Solution:
3z+2 :
a) f(z )— has a simple poleat z-2=0=>z=2.
Thus, R, = Res(f 2)-l|m(z 2)f(z2)= hm(32+2) 8
Therefore, I z+2dz=2m‘R, =2m(8) =16m
b) f(Z)- =0>z=-i.
Thus, R, = RESU' =)= lim(z+i)f(z) = lim (z -3/) = —4i
z-3i
Th f &=2?ZIR =2m ) =
erefore, -[fz+:  =2m(—4i) =8x
z+3

c) f(z )-z(z+l)( =D has simple poles atz = (), z=-1z=1 and all inside C

Thus, R, = Res(£30) =lim z/(z) = lrm( £33 -3
=N (z+1)(z- l)

B, =Res(fi-1) = lim(z+1)/(z)=1
B, =Res(fi) =lim(z-1)/ ()=

z+3

z(z+1)(z-1)

Therefore, L dz=27(R, +R, + R)= 27i(-

3+]+2)=0

277
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z)= 5
O 7 +2i) =0 .

Thatis atz= 2i, z=—2i each of which are inside ¢

has simple poles at 22 + 4= = (z-2i)z
INZ

Thus, R, = =Res(f;2i) = Ilm(z 2i)f(2) = hm[z IOIJ 5
=\ 742§ -

R, =Res(f;-2i) = hm 1 (2+20)f(2) = li lm(z lO:J 3
M z2-2j |
z-10i
Therefore, j —-—dz 27(R, +R,) = 2::1( 2+3) Vi
3..—4
) /()= z(z-1)(z-3)

7 =3is outside the given contour C .So, only the poles z =0,z =1are relevant.

has simple poles at z=0,z =1,z = 3. But the pole

Thus, R, = ResUO)—Iunzf(z)_llm[ 3z-4 ) -4
(z-D(-3) 3

= N =1 y _ 1 3z-4)_1

B, =Res(fl) =imz-0sE) ‘,'I.'}[z(z-s)]—s

Therefore, I e dz=2m(R, +R,)= 2m(:;— +%) =-27

cz(z-1)(z-3)
f) The poles occur at (z—1)(4+2%)=0=>z=12i-2ibut 2= 1is inside.

. 4zt -4z+1 1
Thus, R, =Res(f3)) = lim(z-1)f(2) =im—"7—=75
- 27
Therefore, |_ 4z Azl o omR =22
(z-1)(4+2%) 5
g Residue Theorem.

2. Evaluate the following integrals usin

dz _}_'“'_"ll_-ab; C:lg=1
H)Lm{;c:lz—ﬂ=2 b) L(Zz-—l)z M
E“ ‘t; C-lzl::z

I | gy 1= O] e
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Solution:
a) f(z )— has poles at (2’ +4)? =0=>z =-2i, z=2iof order 2.

4)

Here, only 7=2i is in the given circle because [z =i =1<2 but

|z—i=|-2i-i|=|-3]=3>2 which is outside C".

oS5 1,dz —(z-2iy )= . dz (-.+2;)3 = (z+20)° ) 32
dz
Therefi ———— =271k, =2m(—=) =
erefore, S m (321)

b) fhasapoleat (2z-1)° =0=>z=1/20f order 2.
Thus, R, =Res(f;1/2) = lillr}ji(Zz—l)zf(z) 111?}’—-(22-}-])

Therefore, [ 2t ZoniR =272 =4
(2z-1)°
¢) f(2)= = _212 ) has singularities at z>—2z+2=0. Using quadratic

formula, we get z=1+i,1-i as poles of order 2 but only z=1-iliesin C.

Thus, R, = Res(f;1 - :)-hm—(z 1+i)’ f(2)

--bll

hmd( : J fim — =2 :um2id
21 gz (z L 1) z-rl—;(z - ;) 8 4

I PEERPER r
Therefore, _L(zz T dz=2mR, = 2;:.{2) = .._2_

4z

e
d)f(2)=(z+l),

has a pole at (z+1)’ =0= z=—]of order 3.

2

Thus, R, =Res(f;- 1)-— f(Z)—Ehm——(e“) =8e™

4:

Therefore, I —-——*ﬂb 27R, = 27i(8e™") = 16 e
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fva qluale the following integrals using

ﬂr+1
Cilz=1=V2 b
)7 s c2

.4 D=

)Lm

‘" Fﬁr yﬂ“r
mﬂ'illlbllls l]'lﬂ
REsmUc Th’:()rcm Sﬂ"ﬂesnnns mr wﬁfaiﬁm

b

g v =
¢ |lz+i|=3 d)_[‘———ldv Cilz-1|=3

;) The smgulanty points occur at z*(z - “N=0=2=0 7. Heie, gl
: is

apole Of order 2 and z =1 a simple pole. But only z = 0is inside.

d d(z+1
0 -_——llm—— f(z = lim — (-—- = =t =-
ReSU) (2-1)! =0 dz ) 0 7 zﬁl] ]fm(z I)? ’
z+1

=2mRe SU;O) = 2m(_2) =-4m

Therefore, _[C o

b) The singularity points of f(z) occurat z(z+1)’ =0=>z=0, z=-1. Hence,

;=-1 is a pole of order 3, z=0a simple pole and each lies in C:|z|=2.

1 d*(ée 1. (e 2 2e -5
Therefore, Res(f 1)—Ellm -—2-[—-]=5!L:11][—- —+ 3]_ >

z z Z

z

e
Hﬂ (z+1)’

=1

Res(f;0)= hm zf(2) =

dz =2m(R, +R2) 2:::(1———)

Therefore,
C z(z +1)°

—iand a pole of order 2 at z==].
d.z -2: 1

Thus,R, =Res(f;-1)= “m_(z'H) 1) hmdz(( +1) 2

¢) f(z)has simple poles at z =1,

R, =Res(f;i)=lim(z-1)/(2)= z(zm)
1
R, =Res(f;-i)=lim(z+1) f(2)= -5(1 ~2i)

Therefol‘e j Zz s &= 2JU(R| + Rz 3 R}) 7= 2!!!(0) =0
C(z+1)*(z* +1)

d '.":_-.,‘!__'.- "‘il

A75 280
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d) The poles occurat z' =1=0=> (2} -1)(z* +1)=0=z=1-11,~ each of
which are simple poles inside the given circle. Thus,
1 - )
R, =Res(fil)= 2.k, =Res(/i-D) =77 f

Ry =Res(f3i)=R, =Res(f~) -

2 7
Therefore, L f 1dz=2m-(R' +R, + R, +R4)=2m'(0)=0 :
z' - |

e) The poles occurs atz 4222 =02 (z+2)=0=>2= 0,—2 butonly

z =0 is inside the given circle. Besides it is a pole of order 2.

i i . d € . (z+De 1
Th W)= —|Z" =lm—|——|= lim —=—
us,Res(f30) = lim —-[z°/(2)] = 1} dz(z T 2) i z+2) 4
e’ ; N
Therefore, L T dz =2mRes(f;0) = 2
4. Evaluate the following integrals using Residue Theorem.
1 dz

a)Imt(::z)dz;C:|z|=2 b)-l.ioiz(z-ﬂz—)dz;(,‘:|z[=z c)fcsinh(4z);c:|z|=2
c c

Solution:

a) f(z)=cot(m) =

c?s(:rz) has singularities at sin(zz)=0=>z=n,Vne Z and
sin(7z)
only, z=-1,z=0,z=1liesin C:|l4=2.
: p(-1) _ cos(-7) _1 p(0) 1 1
That 18 - = =_,R =—'—'=—,R =R 1Y = —
atis B =2 " et g0 w0 D
Therefore, Lmt(:z)dz =27(R, + R, + R,) =6i

b) Here, g(z) =z’ sin(72) =0=> 22 =0,sin()=0=>2=0,z=nneZ.

Using the expansion of cot7z, z = 0 is a pole of order3 but all the other poles

z=n,ne Z/{0}are simple poles and only z =0 lies inside C.

cot(nz)
zI

2
CACE S (W
( 3) 3

Therefore, R, = Res(f30) = —% = J
C

¢) f has simple pole at z = 0.Therefore, _|' sinhd;4 ; =2m(i) ” 12-'{ .
r 4

Ciz}=2
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4.9 Applications of Residue Theorem Suggestions use 0938436742
go far, WE have seen how to use Residue Theorem in ey
sround a contour by using some points found inside the co

le’s See how to use that theorem to evaluate difficult real

aluating integrals
ntour. Here, under
Integrals.

59.1 Evaluation of Real Trigonometric Integrals

Here, under we will see how to evaluate integrals involving rational functions
x

I F(cosat,sin br)dt .

0
To evaluate such forms of integrals, we usually choose the unit circle C |z =1.

of cosar and sin br . That is integrals of the form

But we know that a unit circle is parameterized by z =e" ,dz =ie"dr,0<t <27 .

Besides, using z=¢" , in Euler’s Formula,

¢ =cosat +isinat & ye o gt
) L =eosgls——; Siar 8 ——
e =cosat—isinat 2 2i
(eir )a g (eir )—a z_a e z-a ] elm’ _e—inr za _ z—a
" = ,sinat = ——— = -
2 2 2i 2i

Therefore, the required integral is transformed into complex integral as follow:
2

IF(cosat,sian)dt = IF[Z i ,z -fz )iiwhere C is the unit circle.
0 > 2 2i iz

Examples: Evaluate the following integrals using the above procedures.

{

2 2 . 2 ir (2]
cos 36 sin” @ _cost g
a) | ——d p) | —————db c) :

) '!5-—4::059 o ) -[5+4c059 ?‘:3*'5‘“9

Solution: To apply the above substitutions, first consider a unit circle with
. i@ i
parameterization of C:z = €",0< < 2m,dz =ie”d0= izd6 .

—

=1 2 1
3 -3 6 41 z+2Z 2%+
2 Ta& =z andmsG:-—'—"—'- 27

a) Here, cos 30 =

27} 2




=__1_I' z° +1 dZ"’"'LI z°+1

2 2’(z-2)(2z-1)
2 but z = 2is outside the unit

Y228 -52+2)
Here, the singularity points are z = =0,z=2,z=1/

‘ 2% +1
circle. Hence, using f(z)= 7G-20-) by Residue Theorem,
I 2 dz = 2m[Res( f 0)+Res( £,1/2)]=2m(— _ﬁ)___:_u:
¢2(z-2)z-) g 24 6
36 1 25 +1 1, n =
Therefore, 1 = [————df=-— w2 By
ere.ore '!'5-4'c059 | '2i£z’(z—2)(2z—l) 2i 6) 12
2 2 _
b)Hcre,.cos9=z+z _z +lsm9-z z- _z'l‘
| 2 2z 2i 2iz
So, I sm 2@ I (z* -1)/2iz] & __1;¢. (22 -1)?
S+4cos®  o\S+4(z'+1)/2z )&z 4ie 2’ (22" +52+2)
__LI (-1’
22 (z+2)(2z+1)
Here, the singularity points are z=0,z=-2,z=-1/2but z=-2is outside the
. (221
it circle. Hmce, using f(2)=
un g f( ) 212022 4]) byRe\ssdueTheorem, ,
J' sin’ 0 lj' (z*-1)?
5+4cos€ 124z +2)2z+))

= -ZE(Zm[Res(f,O) + Res(f,—l!Z)]) = -E.

j—"isf—d j' AL
J34sing  p2(z" +6i2-1) =2m[Res(f,0)+Res(f,-3i+2+2i)]=0

N T T T T R 109 mad® AR RO
AP ICTTY SN G Sl G R T TR (TN ) SN 283
sl LR wd 'y
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92 Evaluation of Real Improper Integrals In€ suggestions use 0938-03-62-62

o

|ntegf”i5 of the form I J (x)dx : Before discussing how this improper integral

-

s related with Residue Theorem, let’s see one important result that could b
e

- o}

seful in the discussion. To evaluate an improper integrals J f(x)dx, first

-

consider a contour C consisting of a semicircle C, together with its diameter
_R, R)lying along the x-axis. Make the radius as large as possible so as to
enclose all the poles of fin the upper half plane (where Imz > 0) as shown in

ihe diagram below. Then the contour C = C,U(-R,R).

E n
[ 2z = [ )z + [ £(&)dz = 2T Res(f(2).2)
c -2 b=l

Ca

The contour C =Cp U(-R.R)

Let’s consider the case when there are no poles along the real axis. Now the

idea is to evaluate J f(x)dx using Residue Theorem, first replace all the real

-

s, notice that along the real axis, the

variable x by a complex variablez . Beside
This means the integral along

function f depends only on the real variable x

R .
the diameter is real improper integral given by I f(x)dx. Then, integrate the
-R

resulting complex function f(z) over a closed contour C=CyU(-R,R). That

s [ f()dr = [ f()de+ [ fade =203 Resf (@) where 2 denotes all
¢ C; R

k=1
the poles of £ in the upper-half plane (as in the di

agram above).
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R R
But as & — o), we have jf(x)dx = lim J.f(x)dr = I_f{.\:}dx; .Hence,
==
-R -R —

[ £(2)dz = [ £z + [ Fx)de = m}”: Res(/(2):2,)

= lim j f(z)dz-hm (z)a’7+_[ f(x)dx = 2miRes(ﬂz),zg}

'C.ﬂ

= If(x)dr=2;ziich(f(z),z ~LI_I’11 J-f( )dz,

= jf (s)dr =273 Res(f(2),z,)  (BylLJim [ f(2)dz =0)

k=1

Examples: Evaluate the definite integrals using complex integrations:

IZ ®
% _'[ﬂ(x2 +1)(x* +9)dx °) ;[ x'+16

Solution:
a) Consider a semi-circle of radius R with center at the origin in the upper half
2

dz where

. ; z
plane. Consider the complex integral l f(z)dz = E[ D@ +9)

2

z
/@)= (z2 + 1)(21 +9)

and C is a closed contour from —-R to +R and an arc of

the semi-circle Cp :|2| = R. Now, by Residue Theorem, j f(2)dz = zm-z '
' c i=1

where R,’s are the poles of f in the upper half plane. Thus, as R =,

i=]

[ fexie = | feode+ i [ 1) = [ fde= [ ree =253 R

c
Here, the poles of f(z)are at z=1%i and z=13i . Of these poles, only poles
ies in the upper half plane and they are simple poles.

z=i and Z=3I.l

\TT00% 7 UNe: 02 Py AonGAAT:: 285
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"-‘f

f‘;,’):hm(:—!)[ = 2 = = el
%, Res(. 2 (2 =Dz +i)z" +9) (2i}(ﬁ1+9):16;‘

2 .
Res(fﬁf):!ijj}‘(-?ﬁf)( 5 = }z =3 3

(27 +1)(z =3i)(z +3i) (=9+D3i+3i) 16i

therefore,
T - _dx_szR = 27i(R, +R,) = 2.71{ | 3\ 45 _x
[+ +9) T
b) Since f(x)= lseven,wehavej qu =l.[ dx |
x'+16 o X +16 293 416

Now, the poles of f(2) = — occur when z* +16=0. That is,

z'+16

Aa16=z=Y-16>2z, = 2[@5(2n4+ l)zr +isin(2n4+ : }r),k =0,1,2,3

=>2z,=v2 +\/§f,2| - —J_2-+J§f,z_,_ =-2 —wﬁi,z3 =2 -2i
Ofthese, only z, = 2 w2 z, = —J2 +2iare inside the upper half plane.

I

! )
S, R, = Res(f Z.;.)"' llm(z 20)[(2_20)(2-3,)(2-Zz)(z‘zs))

) 1 _ \Eﬂ-ﬁf
T )V +2420)V2i) 6
1
R, = Res(f;z,)= li_’l'l‘zll(z'“ zl)[( -z, )(z -2 Xz-2z,)(2- - 23)
_J' J2i

1
— __________—-———'___—-'_.
22222+ 22D B

& i ﬁ_ﬁ; 4'\/-11' ___.
; Hmce,£x4+16=2ﬁ(R‘+R) Zm(—\(:-ﬁ—f/:- 6 ) 82

i !x“d-l’-cl % I
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1. Check whether the functions are harmonic or not and find the corresponding
harmonic conjugate and analytic function f(x,y) =u(x,y)+ iv(x,y).

a) u(,x,y) = x? —J,;z | c)u(x,y)= x’ —_}'2 +7x+3y c) H(L)’) =2x(1-y)

d)u(x,y)=e"’=°°s(§) e)u(x,y)=ﬁx-x’+3w" Nuxy)==>

x%+y
Answer :a) v(x,y) = Z;y b) v(x,) =2xy+7 y=3x ¢)v(x,y) =x’-y*+2y

d) Wx,y) = 2 sin(y/2) e)v(x,y)é_zy-"sx’ﬁy’ £) vxy)= zfyz

2. Show that w(x, y) is harmonic and find a harmonic conjugatc u(x,y) such
that f(x,y)=u(x,y)+iv(x,y)is analytic.
av(x,y)=2y by v(y)=29+Ty-3x  c)¥(x,y)=€"sin3y
Answer:a)u=x>-y* blu=x*-y*+7x+3y c)u=e*cos3y

2. Evaluate the following integrals using Residue Theorem
2f+1

N dz
2) 127 5z+2)drc Izl e d I 2z +d) =2
c)‘ 322 4+2 dZ’ClZZIZ )L z+1dZC|Z|J—
b(z-l)(z_ +9) (z +l)( 2)
Answer :a ’ﬁ ) — c) /]

6
| 3 Evaluate the, follomng deﬁmte integrals usmg Residue 'I'heorem

6 b)) |\———db :a) 3%
9 I )5 400529 ) _J;I+sin"‘8 Amtweria) = dy2s
4. Evaluate the following definite integra]s using Residue Theorem:

T xldx ' : N _
a)'[(x’+l)(x’+4) -_b)-[x ‘41 Answer,a).j. b)ﬁ”




